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Abstract. Traditionally, the electrical conduction processes in blood vessels are

explained using cable theory where locally generated signals (membrane potential

Vm) passively spread along the arteriolar wall. As a rule, decomposition is quanti-

fied, with a constant λ of length derived from cable theory. Using cable theory on

blood vessels depends on assumptions that may not be necessarily performed for

small arteries and arterioles. It is known, that arterioles are composed of at least

two layers of cells: endothelial cells (EC) and one or more layers of smooth muscle

cells (SMC), which are connected by myoendothelial gap junctions (MEGJ). In

this study, arterioles composed of two cell layers are studied, focusing on changes

in membrane potential within both EC and SMC layers. A suitable stationary

problem is formulated and solved analytically using the method of separation of

variables. Additionally, numerical modelling of membrane potential propagation

is conducted using MATLAB software. Isopotential contours of the membrane,

as well as two-dimensional and three-dimensional graphs depicting the numerical

results, are presented in the study.
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1 Introduction

The membrane potential Vm plays a critical role in vascular compressibility,
regardless of mechanical or chemical stimuli. Vm is determined in each
individual cell by the activity of ion channels and each cell in turn shares
information with neighboring cells through gap junctions (channels). This
direct exchange of information presumably enables multiple branches of the
blood vessel to coordinate their actions. Such coordination would, in theory,
allow arterial structures to effectively regulate blood flow [1-3].

It is believed that the passive electrotonic propagation of electrical sig-
nals is the primary mode of intercellular communication in blood vessels
[4, 5]. This process is characterized by the propagation of current along
the vessel wall and is traditionally explained using cable theory [6,7]. The
accepted length-constant λ, has been widely used as a convenient mea-
sure of conduction length [7–10]. The physiological interpretation of the
length constant derived from cable theory has its limitations. Therefore,
cable theory should be viewed primarily as a simplified model for compre-
hending conduction processes rather than as an exact mechanistic model.
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Length constant λ, derived from cable theory, is widely used as a measure of
conduction because of its relatively simple implementation and theoretical
simplicity.

It is noteworthy that arterioles consist of at least two cell layers: an
endothelial cell (EC) layer and one or more smooth muscle cell (SMC) layers.
These layers are connected by myoendothelial gap junctions (MEGJ). ECs
are long and flat and oriented along the long axis of the arteriole. SMCs are
spindle shaped cells and wrap around ECs in a perpendicular arrangement.
ECs and SMCs are modeled by an overlapping scheme, as shown in figure
1 [11].

This paper studies two cell-layered (EC and SMC cell layers) arterioles
and membrane potential changes in these layers. Numerical modelling is
conducted using MATLAB software for a one-dimensional model of a two-
cell-layered cylindrical arteriole in the absence of current at the beginning
and end of the cable (arteriole). Numerical results are obtained and corre-
sponding membrane isopotential contours, 2D and 3D graphs are presented.

The paper consists of five sections.

After the introduction, the second section presents the main theoretical
issues.

In the third section, the problem is set and solved, focusing on the change
in membrane potential within a finite-length cylindrical arteriole composed
of two cell layers in the absence of current at the beginning and end of the
cable.

The fourth section presents graphs of the numerical results obtained by
solving the given problem with appropriate physical interpretation.

The fifth section provides the conclusion.

Figure 1: Schematic drawing of an arterial segment.
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2 Theoretical aspects

Propagation of Vm changes in biological cable-like structures is usually de-
scribed using cable theory. A primary challenge of cable theory lies in
computing the membrane potential. Cable theory, which was developed in
recent decades, is older than the cable equation itself, it is a variation of
the equations developed by Lord Kelvin to model the propagation of elec-
trical signals in underwater telegraphs. Cable theory was initially used on
the conduction of potentials in the axon by Hodgkin and Rushton [6], it is
applied to neurons, cell arrays [12] and blood vessels [13,14].

The passive cable equation is written as follows (see Appendix A):

τm
∂V (x, t)

∂t
= λ2∂

2V (x, t)

∂x2
− V (x, t) , (1)

where V := Vm is membrane potential, λ =
√

rm
rl

is the length (space) con-

stant of the passive cable equation, while τ = rmcm is time constant, rm
is membrane resistance, cm is the membrane capacitance, and rl cell cyto-
plasm resistance per unit length. Space and time constants are parameters,
which are used to measure and characterize specific properties of excitable
tissues.

When applying cable theory, the following basic assumptions are usually
made for small blood vessels [15]:
1. Intracellular and extracellular spaces are one-dimensional and homoge-
neous.
2. Electrotonic conduction is ohmic.
3. The membrane resistance is independent of the resting membrane po-
tential.
4. Ion channel conductance does not depend on time (or voltage).
5. Intracellular and extracellular ion concentrations are constant.

3 Formulation and solution of the problem

Let’s consider a cylindrical two celled-layered arteriole of length L. Let’s
solve the passive cable equation with the following boundary and initial
conditions: 1) there is no current flowing input (at the beginning of the
cable) and output (at the end of the cable) in the cable (in arteriole) and
2) at the beginning of time, the current is a function only of the spatial
coordinate x of the cable. The boundary condition represents a problem
similar to the heat conduction problem of an insulated end pole. Thus, the
boundary and initial conditions are written as follows:

For x = 0 : V,x (x, t) = 0,
For x = L : V,x (x, t) = 0,

(2)

For t = 0 : V (x, 0) = f (x) . (3)
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Using the method of separation of variables and taking into account bound-
ary (2) and initial (3) conditions, the following image is obtained [16]:

V (x, t) = 2
L

L2

2
+ 2

L

∞∑
n=1

[
L2

πn
sin (πn) +

(
L
πn

)2
(cos πn− 1)

]
× cos

(
πnx
L

)
e(1−(λπn/L)2)t/τm

= L+ 2L
∞∑
n=1

(
1
πn

sin (πn) + 1
(πn)2

(cos πn− 1)
)

× cos
(
πnx
L

)
e(1−(λπn/L)2)t/τm .

V,x (x, t) = −2
∞∑
n=1

[
πn

(
1
πn

sin (πn) + 1
(πn)2

(cos πn− 1)
)

× sin
(
πnx
L

)
e(1−(λπn/L)2)t/τm

]
.

(4)

Figure 2: Membrane isopotential contours for different
fixed values of time and spatial constants (a) for the
endothelial cell (EC) layer, (b) for the smooth muscle
cell (SMC) layer.
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4 Numerical realization

For a two-cell-layered (EC and SMC cell layers) one-dimensional model of
a cylindrical arteriole, in the absence of current at the beginning and end
of the cable (arteriole), numerical modeling is carried out using MATLAB
software for the following data: for four pairs of time and length constants
1) τ = 1.6ms, λ = 0.5mm; 2) τ = 2ms, λ = 1mm; 3) τ = 2.5ms, λ =
1.5mm; 4) τ = 3ms, λ = 2mm. The pitch of spatial (length) discretization
is ∆x = 6µm = 0.006mm, and of time discretization is ∆t = 0.005ms. The
four pairs of numerical values of V,x of the membrane potential change are
received for time τ and spatial λ constants and while x (from 0.006mm to
0.136mm, for EC and to 0.304mm, for SMC) and t (from 0.01ms to 0.03ms)
changes.

In practice, a system of contour lines (isolines) is often used to analyze
the results of measurements. For an arteriole, some contours of the mem-
brane potential change V,x for a flat area in the vector field of length x and
time t are presented. Some contours for a flat area in a vector field of length
x and time t. (We can find such a system of points in which the numerical
values of changes in membrane potentials are equal - by connecting them,
lines of equal membrane potentials are obtained, the so-called membrane
isopotential contours). Figure 2 presents membrane isopotential contours,
for four fixed values of time τ and spatial λ constants, fig. 2a for the en-
dothelial cell (EC) layer, and fig. 2b for the smooth muscle cell (SMC)
layer.

As can be seen from Figure 2, the membrane isopotential contours in all
four cases visually look the same, in particular, they are all approximately
in the shape of an elliptic circle, only their numerical values slightly differ
from each other.

Figure 3 presents for an arteriole, three-dimensional graphs of the prop-
agation of the membrane potential change V,x for four values of τ and λ in
a space-time vector field. Figure 3a presents for the endothelial cell (EC)
layer, while figure 2b, for the smooth muscle cell (SMC) layer. While in-
creasing t in both layers V,x tends to zero, herewith V,x becomes equal to
zero (i.e. V,x disappears sooner) in the (EC) layer for a smaller value of t,
than in the (SMC) layer. As well as when τ and λ increase, V,x disappears
sooner ( i.e. for smaller values of t,V,x → 0). V,x = 0 at the beginning and
end of the cable, and V,x takes the maximum value approximately in the
middle of the cable, which can be seen from formula (4) and figure 3.

Figure 4 presents the graphs of V,x along x for four pairs of time τ and
spatial λ constants and for four fixed values of t. Figure 4a presents the
graphs of V,xin the endothelial cell (EC) layer, in particular, in the upper
left figure t = 0.01ms, in the upper right figure t = 0.02ms, in the lower
left figure t = 0.05ms, in the lower right figure t = 0.09ms. V,x-graphs are
presented in figure 4b in the smooth muscle cell (SMC) layer, namely, in the
upper left figure t = 0.01ms, in the upper right figure t = 0.02ms, in the
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lower left figure t = 0.05ms, in the lower right figure t = 0.09ms. Figure
4 shows that in both layers (EC and SMC layers)1) when t increases V,x,
decreases 2) V,x takes maximum value in the middle of the cable. Moreover
in the (EC) layer for one and the same value of t, V,x is lower than in (SMC)
layer.

The 5th figure presents the graphs of V,x while t change, for four pair
values of time τ and spatial λ constants and for four fixed values of x.
Figure 5a presents V,x graphs in the endothelial cell (EC) layer, namely, in
the upper left figure x = 0.006mm, in the upper right figure x = 0.012mm,
in the lower left figure x = 0.03mm, in the lower right figure x = 0.054mm.

Figure 3: 3D graphs of the distribution of V,x of the
membrane potential change in the x and t vector field
for different fixed values of the time and space constants
(a), (b) for the endothelial cell (EC) layer, (c), (d) for
the smooth muscle cell (SMC) layer.
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Figure 4: V,xgraphs of membrane potential change along
x, for different fixed values of time τ and spatialλ con-
stants and for four fixed values of t, (a) for the endothe-
lial cell (EC) layer, (b) for the smooth muscle cell (SMC)
layer.

The 5b figure presents V,x graphs in the smooth muscle cell (SMC) layer,
namely, in the upper left figure x = 0.006mm, in the upper right figure
x = 0.012mm, in the lower left figure x = 0.03mm, in the lower right figure
x = 0.054mm. When t increases in both EC and SMC layer V,x tends to
zero, moreover in layer EC , V,x becomes equal to zero for the smaller value
of t (i.e. V,x will disappear sooner) than in SMC layer.
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5 Conclusion

The main results presented in this paper can be formulated as follows:

1. The change in membrane potential in the endothelial cell layer and the
smooth muscle cell layer is studied using the passive one-dimensional
cable equation (endothelial cell (EC) and smooth muscle cell (SMC)
layers), for a two-cell-layered arteriole.

2. For a one-dimensional model of a two-cell-layered cylindrical arteriole,
in the absence of current at the beginning and end of the cable, numer-
ical modeling is carried out using the software MATLAB. Numerical
results of the change in membrane potential are obtained, based on
which membrane isopotential contours are constructed for a flat area

Figure 5: V,xgraphs of membrane potential change along
t for different fixed values of time τ and spatialλ con-
stants and for four fixed values of x, (a) for the endothe-
lial cell (EC) layer, (b) for the smooth muscle cell (SMC)
layer.

Bakuri
Typewritten text
(a)

Bakuri
Typewritten text
(b)



Study of Electrical Conduction Processes ... 121

in the vector field of length x and time t. Some 2D and 3D graphs are
also built.

3. From the obtained numerical results and corresponding graphs, it can
be seen that the change in membrane potential V,x is smaller in the
EC layer, than in the SMC layer, which is caused by poor current
propagation in the SMC layer.

Cardiovascular diseases continue to be the foremost cause of mortal-
ity globally. It should be noted, that despite of extensive research over
many years, the propagation of membrane potential in blood vessels has
not been comprehensively explored, therefore, its study remains an actual
topic of much modern scientific research. This paper aims to study changes
in membrane potential in blood vessels using the cable equation. Finally, we
are continuing our research and will study and solve some of the problems
in this field to the fullest extent possible.

6 Appendices

Appendix A. Solution of passive one-dimensional cable equation

Let’s consider a sufficiently long thin cylindrical excitable cell. We consider
the cell as a long cylindrical body (cable) of membrane that surrounds the
inner part of the cytoplasm. We assume that everywhere along its length,
the membrane potential depends only on the length variable and not on
the radial or angular variables, so that the cable can be treated as one-
dimensional. The change of membrane potential V in small ∆x interval is
given in the form of ∆V := V (x+∆x, t)− V (x, t) = −ilrl∆x, where rl is
the resistance of the cell cytoplasm per unit length, il is a current along the
membrane. Let’s say ∆x → 0,

∂V
∂x

= −ilrl (A1)

A change in current along the membrane in the small ∆x interval is given by
the formula ∆il = −im∆x, which im is membrane current per unit length.
Also, let’s say∆x → 0,

∂il
∂x

= −im (A2)

Membrane current, in each x point, represents leakage (lost) current ir sum,
due to volumetric ic current and membrane resistance. Capacity (volumet-
ric) ic currenton membrane area with a given cm capacity is shown with the
following formula:

ic = cm
∂V

∂t
,

and the current due to the membrane resistance is given by Ohm’s law:

ir =
V

rm
,



122 Zirakashvili N., Zirakashvili T.

whererm is the resistance of the membrane. By adding these two members,
we receive

im = cm
∂V

∂t
+

V

rm
.

By inserting these two members into (A2) and considering (A1), we receive

∂il
∂x

=
∂

∂x

(
− 1

rl

∂V

∂x

)
= − 1

rl

∂2V

∂x2
= −

(
cm

∂V

∂t
+

V

rm

)
.

From all the abovementioned, the passive cable equation is written as follows
σi

∂2V
∂x2 = cm

∂V
∂t

+ V
rm

, (A3)

which σi =
1
rl
represents intracellular conductance.

By algebraically transforming the passive cable equation, namely by
multiplying equation (A3) by rm, the number of parameters is reduced to
two main parameters. Thus, the passive cable equation is written in the
following form

τm
∂V

∂t
= λ2∂

2V

∂x2
− V,

where, λ is the space (length) constant of the passive cable equation and is
given by the following formula:

λ =
√
rmσi =

√
rm
rl

,

which defines the distance along the cell over which the injected potential is
reduced by a coefficient e. τ is a time constant and is given by the following
formula

τ = rmcm,

It determines the length of time during which the injected potential is re-
duced by the coefficient e. Space and time constants are useful parameters
used to measure and characterize specific excitable tissue properties.
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