HIGH DEGREE PRECISION DECOMPOSITION METHOD FOR THE NONHOMOGENOUS EVOLUTION PROBLEM WITH AN OPERATOR UNDER A SPLIT FORM

Z.Gegechkori, J.Rogava, M.Tsiklauri

I.Javakhishvili Tbilisi State University

Abstract In the present work symmetrized sequential-parallel decomposition method of the third degree precision for the solution of Cauchy abstract problem for the nonhomogenous evolution equation with an operator under a split form, is offered. Third degree precision is reached by introducing a complex coefficient with the positive real part. For the considered scheme the explicit a priori estimation is obtained.

Keywords and phrases: Decomposition Method, Semigroup, Trotter formula, Cauchy abstract problem.

1^0. Introduction. The study of the approximated schemes of a solution of evolution problems leads to the conclusion that to each approximated scheme there corresponds a definite operator (solving operator of a discrete problem), which approximates a solving operator (semigroup) of a source continuous problem. The opposite is also true: Constructing approximation of a continuous semigroup, we build an approximated scheme of a solution of an evolution problem.

For example, if we apply Rotte’s method for a solution of an evolution problem, a solving operator of the obtained difference problem will be a discrete semigroup and we come to a problem of approximating a continuous semigroup with the help of discrete semigroups (in this case see T. Kato [1], Ch. IX).

In case of applying a decomposition method, the solving operator of the applicable decomposed problem generates the Ttrotter formula, (see Trotter H. [2]) or the Chernoff formula, (see Chernoff P. R. [3], [4]) or a formula, which is a combination of these formulas. Therefore, the error estimation of a decomposition method is equivalent to a problem of approximating of a continuous semigroup using Trotter type formulas. Papers [5], [6] (see also [7], Ch. II) are dedicated to the error estimations of Trotter type formulas.

The scheme of decomposition, associated with the Trotter formula, allows us to split Cauchy problem for an evolution equation with an operator A = A_1 +A_2 +...+A_m to m problems correspondingly with operators A_1, A_2, ..., A_m, which are solved sequentially on each time interval with the length t/n.

The decomposition scheme, associated with the Chernoff formula, is known as a method of fractional steps (see N. N. Ianenko [8]).

As it is known, the decomposition method is sufficiently general for obtaining economical schemes for the solution of the multidimensional problems of mathematical physics. They can be divided into two groups: the schemes of sequential account (N. N. Ianenko [8], A.A. Samarskii [9], Marchuk G. I.

[10], A. A. Samarskii, P. N. Vabishchevich [11], I. V. Fryazinov [12], E. G. Diakonov [13], Temam R. [14], D.G. Gordeziani [15]) and the schemes of parallel account ( D. G. Gordeziani and A. A. Samarskii [16], D. G. Gordeziani and H. V. Meladze [17], [18], A. M. Kuzyk and V. L. Makarov [19]). In [7] (see Ch. II) the explicit estimations for decomposition schemes of the parallel account are obtained, which were considered in [18]. At present, there are many works dedicated to the decomposition method (see references [10], [11]).

In the above-stated works the schemes considered are of the first or second degree precision. As far as we know, high degree precision decomposition formulas in case of two addends for the first time were obtained in [20].

In the present work, a symmetrized sequential-parallel decomposition method of the third degree precision for the solution of the Cauchy abstract problem with operator A = A_1 + A_2 + ... + A_m, is presented. For the considered scheme the explicit a priori estimation is obtained. Under explicit estimations we understand such a priori estimations for an error of solution, where the constants of a right member do not depend on a solution of an initial continuous problem, i.e. are absolute.

2^0. Setting of the problem. Let us consider Cauchy abstract problem in Banach space X : du(t) dt + Au(t) = f (t) , t > 0, u(0) = φ. (0.1)

Here A is a closed linear operator with the domain D(A), which is everywhere dense in X, φ is a given element from D (A), f(t) ∈ C^1 (X; [0; ∞)) and for every fixed t, f (t) ∈ D (A) .

Suppose that (−A) operator generates a strongly continuous semigroup {exp(−tA)}_{t≥0}, then the solution of the problem (1) is given by the following formula (see [21],[22]): u(t) = U(t, A)φ + t∫ 0 U(t − s, A)f(s)ds, (0.2) where U(t, A) = exp(−tA). Let A = A_1 + A_2 + ... + A_m, where A_i (i = 1, 2, ..., m) are compactly defined, closed linear operators in X.

Let us introduce a difference net domain: ω_τ = {t_k = kτ, k = 1, 2, ..., τ > 0}. Suppose that f (t) ∈ C^2 (X; [0, ∞)) . Along with problem (1) we consider two sequences of the following problems on each interval [t_{k−1}, t_k] :

dv^1_k(t) dt + αA_1v^1_k(t) = α m f(t_k) − 2σ_1(t_k − t)f^′(t_k),

v^1_k(t_{k−1}) = u_{k−1}(t_{k−1}), dv^{i+1}_k (t) dt + αA_{i+1}v^{i+1}_k (t) = α m f(t_k) − 2σ_{i+1}(t_k − t)f^′(t_k), v^{i+1}_k (t_{k−1}) = v^i_k(t_k), i = 1, ..., m − 2, dv^m_k (t) dt + A_mv^m_k (t) = 1 m f(t_k) − 2σ_m(t_k − t)f^′(t_k),

v^m_k (t_{k−1}) = v^{m−1}_k (t_k), dv^{m+i}_k (t) dt + αA_{m−i}v^{m+i}_k (t) = α m f(t_k) − 2σ_{m+i}(t_k − t)f^′(t_k), v^{m+i}_k (t_{k−1}) = v^{m+i−1}_k (t_k), i = 1, ..., m − 2, dv^{2m−1}_k (t) dt + αA_1v^{2m−1}_k (t) = α m f(t_k) − 2σ_{2m−1}(t_k − t)f^′(t_k) +

(t_k − t)^2 2 f^{′′}(t_k), v^{2m−1}_k (t_{k−1}) = v^{2m−2}_k (t_k);

dw^1_k(t) dt + αA_mw^1_k(t) = α m f(t_k) − 2σ_1(t_k − t)f^′(t_k),

w^1_k(t_{k−1}) = u_{k−1}(t_{k−1}),

dw^{i+1}_k (t) dt + αA_{m−i}w^{i+1}_k (t) = α m f(t_k) − 2σ_{i+1}(t_k − t)f^′(t_k), w^{i+1}_k (t_{k−1}) = w^i_k(t_k), i = 1, ..., m − 2, dw^m_k (t) dt + A_1v^m_k (t) = 1 m f(t_k) − 2σ_m(t_k − t)f^′(t_k),

w^m_k (t_{k−1}) = w^{m−1}_k (t_k), dw^{m+i}_k (t) dt + αA_{i+1}w^{m+i}_k (t) = α m f(t_k) − 2σ_{m+i}(t_k − t)f^′(t_k), v^{m+i}_k (t_{k−1}) = v^{m+i−1}_k (t_k), i = 1, ..., m − 2, dw^{2m−1}_k (t) dt + αA_mw^{2m−1}_k (t) = α m f(t_k) − 2σ_{2m−1}(t_k − t)f^′(t_k) +

(t_k − t)^2 2 f^{′′}(t_k), w^{2m−1}_k (t_{k−1}) = w^{2m−2}_k (t_k).

Here σ_1, σ_2, ..., σ_{2m−1} and α are numerical complex parameters, Re (α) > 0, u_0(0) = φ. Suppose that (−A_j ), (−αA_j ) and (−αA_j ) (j = 1, 2, ..., m) operators generate strongly continuous semigroups.

On each [t_{k−1}, t_k] (k = 1, 2, ...) interval u_k(t) are defined as follows:

u_k(t) = 1 2 [v^{2m−1}_k (t) + w^{2m−1}_k (t)].

We consider the function u_k(t) as an approximate solution of the problem (1) on the interval [t_{k−1}, t_k].

The above-stated scheme in case of m = 2 addends for the homogenous equation is considered in [23] and for the non-homogenous equation in [24].

We will need natural degrees of the operator A = A_1 + A_2 + ... + A_m (A^s , s = 2, 3, 4) . In case of two addends (m = 2) they are defined as follows:

A^2 = ( A^2_1 + A^2 ) + (A_1A_2 + A_2A_1) ,

A^3 = ( A^3_1 + A^3_2 ) + ( A^2_1A_2 + ... + A^2A_1 ) + (A_1A_2A_1 + A_2A_1A_2) ,

A^4 = ( A^4_1 + A^4_2 ) + ( A^3_1A_2 + ... + A^3_2A_1 ) + ( A^2_1A_2A_1 + ... + A^2A_1A_2 ) + + (A_1A_2A_1A_2 + A_2A_1A_2A_1) .

Analogously are defined A^s (s = 2, 3, 4) when m > 2. Obviously, the domain D (A^s) of the operator A^s is the intersection of the domains of its addends.

Let us introduce the following definitions: ‖φ‖_A = ‖A_1φ‖ + ... + ‖A_mφ‖ , φ ∈ D (A) , ‖φ‖_A2 = m∑ i,j=1 ‖A_iA_j φ‖ , φ ∈ D ( A^2 ) , where ‖·‖ is a norm in X, similarly are defined ‖φ‖_As (s = 3, 4) .

Theorem. Let the following conditions be satisfied: a) α =^1_2 ± i^1_2^√_3 ( i = √ −1 ) ; b) (−γA_j ), γ = 1, α, α (j = 1, 2, ..., m) and (−A) operators generate strongly continuous semigroups, for which the following estimations hold correspondingly: ‖U(t, γA_j )‖ ≤ e^{ωt}, ‖U(t, A)‖ ≤ Me^{ωt}, M, ω = const > 0; c) U (s, A) φ ∈ D (A^4) for every fixed s ≥ 0;

d) f(t) ∈ C^3(X; [0, ∞)); f (t) ∈ D (A^3) , f^{(k)}(t) ∈ D ( A^{3−k} ) , k = 1, 2 and U (s, A) f (t) ∈ D (A^4) for every fixed t and s (t, s ≥ 0);

e) m > 2, σ_j = ~σ_1, σ_m = ~σ_2, σ_{m+j} = ~σ_3 (j = 1, 2, ..., m − 1) ,

~σ_3 = 1 2 [(9m + 1) α − 3m]

, ~σ_1 = (9α − 4) ~σ_3, ~σ_2 = 1 2 − ~σ_1 − ~σ_3. Then the following estimation holds:

Volume 5, 2001 5

‖u(t_k) − u_k(t_k)‖ ≤ ce^{ω0tk} t_kτ^3 ( sup s∈[0,t_k ] ‖U (s, A) φ‖_A4 + t_k sup_{s,t∈[0,tk]} ‖U(s, A)f (t)‖_A4 +

+ sup_{t∈[0,tk]} ‖f(t)‖_A3 + sup_{t∈[0,tk]} ‖f^′(t)‖_A2 + sup_{t∈[0,tk]} ‖f^{′′}(t)‖_A + sup_{t∈[0,tk]} ‖f^{′′′}(t)‖ ) , where c, ω_0 are positive constants.

3^0. Conclusion. In case operators A_1 A_2 ... A_m are matrixes, then it is obvious, that conditions of the theorem are automatically met. Also conditions of the theorem are met, if A_1, A_2 ... A_m and A are self-adjoint, positive definite operators.

Third degree precision is reached by introducing complex parameter. Because of this, each equation of the given decomposed system is changed by a pair of real equations, unlike lower order precision schemes. To solve the specific problem, for example the matrix factorization may be used, where the coefficients are the matrixes of the second order, unlike lower order precision schemes, where common factorization may be used.

It must be noted, that the sum of modules of coefficients of V (τ) transition operator equals to one, unlike the high degree precision decomposition schemes considered in the work [20]. Because of this, the considered schema is stable for any A_1 A_2 ... A_m bounded operators.

R e f e r e n c e s

[1] Kato, T. The Theory of Perturbations of Linear Operators. M. Mir, 1972. [2] Trotter, H. On the Product of Semigroup of Operators. Proc. Amer. Mat. Soc. 10, 1959, 545-551.

[3] Chernoff, P.R. Note on Product Formulas for Operators Semigroups. J. Functional Anal. 2, 1968, 238-242.

[4] Chernoff, P.R. Semigroup Product Formulas and Addition of Unbounded Operators. Bull. Amer. Mat. Soc. 76, 1970, 395-398.

[5] Ichinose, T., Takanobu, S. The Norm Estimate of the Difference Between the Kac Operator and the Schrodinger Semigroup. Nagoya Math. J. Vol. 149, 1998, 53-81.

[6] Rogava, J.A. On the Error Estimation of Trotter Type Formulas in the Case of Self-Andjoint operator. Functional Analysis and its Aplication, M. 27, 3, 1993, 84-86.

[7] Rogava, J.A. Semi-Discrete Schemas for Operator Differential Equations. Tbilisi, Georgian Technical University Press, 1995.

[8] Ianenko, N.N. Fractional Steps Method of Solving for Multidimensional Problems of Mathematical Physics. Novosibirsk, Nauka,1967.

[9] Samarskii, A.A. Difference Schemes Theory. M.: Nauka, 1977. [10] Marchuk, G.I. Split Methods. M.: Nauka, 1988.

[11] Samarskii, A. A., Vabishchevich P. N. Additive Schemes for Mathematical Physics Problems. M., Nauka, 1999.

[12] Fryazinov, I. V. Increased Precision Order Economical Schemas for the Solution of Parabolic Type Multidimensional Equations. JNM and MPh. 9, 6, 1969, 1319-1326.

[13] Diakonov, E. G. Difference Schemas with Decomposition Operator for Multidimensional Problems. JNM and MPh. 2, 4, 1962, 311-319.

6 Bulletin of TICMI

[14] Temam, R. Quelques Methods de Decomposition en Analyse Merique. Actes, Congres, intern. Math. 3, 1970, 311-319.

[15] Gordeziani, D.G. On Application of Local One Dimensional Method for Solving Parabolic Type Multidimensional Problems of 2m-degree. Proceeding of Science Academy of GSSR. 3, 39, 1965, 535-542.

[16] Gordeziani, D.G., Samarskii, A.A. Some Problems of Plates and Shells Thermo Elasticity and Method of Summary Approximation. Complex Analysis and it’s Applications. M., Nauka, 1978, 173-186.

[17] Gordeziani, D.G., Meladze, H.V. On Modeling Multidimensional Quasi-Linear Equation of Parabolic Type by One-Dimensional Ones. Proceeding of Science Academy of GSSR. 60, 3, 1970, 537-540.

[18] Gordeziani, D.G., Meladze H.V. On Modeling of Third Boundary Value Problem for the Multydimensional Parabolic Equations of Arbitrary Area by the One-dimensional Equations. JNM and MPh. 14, 1, 1974, 246-250.

[19] Kuzyk, A.M., Makarov, V.L. Estimation of an Exactitude of Summarized Approximation of a Solution of Cauchy Abstract Problem. RAN USSR. 275, 2, 1984, 297-301.

[20] Dia, B.O., Schatzman, M. Comutatuers Semi-groupes Holomorphes at Applications aux Directions Alternees. M2AN, 30, n^0, 3, 1996.

[21] Iosida, K. Functional Analysis. Springer-Verlag 1965. [22] Krein, S.G. Linear Equations in Banach Space. M., Nauka. 1971. [23] Gegechkori, Z. G., Rogava, J. A., Tsiklauri, M. A. Sequention-Parallel Method of High Degree Precision for Cauchy Abstract Problem Solution. Tbilisi, Reports of Enlarged Session of the Seminar of I. Vekua Institute of Applied Mathematics. 14, 3, 1999.

[24] Gegechkori, Z. G., Rogava, J. A., Tsiklauri, M. A. High Degree Precision Decomposition Method for an Evolution Problem. Minsk, Computational Methods in Applied Mathematics. 1, 2, 2001, 173-187.