ON SOME NON-LOCAL PROBLEMS OF THE THEORY OF ELASTICITY

N. Gordeziani

I. Vekua Institute of Applied Mathematics I. Javakhishvili Tbilisi State University

The present work studies non-local in time generalized problem for the second order evolutionary equation. Here we suggest an iteration method of finding approximate solution of such a problem. The results obtained herein make it possible to investigate non-local in time problems of the theory of elasticity. Non-local in space as well as in time problems were stated and explored by many scientists (see [1]-[8]).

We consider Hilbert spaces V and H satisfying the following three conditions (see e.g. [9]): 1) V ⊂ H; 2) V is dense in H;

3) V and H are separable spaces.

If we identify H with its dual space and denote the dual space of V by V^′ , then we will have one more condition

4) V ⊂ H ⊂ V^′.

Further on we will use an operator A ∈ L(V, V^′), where L(·, ·) means the set of linear continuous operators acting from V to V^′; (Aφ, ψ) = a(φ, ψ), where (·, ·) is a scalar product in H (|·|- norm in H).

We put some restriction on a(φ, ψ) :

a) the function t −→ a(φ, ψ) is continuously differentiable on [0, T ] for ∀φ, ψ ∈ V ; b) a(φ, ψ) = a(ψ, φ); c) φ ≥ α ‖φ‖^2, where α = const > 0, ∀φ ∈ V, ∀t ∈ [0, T ]. Here ‖·‖ and ((·, ·)) are respectively the norm and scalar product in V . We would like to point out that the whole investigation brought herein is conducted for real spaces V and H .

Now we get to the statement of the problem itself.

Problem. We have to find the function u(t) satisfying the condition u(t) ∈ L^2 (0, T ; H) (see the definition in [9]), second order evolutionary equation

d^2u dt^2 + Au(t) = f(t), 0 < t < T, (1) and the following non-local initial conditions:

u(0) = m∑ i=1 γ_iu(t_i) + t∫ 0 ρ_1(τ)u(τ)dτ + u_0, (2) u^′_t(0) = m∑ i=1 γ_iu^′_t(t_i) + t∫ 0 ρ_2(τ)u(τ)dτ + u_1, (3)

where γ_i = const (i = 1, ..., m) are prescribed constants, ρ_1 and ρ_2 are given continuous scalar functions defined on [0, T ]; u_0 ∈ V, u_1 ∈ H are also prescribed vectors, {t_i} are given points of (0, T ), 0 < t_1 < · · · < t_m < T .

According to the theorem of J.-L. Lions (see e.g. [9],[10]) Cauchy problem for the equation (1) has a unique solution.

On the basis of the latter statement we can prove the following theorem: Theorem 1. Let us assume that

λ_i ≥ 0, ρ_1 ≡ ρ_2 ≡ 0 (i = 1, ..., m), m∑ i=1 γ_i = q = const < 1, (4) and a (_m ∑ i=1 γ_iu(t_i), m∑ i=1 γ_iu(t_i) ) ≤ m∑ i=1 γ_ia (u(t_i), u(t_i)) ; (5)

If there exists the solution of the problem (1)-(2)-(3), then it is unique. As was mentioned above, to prove this theorem we use the theorem of J.-L.

Lions ([9]) as well as the coercitiveness of the form a (u, v).

Now we suggest iteration procedures to resolve the problem (1)-(2)-(3). The iteration procedure formulated hereby reduces resolution of the initial problem to resolving the sequence of Cauchy problems formulated for classical second order abstract equations. The above mentioned iteration procedure has the following form:

d^2u^{(k+1)}(t) dt^2 + Au^{(k+1)}(t) = f(t), 0 < t < T, (6)

u^{(k+1)}(0) = m∑ i=1 γ_iu^{(k)}(t_i) + t∫ 0 ρ_1(τ)u^{(k)}(τ)dτ + u_0, (7)

u^{′(k+1)} t (0) = m∑ i=1 γ_iu^{′(k)}(t_i) + t∫ 0 ρ_2(τ)u^{(k)}_t (τ)dτ + u_1, (8)

(k = 0, 1, ...) , u^{(0)} = 0, u^{′(0)}_t (0) = 0. (9) To make the judgment simple we consider discrete and integral variants of the conditions (2) and (3) separately.

The following theorem is true: Theorem 2.If γ_i ≥ 0,^m ∑ i=1 γ_i = q < 1, ρ_1(τ) = ρ_2(τ) ≡ 0, then u^{(k)}(t)

sequence converges to u(t) solution of the problem (1)-(2)-(3) and the following estimation is in force:

Volume 4, 2000 45

‖ ‖u^{(k)}(t) − u(t) ‖ ‖^∗ ≤ cq^k where c does not depend on k and ‖v‖^∗ = ( ‖v‖^2 + ‖v^′_t‖^2 )_{1/2} . Proof. We bring in the difference w^{(k)}(t) = u^{(k)}(t) − u(t) which satisfies conditions:

d^2w^{(k+1)}(t) dt^2 + Aw^{(k+1)}(t) = 0, 0 < t < T, (10)

w^{(k+1)}(0) = m∑ i=1 γ_iw^{(k)}(t_i), (11)

w^{′(k+1)} t (0) = m∑ i=1 γ_iw^{′(k+1)}_t (t_i), (12)

(k = 0, 1, ...) , w^{(0)}(t) = −u(t), w^{′(0)}_t (t) = u^′_t(t). (13)

Applying the theorem of J.-L. Lions (see [9]) and particularly the energetic equality for Cauchy problem, we get: a (_m ∑ i=1 γ_iw^{(k+1)}(t_i), m∑ i=1 γ_iw^{(k+1)}(t_i) ) + ‖ ‖ ‖ ‖ ‖ m∑ i=1 γ_iw^{′(k+1)}_t (t_i) ‖ ‖ ‖ ‖ ‖ 2 ≤ (14)

q [ a ( w^{(k+1)}(0), w^{(k+1)}(0) ) + ‖ ‖ ‖w^{′(k+1)}_t (0) ‖ ‖ ‖^2 ] . Using the initial conditions (11)-(12) and letting k run through all its meanings, we get: a ( w^{(k+1)}(0), w^{(k+1)}(0) ) + ‖ ‖w^{′(k+1)}_t (0) ‖ ‖^2 ≤ cq^k, (15)

where c does not depend on k.

The inequality (15) means that the iteration process converges at t = 0 moment and a ( w^{(k+1)}(t), w^{(k+1)}(t) ) + ‖ ‖ ‖w^{′(k+1)}_t (t) ‖ ‖ ‖^2 ≤ (16)

a ( w^{(k+1)}(0), w^{(k+1)}(0) ) + ‖ ‖ ‖w^{′(k+1)}_t (0) ‖ ‖ ‖^2 .

Taking into account inequality (16) and coercitiveness of the bilinear form a (·, ·) we easily get convinced in the correctness of the Theorem 2.

Considering the other version of the problem with an integral non-local condition we can state the following theorem:

46 Bulletin of TICMI

Theorem 3.If γ_i ≡ 0, (i = 1, ..., m), | | | | t∫ 0 ρ(τ)u(τ)dτ | | | | = q < 1 and t∫ 0 ρ(τ)a (u(τ), u(τ)) dτ ≥ a t∫ 0 ρ(τ)u(τ)dτ, t∫ 0 ρ(τ)u(τ)dτ , (17) where ρ(τ) = ρ_1(τ) = ρ_2(τ), then the iteration process (6)-(9) converges and the following estimation is true:

Theorem 4. ‖ ‖ ‖u^{(k)}(t) − u(t) ‖ ‖^∗ ≤ cq^k. We would like to emphasize that the results obtained herein let us state and investigate non-local problems for non-stationary equations of membrane oscillation (see [13]), the theories of elasticity (see [10]) and elastic mixtures (see [11],[12]) in the case of classical (by space) boundary conditions.

R e f e r e n c e s

[1] Bitsadze A.V. , Samarskii A.A., On Some Simplest Generalizations of Linear Elliptic Problems. Dokl. Akad. Nauk. SSSR, 185, 1969, p.739-740 (in Russian).

[2] Fridman A., Monotonic Decay of Solutions of Paraboplic Equatiopns with Non-local Boundary Conditions. Quart. Appl. Math. 44, 1986, p. 401-407.

[3] Gordeziani D.G., On One Method of Resolution of Bitsadze-Samarskii Boundary Value Problem. Abstracts of Report of Inst. Appl. Math. , Tbilisi State University, 2, 1970, p.38-40 (in Russian).

[4] Gordeziani D.G., On Methods of Resolution for One Class of Non-local Boundary Value Problems. Tbilisi Univetrsity Press, Tbilisi, 1981 (in Russian).

[5] Gordeziani D., Gordeziani N. and Avalishvili G., Non-local Boundary Value Problems for Some Partial Differential Equations. Bull. Georgian Acad. Sci., 3, 1998.

[6] Paa C.V., Reaction Diffusion Equations with Non-local Boundary and Non-local Initial Conditions. J.Math. Anal. Appl., 195, 1995, p. 702-718.

[7] Paneyakh B.P., On Some Non-local Boundary Value Problems for Linear Differential Operators. Mat. Zam., 35, 1984, p. 425-433 (in Russian).

[8] Skubachevskii A.L., On a Range of Some Non-local Elliptic Boundary Value Problems. Mat. Sb., 117, 1982, No 4, p. 548-558 (in Russian).

[9] J.-L. Lions, Magenes E., Problems aux Limites Non-homogenes et Applicatins. Dunod. Paris, 1968, p.370.

[10] Duvaut G., J.-L. Lions Les Inequations en Mecanique et en Physique. Dunod. Paris, 1972, p.382.

[11] Gordeziani D., Gordeziani N., On the Investigation of One Problem in the Linear Theory of the Elastic Mixtures. Seminars of Vekua Institute of Applied Mathematics, Dokl. Vol. 22, 1993, p. 115.

[12] Natroshvili D.G., Djagmaindze A.I., Svanidze M.J., Some Problems of Linear Theory of Elastic Mixtures, Izd. Tbio. Univ., Tbilisi, 2198, 5-23.

[13] Courant R., Hilbert D., Methods of Mathematical Physics, Vol. 2, 1937.