ON SOME WEIGHED INEQUALITIES OF THE QUALITATIVE THEORY OF ELLIPTIC EQUATIONS

F. Mamedov

Technical University of Azerbaijan

The questions of regularity, Harnack’s inequality and a Green’s function estimations for the degenerated elliptic partial differential equations lead to consideration of the Sobolev’s and Poincare’s type inequalities with weights [1,2].

The study of the quantity properties of the spectrum of Shrodinger operator may lead to fractional analogous of such inequalities [3].

In this paper we have proved the weighted inegualities of Hardy-Sobolev’s type for differences. Such a form of inequalities for one dimensional case was established in [4] under some additional condition (see also, [3]).

Introduce the notation. By c, c_1, c_2, c_3 and β, 1 ≤ β < ∞, δ, 0 < δ ≤ 1 we denote positive constants, the values of which are not essentially one. A conjugate exponent to p will be denoted by p^′, so that^1_p +^1_{p′} = 1. Φ is the class of nondecreasing, positive and continuous functions on [0, ∞). Q, Q^x_ρ = {y |y − x| ≤ ρ} are a balls in R^n. For a local-summable function v : R^n → R^1_+ and a subset E ⊂ R^n we denote v(E) = ∫ E vdx. For a function of two variables

ψ and subsets E, F we denote ψ(E, F ) = ∫ ∫ E×F ψdxdy. |E| is the Lebesque measure of the set E.

We say, that function v belongs to A_∞ class, if there are positive constants c_1, c_2, δ, β such that for any subset E of the arbitrary ball Q holds inequality

c_1 ( |E| |Q| )_β ≤ v(E) v(Q) ≤ c_2 ( |E| |Q| )_δ . The function of two variables ψ we apply to ~A_∞ class if, there exist positive constants c, β such that for any ball Q ⊂ R^n and its subsets E, F with E ∩F = ∅, |E| > γ |Q| , |F | > γ |Q| , γ ∈ (0,^1_{2n} ) the inequality ψ(E, F ) ≥ cγ^βψ(Q, Q) takes place. C_0(R^n) is a class of continuous functions vanishing at infinity.

The main result of this note is as follows.

Theorem. Let 1 ≤ p ≤ q ≤ r < ∞, λ ∈ Φ, v ∈ A_∞, ψ ∈ ~A_∞ and, ω : R^n × R^n → [0, ∞) be a local-summable function.

If there exists A > 0 such that, for any ball Q the following condition satisfies v(Q)^{1/r}λ(c_0|Q|^{1/n}) ψ(Q, Q) ∫ Q dx ∫ Q ( ψ^p(x, y) ω(x, y) )^{p′−1}dy q^′/p^′ 1/q^′ ≤ A. (1)

Then for any function u ∈ C^1_0 (R^n) the following inequality holds ∫ R^n |u|^r vdx 1/r ≤ cA ∫ R^n dx ∫ R^n ||u(x)| − |u(y)||^p λ(|x − y|)^p ω(x, y)dy q/p 1/q , (2)

here c_0, c are positive constants, c depends on n, p, q, r and on constants in the A_∞, ~A_∞ of functions v, ψ respectively, c_0−only on the dimension n, n ≥ 1.

Proof. Let α > 0 be fixed. Denote e_α = {x ∈ R^n : |u(x)| > α}. Then e_α is an open and bounded set; d_α = diame_α < ∞.

There exists a number ρ(x, α), 0 < ρ(x, α) < 2d_α such that, for any point x ∈ e_{2α} it is hold | | |Q^x_{ρ(x,α)}\e_α | | | = γ | | |Q^x_{ρ(x,α)} | | | , (3)

where 0 < γ <^1_{2n} will be chosen later.

Indeed, the function F (t) = |Q^x_t \e_α| / |Q^x_t | − γ is continuous and less than zero when t = ε and, F (2d_α) ≥ 0.

Then with help of Cauchy’s theorem on continuous functions we can find some constant c, 0 < c < 2d_α that, F (c) = 0. Now choosing ρ(x, α) = c we obtain (3).

The family of balls {Q^x_{ρ(x,α)}}, x ∈ e_{2α} makes a cover of the set e_α. Then with the help of the Besicoviche’s lemma [5] we can choose a subcover {Q^i}, i ∈ N with finite multiplicity-θ_n.

Fix some ball Q^i. Taking into account |Q^i\e_α| = γ |Q^i| and v ∈ A_∞, it follows that v(Q^i\e_α) ≤ cγ^δv(Q^i). Then from the identity v(Q^i) = v(Q^i\e_α) + v(Q^i ∩ e_{2α}) we obtain v(Q^i)(1 − cγ^δ) ≤ v(Q^i ∩ e_α), where cγ^δ < 1.

If |e_{2α} ∩ Q^i| < γ |Q^i| , then taking into account v ∈ A_∞, we find v(Q^i ∩ e_{2α}) ≤ cγ^δv(Q^i), therefore v(Q^i ∩ e_{2α}) ≤ cγ^δ 1 − cγ^δ v(Q^i ∩ e_α). (4)

If |Q^i ∩ e_{2α}| ≥ γ |Q^i|, then according to ψ ∈ ~A_∞ we find ∫ Q^i\e_α dx ∫ Q^i∩e_{2α} ψ(x, y)dy ≥ (cγ^β)^2ψ(Q^i, Q^i) Using the Holder’s inequality we obtain 1 ≤ 1 c_1γ^{2β}ψ(Q^i, Q^i) ∫ Q^i\e_α ∫ Q^i∩e_{2α} ωdy 1/p ∫ Q^i∩e_{2α} ( ψ^p ω )^{p′−1}dy 1/p^′ dx . Since λ ∈ Φ, and λ(|x−y|) ≤ λ(c_0|Q^i|^{1/n}) for x ∈ Q^i\e_α, y ∈ Q^i ∩e_{2α} it follows that v(Q^i ∩e_{2α}) ≤ v(Q^i) ( λ(c_0|Q^i|^{1/n}) c_1γ^{2β}ψ(Q^i, Q^i) )_r ∫ Q^i\e_α dx ∫ Q^i∩e_{2α} ( ψ^p ω )^{p′−1}dy q^′/p^′ r/q^′ ×

× ∫ Q^i\e_α dx ∫ Q^i∩e_{2α} ω λ^p dy q/p r/q ≤ cA^r γ^{2βr} ∫ Q^i\e_α dx ∫ Q^i∩e_{2α} ω λ^p dy q/p r/q . (5)

From the (4) and (5) we conclude that v(Q^i ∩ e_{2α}) ≤ cγ^δ 1 − cγ^δ v(Q^i ∩ e_α)+

+ cA^r γ^{2βr} ∫ Q^i\e_α dx ∫ Q^i∩e_{2α} ω λ^p dy q/p r/q . After summing by i and taking into account the finite multiplicity of cover {Q^i}, i ∈ N and also that 1 ≤ p ≤ q ≤ r < ∞ we have

v(e_{2α}) ≤ cγ^δ 1 − cγ^δ v(e_{2α}) + cA^r γ^{2βr} ∫ R^n\e_α dx ∫ e_{2α} ω λ^p dy q/p r/q . By integrating the previous inequality on interval (0, ∞) we find ∞∫ 0 v(e_{2α})dα^r ≤ cγ^δ 1 − cγ^δ ∞∫ 0 v(e_α)dα^r+

+ cA^r γ^{2βr} ∫ R^n dx ∫ R^n ||u(x)| − |u(y)||^p λ(|x − y|)^p ω(x, y)dy q/p r/q .

Now choosing the γ such that^1_{2r} −^{cγδ}_{1−cγδ} > 0, and by^∞ ∫ 0 v(α)dα^r = ∫ R^n |u|^r vdx we complete the proof.

Corollary. Let 1 ≤ p ≤ q ≤ r < ∞, functions^1_v , λ belong to class Φ, moreover v be locally integrable on interval (0, ∞).

Suppose that

sup_{h>0} λ(h) h∫ 0 v(s)ds 1/r h^{−1/p−1/q} = μ < ∞, then for any function u ∈ C_0(0, ∞) there holds the estimate ∞∫ 0 v|u|^rdt 1/r ≤ c_0μ ∞∫ 0 ∞∫ 0

( |u(x) − u(t)| λ(|x − t|) )_p dy q/p 1/q . The proof of corollary follows from the just proved theorem by setting ψ ≡ ω ≡ 1 in the case n = 1.

34 Bulletin of TICMI

R e f e r e n c e s

[1] Kondrativ V.A., Landis E.M., The Qualitative Theory for a Linear Elliptic Partial Equations Second Order. Itogi Nauki i Techniki, 32, 1988, 99-214, (in Russian).

[2] Chanillo S., Wheeden R.L., Existence and Estimates of Green’s Function for Degenerated Elliptic Equations. Ann. Scu. Norm. Sup. Pisa, 15, 1988, 304-340.

[3] Burenkov V., Evans V., The Hardy’s Weighted Inequality for Fractions and Compact Imbeddings of Sobolev’s Spaces Over Domains with High Degenerations. Dokl. Russ. Akad. Nauk., 355, N5, 1997, 583-585, (in Russian).

[4] Heinig H., Kufner A., Persson J., On some Fractional Order Hardy Inequalities. Dept. Math. Lulea Univ. Technolog, Reserch. Rep. 4, 1996, 1-16.

[5] Gusman M., Differentiations of Integrals on R^n. M. ”Mir”, 1978.