22 Bulletin of TICMI

ON A LINEAR SECOND ORDER DEGENERATE ELLIPTIC EQUATION

G. Devdariani I. Vekua Institute of Applied Mathematics I. Javakhishvili Tbilisi State University Let Oxy be the Cartesian coordinate system and G be a bounded domain with sufficiently smooth boundary ∂G, where ∂G = Γ_1 ⋃ Γ_2, Γ_1 = {(x, 0); a ≤ x ≤ b}, Γ_2 = {(x, y) ∈ ∂Ω; y > 0}. Let us consider the following equation L(u) ≡ div(h(y) grad u) + cu = 0, (1) on the domain G, where h ∈ C^{1,α}(]0, ℓ[) ⋂ C([0, ℓ]); ℓ := max_{(x,y)∈Γ2} {y}; h(y) > 0, when y > 0; h(0) = 0; c ∈ C^α(Ḡ); c ≤ 0.

We’ll consider only regular solutions of the equation (1). The following theorem is true. Theorem 1. If_ℓ ∫ 0 h^{−1}(y)dy < ∞, then the Dirichlet problem for the equation (1) is correct for any continuous boundary function.

Proof. To prove the theorem it suffices to show (see [1-4]), that at any point of the boundary ∂G there exists a barrier. At the point (x_0, 0) barrier has the form v(x, y) = y∫ 0 (1 − t)h^{−1}(t)dt + (x − x_0)^2. (2)

Let us verify that the function (2) satisfies all the properties of a barrier function. For this let us compute L(v). L(v) = −1 + 2 h(y) + cv. Therefore, because of c ≤ 0, for sufficiently small neighbourhood of the point (x_0; 0), we have L(v) < 0. The other properties of a barrier for the function v(x, y) can be easily verified.

Let us consider the problem.

Problem E. Find a bounded solution u(x, y) of the equation (1) satisfying the boundary condition u|_{Γ2} = φ,

Volume 4, 2000 23

where φ is an arbitrary continuous function on ∂G.

The following theorem is true. Theorem 2. If_ℓ ∫ 0 h^{−1}(y) dy = ∞, then the problem E for the equation (1) is uniquely solvable.

Proof. Let us consider the function ω = ℓ∫ y (1 + t)h^{−1}(t)dt + k, where k > 0 and such that ω > 0 in G.

Hence we get L(ω) = −1 + cω < 0 in G.

Let u(x, y) be an arbitrary bounded solution of the equation (1), which satisfies the following boundary condition

u|_{Γ2} = 0.

Let (x_1; y_1) ∈ G, then fore any small ε > 0 we can write

−ε ω(x_1, y_1) ≤ u(x_1, y_1) ≤ ε ω(x_1, y_1).

Hence we’ll have u(x, y) ≡ 0 in G.

Remark. If in (1) c ≡ 0 and u depends only on y, such critiria for corresponding boundary value problems for obtained ordinary differential equation are given in [5].

R e f e r e n c e s

[1] Keldysh M.V., On Some Cases of Degeneration of an Equation of Elliptic Type on the Domain Boundary. Dokl. Akad.Nauk SSSR, 77, N2, 1951, 181-183.

[2] Bitsadze A.V., Mixed-Type Equations. Moscow, 1959, (in Russian). [3] Bitsadze A.V., Some Classes of Partial Differential Equations. Moscow, 1981. [4] Devdariani G.G., A Second-order Elliptic Equation with Singular Coefficients. Differential Equations, v.31, N1, 1995, 81-83.

[5] Jaiani G.V., On a Model of a Bar with Variable Thickness. Bulletin of TICMI, 2, 1998, 36-40.