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Abstract

In this paper the body is an elastic Cosserat media with voids.
The two-dimensional system of equations corresponding to a plane
deformation case is written in a complex form and its general solution
is presented with using of two analytic functions of a complex variable
and two solutions of the Helmholtz equations. On the basis of the
general representation, specific boundary value problems are solved
for a circle and infinite plane with a circular hole.
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1 Introduction

The non-linear version of elastic materials with voids was proposed by Nun-
ziato and Cowin [1] and the linear version was developed by Cowin and
Nunziato [2] to study mathematically the mechanical behaviour of porous
solids. The linear theory of thermoelastic porous materials with voids is
the generalization of the classical theory of elasticity. Porous materials with
voids have applications in many fields of engineering, such as the petroleum
industry, material science and biology. This theory enables us to analyze
the behaviour of elastic porous materials which can be found in engineering,
such as rock and soil, bone, the manufactured porous materials. The voids
are assumed to contain nothing of mechanical or energetic significance.

It should be noted that all the papers mentioned above dealt with a
classical (symmetric) medium. We consider the problem of elasticity for
solids with triple-porosity in the case of an elastic Cosserat medium [3].

Many problem are investigated by several researchers in the elastic ma-
terials with the microstructure . Some of these results are presented in [4-7]
and in references therein.
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2 Basic equations

Assume an elastic body with voids occupies the domain € R3. Denote
by = (x1, 72, x3) a point of the domain  in the Cartesian coordinate
system. Assume the domain Q is filled with an elastic Cosserat media
having voids.

In this case, a system of static equilibrium equations is [2, 8]

aiO'ij(SU) + ij(x) = 0,
dihi (z) + g(z) + pl(z) = 0,

where o;; are stress tensor components; p is material density; F} are the
components of the mass force vectors; j;; are moment stress tensor compo-
nents; €;; is the Levi-Civita symbol; G; are the components of the mass
moment vectors; h; is the equilibrated stress vector; g is the intrinsic equi-
librated body force; [ is the extrinsic equilibrated body force; 0; = 0/0z;.

Formulas that interrelate functions o;; , wi; , h; , g to the functions
u; , w; and ¢ have the form [2, §]

oij = (Adiv u +79) 85 + (1 + a) Qjuj + (1 — @) Oju; — 20wy,

pij = a div w 6;5 + (v + B) Ow; + (v — ) Ojw, ©)
hi = 00;9,

g=—§¢ —ydiv u,

where A\ and p are the Lamé parameters; «, (5, v, o are the constants
characterizing the microstructure of the discussed elastic media; 0, &, ~
are the constants characterizing the body porosity; d;; is the Kronecker
delta, u = (u1, ug, ug) is the displacement vector, w = (w1, wa, ws) is
the rotation vector, ¢ is the change of volume fraction.

From the basic three-dimensional equations, we obtain the basic equa-
tions for the case of plane deformation. Let ) be a sufficiently long cylin-
drical body with generatrix parallel to the Oxs-axis. Denote by D the
cross-section of this cylindrical body, thus D € R? . In the case of plane de-
formation ug = 0, w; = 0, ws = 0, while the functions uy, us, ws and ¢
do not depend on the coordinate z3 [9]. We also assume uy, ug, ws, ¢ €
C? (D)n CY(D).

As follows from formula (2), in the case of plane deformation

Oa3 = 07 03a = 07 Hap = 07 H33 = 07 h3 = 07 CY,,B = 172
If relations (2) are substituted into the system (1) then we obtain the

following system of equilibrium equations with respect to the functions
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u1, ug, wz and ¢ (the homogeneous system (F, = 0,G, = 0,1 =10) )

(n+ ) Aguy + (A + p— «) 010 + 2a0ows + yO1p = 0,

(4 ) Aguz + (A + p — ) 20 — 2a01w3 + Y020 = 0, (3)
(l/ + ,3) Aows + 2@(81’11,2 — Ggul) 4aws =0,

(0Ag —&)p —~v8 = 0.

On the plane Oz, we introduce the complex variable z = x1 4+ izg =
re® (i* = —1) and the operators 0, = 0.5(d — i0s), 9z = 0.5 (01 + i),
Z =11 —ixy, Ao = 40,05

To write system (3) in the complex form, the second equation of this
system is multiplied by i and summed up with the first equation

2p+ @)0,07us + (N + p — )95 — 20idzws + vz = 0,
2(v + 8)0,0zws + i(0 — 20,ut) — 2aws = 0, (4)
(40,07 — §)¢p — 0 = 0.

The general solution of the system of Eqs. (4) is represented using
formulas [8, 9]

2puy = (K+K0)p(2) — (1= ko) 2 (2) — ¥(2) +40: (ix(2, 2) — (2, 2)), (5)

2y = - ox(2,9) = T i () - 9(2) ()
_ (A H2mE—ot g / /
¢= Tn(%z) - m(@ (2) +¢'(2)) (7)

where p(z) and ¥(z) are the arbitrary analytic functions of z, x(z, Z) and
n(z, z) are the general solutions of the Helmholtz equations

Aox —Cix =0, Agn—CEn=0

2 dpo 2 (A +2p)€ — ~?
STt 2T rgs !
also
oo At v
A p A4+ ) (N +2m)E —~2)

3 The boundary value problem for a circle

Let us consider the elastic circle, consisting of Cosserat media with voids
bounded by the circumference of radius R (Fig. 1). The origin of coordi-
nates is at the center of the circle.
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Figure 1: The elastic circle.

On the circumference, we consider the following boundary value prob-
lem

Opp — 10, = N —iT, purs =M, hy=F, onr =R (8)
where N, T, M and F are sufficiently smooth functions.
Substituting the formulas (5)—(7) into (8) we have [8, 9, 10]

orr—iora = (1= ko) (¢(2) + ) + tix (= 24wz 2) g
—e%% [(1=r0) 2" () + ¥ (2) + 4.0 (ix (2, 2)+7m (2, 2))]
5= Re (—““Wﬁw (z) e 4 40:x (2, 2) ™)

| 10
b= Re (~ g (e 4 2HER oy (. 7) emie ) v

n

The analytic functions ¢'(z),%’(z) and the metaharmonic functions
Xx(z,%Z),n(z,Z) are represented as the following series

= ianz”, YP(2) = ibnz” (11)
n=0 n=0

zamm Zﬁnn@?‘ e (12)

where I,,((17) and I,,((or) are the modified Bessel function of the first kind
of n-th order.

Substituting (11), (12) in (9), (10) taking into account the boundary
conditions (8) and assuming that the series converge on the circumference
r = R, one finds

1 "i[) Z Rn 1 n zna zna Z Rnb ez (n+2)a
(13)
% Z (n—=1) (s1In-1 (<L R) ian+s27In—1 (22R) By) € *=N—iT,
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(k+1) (v+P)

—+00
21 Z I' (G R) cpe™™ + »

(14)
X Z R 1 ane —ina _ anema) =M,
2042 E - 226 ZI’ ) e
g (15)

n R 1 a e _ g, R lem ) =,
)\+u (M) 2 nz:() " " )

As a conclusion of the previous relations, we used the following well-
known formula

Ia(@) = T () = Do),

Ln1(z) + Iy (z) = 210 ().

Expand the function N —¢T', 2uM and F', given on r = R, in a complex
Fourier series

+o0 ' +00 ' +oo '
—iT =Y Npe™, 2uM =3 M, F =Y Fem.  (16)
—0o0 —Oo — 0o

Comparing in (13)—(15) the coefficients of e’ we have (it is also as-
sumed that ag is a real value [9])

2(1 — Ko)ag + %Cﬂl(@R)ﬁo = No, (17)
. 2HFO

b= BT 2 E - 2Gh (GR) (18]

o) = —LTO = éMo. (19)

2611 ((LR) 2G11H(¢G1R)
In order for the problem to have a solution, the following condition must
be met

RI\(s1R)
I (q1R)

From Egs. (17), (18) we determine the coefficients ag

My = —————=Th.

No 2uyFy
2(1—ro) R(1—ro)(2(M2p)E-29%)

ag =
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comparing the coefficients of €™ (n # 0), we have

(1 — ’I’L)(l — Ko)Rnan — Rn—an72_

2 (0= DG lr(G R + OTar(@RIB) = Ny 22 )
(1:/10)}2”&” — %(’I’L + 1)(C11n+1 (CIR)ian - C271n+1(<2R)5n) (21)
=N_,,n>0

261, (1 R) oy — WR”_lnmn =M, n>1, (22)
2(M2u) E-29* v Al oo
o @I’y (©R) ﬁn—mﬁ’, na, = Fy; n>1. (23)

From (20)—(23) one finds

P N—n + klnMn - anFn
" (1 — Eo)R”+/€3n+k4n,

n>0

B M, + 7('{Higj+ﬁ) R" nia,,

Qp = , n>0
2G115, (GLR)
24 (Fn + %R”_lnan>
B8, = (A+p)¢5 n>0

GoI}, (2R) (2 (A+2p) §-29°)
buo = (1 —n) (1 — ko) R%ay,

2 n — 1 . Nn
_(Rn—l) (stIn—1 (G1R)iay, + ©vIn—1 (2R) Bn) — o > L
where
n+1 I»,H_l (qR)z’
kln -
R I (aR)
gy — T 1 2L (G2 R)
" R (A +2u)€ =) 1}, (GR)’

(k+1)(v+B)R" i1 (aR)
n — 1 ’

k‘g n (n + ) 4,UI;L (§1R)

2 pn—2

A+ (A +20) € =) I (R)
It is easy to prove the absolute and uniform convergence of the series ob-

tained in the the circle (including the contours) when the functions set on
the boundaries have sufficient smoothness.
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4 The problem for the infinite plane with a cir-
cular hole

Now let we have an infinite plane with a circular hole (Fig. 2). Assume
that the origin of coordinates is at the center of the hole of radius R.

Figure 2: The infinite plane with a circular hole.

On the circle we consider the following boundary value problem

2uuy = N —14T,
wg =M, r=R, (24)
¢ =F,

where N, T', M and F are sufficiently smooth functions.
Substituting the formulas (5)—(7) into (24) we have

(K + Ko) ¢(2) — (1 — ko) 2¢'(2) — Y(2) + 4i0:x (2, 2)
N —T

—4v0:n (2, 2) = e,
4 i (25)
I N . ) =
A (¢ ()~ ¥ () =200,
(A+2p) € —~ X gl / ;
_ _ - F
1) - e (¢ +6)
Conditions at infinity
oY =51, o) =8,
ol5”) = o5 = 5; (26)

wy =) =0 o=5u,

where S1, S5, S3, S4 are the constants.
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In this case the analytic functions ¢ (z), ¥ (z) and the metaharmonic
functions x(z, 2), n(z, 2) are represented as a series

— ianz_” , Y (2) = i bz ",
n=0
X(z, 2) = Z an Ky, (617) ema Z Bndn (Gor) ene )

(27)

where K, (¢17) and K, (sor) are the modified Bessel function of the second
kind of n-th order.

Substituting (27) in (25) taking into account the boundary conditions
(24) and assuming that the series to converge on the circumference r = R,
one finds

; e —n+1 )
(/i + Ko) (Raoeza +InR a1 + 1va1 + Z s lanez(—n-i-l)oa)

n=2

(1 — ko Z 7 In_gi(n+1)a — Rbpe'® — InR by + iaby

n— 1
R—n+1 ( ) i ’ ) (28)
o bne’ n—1)a 2§1i Kn+1 (ClR) anel n+1)a
n=2 —n+l —00
i(n « N —iT Yo’
+277§2§Kn+1 (@2R) Bre'™ D = T O
K41 — , ; _
N R no . —ina —a, inay p=n
y+ﬁza n (G Ay Z;_%(a"e e (29)
= M,
A+2 — 72 IR ino
BEBIEZT S Ko () e
. Yoo ) (30)
e L g e ) <

Expand the function N —¢T', M and F, given on r = R, in a complex
Fourier series

N—iT ,,
— N mao
o EO:O o e
00 '
2uM= Y Mye™, (31)
—00

_l’_
_ - no
F= ZFne
—00
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Due to the fact that x, , M and F' are real functions, we have
an=0a-pn,  PBp=Pn,
B, = B_,, C,=C_,.
It is known that [9]
a=1I, by=1I, (32)

where I', I'/ are known quantities, specifying the stress distribution at
infinity (It is also assumed that ag is a real value [9]). As follows from
formulas (5), (6), (7) and conditions (26) [§]

81482 (AHp) 66354

I — —
Rel = 0 ) 2

Rel'/ :SQ;Sl, ImI/ =S;.

We use the condition of single-valuedness of the displacements which in
the present case is expressed as

(k + ko) a1 + by = 0. (33)

After introducing (31) into (28)—(30), and comparing the coefficients of
e we have

(k 4+ ko) InR a1 —InR by —261iKo (s1R) a_1+2n5 K¢ (2R) f_1 = Ny, (34)

2
— K, R = M, 35
5 5o (c1R) g 0, (35)
(A +2u) € —+? v
Koy (R ———ap = Fj. 36
" 0 (22R) Bo O pyogo = o (36)
1.
(/i + Ro) Rag — (1 — ﬁo) Rag — Rby + Ebg — 2611 K4 (ClR) [e7y) (37)
+2n62 K1 (©2R) Bo = Ny,
1 Gt L G 9K, (aR
_( - HO) Rn_2 + Tm n+1 — 4111\ p (gl )an—l (38)

+27’]§2Kn (§2R) 6n71 = Nn7 n = 2>

—n

(K + ko) —Ont1 261K _p (G R) a—p_1 + 200 K_p, (©2R) f—n—1 (39)
=N_,, n>1,

K+1)i_
Kn (§1R) (079 + (leufln)an = Mn,TL 2 1, (40)

2
v+p
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A +2u) € =92 v _
AR VA NP 1) ) ——— () 41

From (32) and (35-37) one finds
(v + B) Mo
2Ky (c1R)’
1O Ny 1 _ 2yul’
(A+20) 6 =7 Ko(@R) (A +p) (A +21)§—12) S
(v + B) Mo
2K0 (§1R)
1O Ny 1 B 2vul’
A +2p)§ = Ko(2@R)  (A+p) (A+21)€ =%

From equations (33), (34), (40), (41) we get the following system of
equations with respect to a1, b1, a1 and (1:

ap —

Bo =

by = RNy + (1 — k — 2k¢) R?T" + R*T" + 261i K1 (61 R)

—2nRK; (©R)

(k + ko) InR @y — InR by + 261iKq (s1R) a1 + 212 Ko (2 R) B1 = No,

(fi—f—lio)c_ll—i-bl =0,
2 (k+ 1)
K WwTae
s 1(s1R) o + IR
(A +2u) € =92 K
o
From (38-41) one finds

Ml?

(©R)B1 — = Fy.

Y
(A + )5ch

N_n+1 — J1inMy — Jon Fyy
JSn - J4n - J5n ’

Ay =

_ (kH1)i
M, Tur On

— >
mKn (§1R)

o+ (/\+,u)5§2 R”

BTL = 2
%Kn (§2R)

Qp —

n>0

Bn—}—l =nR" (N + (1 — /ﬁ:o)

R + 261K, (1 R) aop—1 — 212 Ky, (2 R) ﬁn—1) ,

where
is1Kn—1(s1R) (v + B)
Kn (glR) ’
2060 Ky —1 (2 R)
(A +20) € = 22) Ky (2R)’

Jln =

JQn =
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K+ ko g (k+1)(v+ B) Kn1(a1R)

TR i(l-n) T AuR"K, (9 R) ’
2npyKn—1 (2R)

A+ ) (A +20) € = 9%) @Kn (2R)

It is easy to prove the absolute and uniform convergence of the series ob-

tained in the infinite plane with a circular hole (including the contours)
when the functions set on the boundaries have sufficient smoothness.

J3n

J5n:_
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