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Abstract

In the article, using the method of fundamental solutions, approx-
imate solutions are constructed for some boundary-value problems of
tension-compression and bending of homogeneous isotropic plates of
constant thickness with holes. In this case, the elastic equilibrium of
the plates is described by the refined system of equations of I. Vekua
in the case of the N = 1 approximation.

Keywords and phrases: Theory of plates, Boundary-Value Prob-
lems, The method of fundamental solutions

AMS subject classification (2010): 74B20.

1 Introduction

The article considers a number of static, including mixed boundary value
problems of tension-compression and bending of plates of constant thick-
ness. The plates are considered homogeneous and isotropic, and their elas-
tic equilibrium is described by the system of differential equations of the
refined Vekua theory in the case of the approximation N =1 [1-3].

The middle surface of the plates is a square with a circular hole. In
all the problems under consideration, the contour of the hole is free from
stresses (o, = 0,0,9 = 0,03 = 0) and various boundary conditions are set
on the sides of the square. The stress states of the plates under such bound-
ary conditions are determined, and special attention is paid to studying the
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ogg on the hole contour. The formulated problems are solved approximately
by the method of fundamental solutions [4, 5] and on the basis of works |6,
7].

2 Main Relations

Let Oxyz be a rectangular Cartesian coordinate system in space. A ho-
mogeneous isotropic plate occupies an domain Q = @ x [—h;h], where w
is a two-dimensional domain on a plane Oxy which is called the middle
surface of the plate, h is the half-thickness of the plate, which is a positive
constant.

As is known, for plates of constant thickness, the system of elastic
equilibrium equations breaks down into two independent systems: tension-
compression and bending. This article considers the case when displace-
ments and stresses are linear functions of the coordinate along the thickness.
This case corresponds to the approximation N = 1 of the Vekua theory.

In the case of approximation N = 1, the homogeneous system of equi-
librium equations for plates in a two-dimensional domain w has the form
[1]:

System of Tension-Compression Equations

(0)

8a0a5:0, 6=1,2
1 300 (1)
0a0a3 — 7083 = 0;

System of bending equations
1 3(0
0;0‘215 — E(O-;’/B =0, f=1,2

aoz(g-)ai} =0 )

(2)

where the Greek indices take the values 1,2 and summation is assumed
over the repeated index; 91 = 0, = %, O =0y = 8%3

h h
(0) (0) 1 1) (1) 3
Oaf = 0Ba = o oapdz, 033 = 0p3 = oz zo3pdz,
—h —h
h h
m o 3 d © © 1 d
Taf = 0fa = 515 | 20agdz, 03 =083 =5 | 035d2,
—h —h

where 0,3, 033, 033 are stress tensor components.
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Hooke’s law is written as follows

h

Oy = 0, 3)
0 © 1 1
(0')33 =\ 0 + h()\ + 2#)(u)3,;

0 (0) 0
(aLﬁ_A@ + %23) aagw@ %w/g(u)a),

1 1)
Gng = N6 g + 1 <8a(u)ﬁ + a,g(u)a> ,

aa = (0 30 ) @

1 (1)
=g,

where A\ and 1 are Lamé constants; .z is the Kronecker delta;

h h h
0 1 Ly 3 m 3
Uy = 2h/uadz, U3 = 57,2 /zugdz, Uy = 57,2 /zuadz,
~h “h ~h
. h
o
us = 2h/U3dZ,
—h

u1, U9, ug are components of the displacement vector, while

U %(z% + %(zlt)j;

(k) (k) (k)
0 = Oyur + 8yUQ, k=0,1.
Substituting relations (3) into the system of equations (1), we obtain
the system of equilibrium equations of tension-compression of the plates in
the components of the displacement vector

0 0 XN_.(
P+ A+ )2, 0 + 05 = 0,

0 © X_.qa
,uA(u)z + (A +p)oy 6 + Eﬁy(u)g =0, (5)
(1) 3A0)  3(A+2u)1)
A us — h 0 — Tu:g =0.

Substituting relations (4) into the system of equations (2), we obtain the
system of equations of plate bending in the components of the displacement
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vector

B, 0 3u()
I

(1) 1)
AU + (A4 )0y § — —0zu3 — —uj =0,

1 yn 3 0 3

h2
0 (1)
,LLA(U)QJ, + % g =0.

0) (1) (0) (1
Thus, in the case of tension-compression (’IJ,L,(U)?),(O'LIB,(U)Q:; are the required

1 (0) (1) (0
quantities, and in case of bending the required quantities are (u)a,(u?g, (a()lg,(a)ag.

3 General solution of the system of equations (5)

The general solution of the system of equations (5) can be represented using
two harmonic functions and one metaharmonic function of two variables.

Differentiating the first equation of system (5) with respect to z and
the second with respect to y and summing the resulting equations, we will
have

© A
A <()\ +2u) 0 + h%) — 0.

Differentiating the second equation of the system (5) by z and the first by
y and considering their difference, we will have

A (u <ax(8)2 - aﬁﬂ)) — 0.

We introduce the following notation

0) )1 0 0
O = (\+20) 0 + Fuh, K o= p(dita = 0,). @

Thus, the functions ©® and K are harmonic functions
AO =0, AK=0. (8)

From notation (7) we obtain

(0) 0 AWM 1
Ozuq + 8yu2 = ()\ n QM)hU3 + J 2/197 (9)
1
Dty — Dty = LK (10)
From (9) and (10) we will have
0 A (1) 1 1
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(0) A (1) 1

Ay =—— " 9
e S W T A A A e

Substituting relations (11), (12) and (9) into the first two equations of
system (5), we obtain the following Cauchy-Riemann system

%@+i&K. (12)

0,0 — 0,K =0,
{@@+&K:0 (13)
Out of the system (13)
O = a(Oop + 9yp), K = a(dx) — Oyp), (14)

where ¢ and v are arbitrary two-dimensional harmonic functions; a is an
arbitrary non-zero real constant.

Taking into account (14), from formula (9) we obtain the following
(0)
formula for @

1
T T O™ T o

(0) A 1
0 u a(Oap + Dy0). (15)
Substituting expression (15) into the third equation of system (5), we obtain

1
the following equation for (u)g

n 120+ p) () 3A

_ =———"  _a(d Oy).
Ot 202 = 0y 29 0% 0¥)
The general solution of the last equation is represented as

W _
T )

where x is the general solution of the following Helmholtz equation

a(Orp + OyY), (16)

12N +p)
Ax—mx—o. (17)

¢ is an arbitrary non-zero real constant.
As a result of substitution (16) into (15), we will have

0 O A A+ 2p
Owtnn +0yuz = — g g ex + a0 + )
Ah A+ 2u
= T Ta7 i x : 1
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The second relation (14) is substituted into formula (10)

(0) 0 a

Opliy — Oyuy = ;(&ﬂb — Oyp) (19)

We combine (15) and (16) into the system

0 (A 2p)a Ahe )
Oy — Oz
(ul 4(M(A+/)¢)(er 1203 + ) *X
(0) A4 2u)a Mhe
0 - d,x ) =0 20
N y(u2 WO+ TR0 yX) ’ 20

0 0
Dty — O,y = %(axw — 9,0);

0 0
The second equation (20) is identically satisfied if (u)l and (u)g we take as
follows

Wy = 0,0 + %o, Uy = 0, + ‘o, (21)

We substitute equalities (21) into the first equation of system (20)

Ahe ) B+ 2'u)a(8zg0+ 0y1)

AP+ ———
( 20+ w)~ Ap(A + p)
The general solution of the last equation can be written as

(BA+2u)a a
b= 0,V o, - —
where W is an arbitrary harmonic function.

We substitute (22) into formulas (21) (a = A o 6(>‘+“))

A (22

3A2u° AL

0  BA+6p * %
puyp = ,LL(P - xaa:()o - yaarw - hamXa

3N+ 2u
0)  BA+6u * *
2y = I 2sz — YO0, * — x0yp™ — hoyX,

where
O =9+ 0V, Y =1+ 0,V.

Since ¢* and ¥* are arbitrary harmonic functions, instead of them we will
again write ¢ and 1 , respectively

5 (0) DA+ 6u
Ul =
S W

© — 20z — YO — hop X,
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(0)  BA+6pu
2y = e QMw — YOy — 20y — hoyX, (23)
(1) 2)\h 12(A + p)
2 = - B ——
pus =~ Qu(ﬁw +OY) + —— X

Thus, the general solution of the system of equations (5) is represented using
two arbitrary harmonic functions ¢ and 1, and one arbitrary solution y of
the Helmholtz equation (17).

Substituting the last relation (23) into formula (15), we find

O X42pu

6(\ + p)
0 = m(axSO‘i‘ayw) - Py

O+ 2000 (24)

Substituting (23) and (24) into formulas (3), we obtain the representations
of the stress components in terms of the functions ¢ , 1 and y

© 4N+ p) 2\

g11 = 43)\ T 2/J 8xS0 - xaa:w@ + 3N+ 2May¢
120N+ p)
YOrz®) + (/\+2N)hx hOzz X,
© 4N+ p) 2\
022 = 33, DY T YO 3y On
12N+ p)
xﬁyycp + mx hayyx,
©  A+2pu B A+ 2p0 B B
012 = 3N+ 2Iuay90 xaxysa + 3+ 2,uax¢ yaxyw haxyXa (25)
(1 6(A+p) Ah
013 = b\ X 3\ + 2 (a:r:acSO + axyw)v
D= SO 2 O+ B,0),

A yx_3)\—|—2u

© _ 240+ 1)?
BTN+ 2k

4 General solution of the system of equations (6)

Similarly, we will show that the general solution of the system of equa-
tions (6) can also be represented using two harmonic functions and one
metaharmonic function of two variables.
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Differentiating the first equation of system (6) with respect to = and
the second with respect to y and summing the resulting equations, we have
1 3 0 1)
(A +20)a6 - F <A&§+h9>.

Taking into account the third equation of system (6), from the last
equation we obtain

from here @
1
0 = a(Oup + Oyt), (26)

where ¢ and @ are arbitrary harmonic functions of two variables; a is an
arbitrary non-zero real constant.

We differentiate the second equation of system (6) with respect to x and
subtract from the resulting equation the first equation of the same system
differentiated with respect to y . As a result, we obtain the following

equation
(1) 1) 3 (1) (1)
A <833U/2 — 8yu1> - ﬁ (axUQ - 8@/“1) = 0.

It follows from the last equation that

Dty — D = by, (27)

where x is an arbitrary solution of the following Helmholtz equation

3
AX = 13X =0; (28)
b is an arbitrary non-zero real constant.

Comment. As in the case of a tension-compression system, in the case
of a bending system, the harmonic functions are denoted by ¢ and ¢ , and
the metaharmonic function by x But we will not confuse them, since the
problems of tension-compression and bending will be solved independently
from each other.

We combine equations (26) and (27) into the system

(1) (1)
Opuo + 8yu1 = a(axgﬁ + 8y¢),

Dty — Dy = by.

(29)

Differentiating the first equation of system (29) with respect to x and the
second with respect to y and subtracting the second equation from the first
equation, we obtain

1
A(U)l = a(axw(/? + azyw) - bayX- (30)
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Differentiating the first equation of system (29) with respect to y and the
second with respect to x and summing the resulting equations, we have

1

From the third equation of system (6), taking into account formula (26),
we obtain the equation

0 1(1)
Nty =~ 6 = — (O + D) (32)

The general solution of equation (32) can be written as follows

(0)

2
Wy = b (alp 4 0,9) +y(y +0,8)) - OB

3 (O +0y,®). (33)

where ® is an arbitrary harmonic function of two variables x and y.
Formulas (26), (30), (31), and (33) are substituted into the first and
second equations of system (6). As a result, we get
3pu(1)

3ua
2
—ubOyx + Y0 (¥ + 0y®)) + (A + 211) a0, (0pa® + Oy ®), (34)

3u(1) 3ua
iy = (A + 242)a(Dayp + ) + 5 (¥ + 0, @) + 20, (¢ + 0,0)

(o + 0,P) + 202 (p + 0, D)

+ubdpx + yOy (V¥ + 0y ®)) + (X + 21)ady (0rz ® + Oy ®). (35)
Let us introduce the notation
90* =+ 0,9, =1+ ayql (36)

It is clear that ¢* and ¢* are arbitrary harmonic functions.
Taking into account notation (36), relations (34) and (35) can be written

as

%%)1 = (A +20)a(Opzp™ + Ouy0™) + ?;LTZ (0" + 200" + yOpp™)
—pbdy X,

%%)2 = (A4 21)a(9yy¥" 4 Oy”) + ?;LTZ (" + yo, 0" + x0yp™)

+ b0y X
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Since ¢* and 9* are arbitrary harmonic functions, we will write them below

without asterisks. Then from the last two relations we easily obtain

® 2N+ p)h?

2uuy = 3 a(ammSO + aﬂcyw) + pa (90 + xaﬂc‘ﬂ + yaxw)

_ 211h?
3

bOy X,

®  2(\+ p)h?

2piup = 500y + Onyp) + pa (¥ + ydyy + 20yp)
2uh?
+ "3 b
We define arbitrary constants a and b as follows
1 3
“ w 2uh?

Then formulas (37), (38), and (33) take the form

20+ 2p)h°

1
2M(u)1 = @+ 20,0 + Y0, + 30

(696290 =+ prd}) - 8yXa

(1) 2(\ + 2u)h?

2pun = 1 + YOy + x0yp + 3 (Oyy¥ + Onyp) + OuXs

(0) 1
2 = —o (2 + yy)-

Formula (26) will be written as follows

1 1
0 = p(aﬁo + ay@b)-

(37)

(40)

Thus, we have represented the general solution of the system of equations
(6) using two arbitrary harmonic functions ¢ and ¢ and one arbitrary

solution of the Helmholtz equation x using formulas (39).

Substituting formulas (39), (40) into relations (4), we can express the

1 (0 1
quantities (UL,Q,(O'Lg and (0)33 using the functions ¢,y and x

1 A+2 A
(0')11 = T Iuam(,@ + ;ay¢ + xaxx@ + y@mﬂ)
2(\ + 21)R?
+Mam(az¢ + ayw — Duy X,
3p
1 A+ 2 A
(0)22 = - Mﬁyﬂ) + ;axSO + yayy¢ + xanyO
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+W8yy(8xcp + Oytp) + Ouy X,
%)12 = Oyp + Opt) + 00y + YOryt) + Wazx(ayQO — 0z¥)
+%(8mx — FyyX), (41)
0= B2 00+ 00y0) - 500
Ty — (Agi“)h(ayyu} + 0uy) + %axx,

1 A
(0)33 = ;(aﬂp + 0y¥).

5 Using a General Solution to Construct Approx-
imate Solutions to Boundary Value Problems of
Tension-Compression and Bending of Plates

The representation of general solutions found in the previous sections can be
used to construct approximate solutions to the boundary value problems
of tension-compression and plate bending. For this purpose, we use the
results of [5].

In the general solutions (23), (25) and (39), (41) for each index j =
1,2,...,n we take the harmonic functions ¢; and 9, as follows

(5. 1) = (aj,bj) In /2% + 42, (42)

and the solution of the Helmholtz equation x; can be represented as follows

xj = ¢jKo(nvx? + 32), (43)

where Ko(n+/2? + y?) is the zero-order Macdonald function; n = % %‘:ﬁ

in the case of tension-compression and 7 = % in the case of bending.
According to formulas (42), the partial derivatives of the functions ¢,
and v; will have the form

Y

g W

x
(Owpj, 02105) = (ajabj)m7 Oy, Oy1b;) = (aj;,b;)
The partial derivatives of the functions x; are written as follows

ax:_c,n:ﬂKl(n\/anLyQ) 8X‘__c,nyK1(n\/fﬂ2+y2) (45)
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In addition, we need the second order derivatives of the functions ¢;, v¥;
and x;

2 2
Yy - —x
(Ou2 0> Daaths) = = (Oypss Dyths) = (a5, 03) Gy
2xy
(Ouypjs Ozy¥hj) = —(aj,bj)m,
772 y2 o 1.2
OzaXj = €5 (Ko(ﬁ x? +y?) — sz(U z? + 92)> : (46)
2 2 _ 2
n Yy —x
yyxj = €y <K0(77 2?2 +y?) + sz(n z? + 3/2)) ;
OayXj = P — -5 K (/2% + y2).
YA J 332+y2

Substituting the corresponding formulas (42)-(46) into relations (23), we
obtain the following expressions for displacements in the case of tension-
compression

(0) 5\ + 64 x? xy nhx Ky (nr)
2y = <3>\+2;le_7~2 i
(0) 5\ 4+ 64 y? xy nhyKi(nr)
2[,L’u,2j = <3)\ T 2,u, h’l?" — 7"72 b] - ﬁa] + 7%’ (4.7)

0,0 _ 2)\h L 2)\h £'+12(/\+u)
B3 = TN our2 ™ T 3 2ur2’ )

r =z +y2
Substituting the corresponding formulas (42)-(46) into relations (25),

we obtain the following expressions for stresses in the case of tension-
compression

KO(UT)ij (48)

where

O _(Atwz  aly -2 (2 oy oyt et
13 3N+ 2 12 r4 J 3N+ 2 12 r4 J
6(\ + p) y? — 22
(0) A0+ y | yly® —a?) 28z x(y®—a?)
(22T I I T ) ) . fadl .
0922j ( 3A+2u 72 r4 it 3N+ 2 12 r4 4
6(\ + p) y? — 22
+m <K0(777") - TKQ(WT) Cjs
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E;)) ([ At2p oy 222y . A+2u x 221 b,
12] - 3)\+2M,’a2 ,ra4 J 3)\+2/I/T2 ’I"4 gl
zy
—2h Y Ko, (19)
O Moo A 2ay, 6+ neKar)
o135 = 3SA+2u ot T 3 +2u Y A r 7
(1) A 2y Aooy? =2 6+ ) nyKi(nr)
023 = o1 4 bj — ¢,
3N+ 2u 1t 3N+2u 7t A r
(0) 24(\ + p)?
C = 2T g e
033j5 )‘(A+2H)h O(UT)C]

Substituting the corresponding formulas (42)-(47) into relations (39),
we obtain the following expressions for displacements in the case of plate
bending

(1) 2 20N+ 2u)h2 y? — 22
2Nu1j($ay):<ln7"+r2+ ( 3MM) Y 1 a;+

e 4N+ 2u)h2ﬁ b+ V3yKi(v3h~'r) .
r2 3 rd ) hr A

vy AN+ 2u)h? AW
2 3u rd )

2 2 9 2,2 .2 K —1
+<1nr+y— A+ 2wh”y rf >bj—\/§x 1(*r/§h r)cj, (50)

h
(0) 1 1
2puz; (z,y) = —E(J«"ln"”)aj - E(yln"”)bj-
By substituting the corresponding formulas (42)-(47) into relations (41),
we obtain the following expressions for stresses in the case of bending

(1) (2.1) A+2u 1 n y? — 2 AN+ 2u)h? —z* + 3yt 4 2222
oz, y) =x — — a;
115\, Y 1 r2 r4 3/~L 78 J
o Al N y? — 22 N 4N+ 2u)h? 3zt — yt + 2222 b
2 r4 3 r8 J
3xy _
— 335 Ka(V3h )y,

A1 2 =22 AN+ 2u)h? —2t + 3yt + 22292
=T 2 4 + S aj
ur T 3 T

A+2u 1 2 =22 4N+ 2u)h? 32t — yt 4 2272
+y - - - b;
3 r
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3my
h2 Kg(\fh 'r)e;
(1) 1 222 4\ +2u)h? 32% — ¢yt + 2222
o12j(z,y) =y 2T + 31 s a;
1 292 4N+ 2u)h? —2t 4 3y + 2222
+x (7"2 — 7"7 + 3M 8 b] (51)
3y V3h!
~572 7“2 Ko (V3h™ r)cy,
(0) A+2uhy? —22 2\ + 2u)h vy, V3 yKi(vV3hTlr)
o135 (T, y) = T — WL By Re— O
3u r 3u 2h r
(0) 2N+ 2uwhzy  (A+2u)hy? —2% V3 zKi(vV3hT'r)
023§ (T,Yy) = —————— 7 a;— b ¢,
3p r 3u r 2h r
(1) Az A
o33 (v,y) = ——a; + *Ebj-

After that, each j-th function (48)-(51) is shifted by the value (&5, ;)
(fig.1). To do this, in formulas (48)-(51) ithe variables x and y are re-

placed by x — &; and y — (j, respectively. The functions 2,u(ulj( — &,y

(k
G), - U%gj (x—¢&,y—¢), j=12,..,n k=0,1, will have a singularity

at the point (&5, (j).

€, %)

o

0 £ x

Figure 1: Shift of singular point

Next, we apply the method developed in [5]. Approximate solutions of
boundary value problems are sought in the form

i (zy) = 3 ey (2= &y — G), (52)

J=1
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(k) — (k)
Napq(xQ y) = Z quj($ - gjay - gj)v p,q= 17273; k= 07 1. (53)
j=1
Satisfying the corresponding boundary conditions at the ponts (z;,y;),
i = 1,2,...,n of the boundary of the considered two-dimensional domain
w (fig.2), for the desired coefficients aq,ag, ..., an, b1,ba,...by,c1,Co, ..., Cp,
we obtain a system of 3n linear algebraic equations with 3n unknowns

n
Z{Alija]’ + Buijb; + Cuijej} = fiwi, vi),

jil

Z{Azijaj + Baijbj + Cojci} = fawi, vi), (54)
jn=1

Z{A&'jaj + Bsijbj + Csijcit = fa(xi,vi), i=1,2,...,n,

j=1

where f,(x;,vi), p=1,2,3, values of functions specified on the boundary
of the domain w at points (z;,y;) € Ow.

Having solved the system of equations (54) and substituting the found
values of the coefficients a1, ag, ..., ay, b1, bo, ..., by, €1, o, ..., ¢, into formulas
(53) and (54), we obtain analytical expressions for approximate solutions of
boundary value problems. Naturally, we can compare the boundary values
of the obtained approximate solution with the values of the corresponding
boundary function.

Figure 2: Domain surrounded by singular points

If the accuracy of approximation of the boundary functions satisfies us,
then based on the correctness of the solved boundary problems, we can
conclude that the constructed approximate solution that exactly satisfies
the system of equilibrium equations in the domain w, is a good enough
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approximation for the exact solution of the corresponding boundary value
problem.

6 Solving boundary value problems for a system
of tension-compression equations

We will consider the domain w = w; \ Wz, where
wr={(z,y)| —4d<zx<4,-4<y<4},

wy = {(z,y)|z* + y* < 2.25}.

In all the considered problems h = 0.2; We will assume that the plate
is made of steel and the Lamé constants are A = 107.13 GPa, p = 79.3
GPa. In all problems n = 88 and singular points (§;,¢;) j =1,2,...,88 are
located as shown in Fig. 3. Thus, in the case of each problem, the system
of equations (54) will consist of 264 equations with the same number of
unknowns.

In addition, in all the problems considered in this section, it is assumed
that the contour of the hole is free from stresses, i.e., the following boundary
conditions are satisfied

(0)

O rpr = O>

0

(U)Tg =0, on r=1.5, (55)
1)

0r3 = 07

where (see fig. 4)

0 0 0 0
(G)W = (0)11 cos® 0 + 2(0)12 sin 6 cos 0 + (0)22 sin’ 6,

0 0 0 0
(0)7,6. = <(a)22 — (0)11> sin 6 cos 0 + (0)12 (cos2 0 — sin® 0) ,

1 1 1
(O')Tg = (0)13 cos 6 + (0)23 sin 6.

0
Of particular interest to us will be the distribution of stress (0)99 along the
contour of the hole

0 0 0 0
(0)99 = (0)11 sin 0 — 2(0)12 sin @ cos 0 + (0)22 cos? 6.
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Figure 3: The considered domain w

Figure 4: Vectors r and 8 and angle 6

Problem 1. One-sided stretching of a plate or the Kirsch problem
(Fig. 5). Conditions (55) are set on the hole contour, and the following
boundary conditions are set on the sides of the square

(0) (0) 1)
=44, —-4d<y<4d: 011=10, 012=0, 013=0;

(0) ) (1)
y=244, —4d<x<4: 09=0, 09 =0, 023=0;

o7
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Figure 5: Problem 1. One-sided stretching of the plate

Solving the formulated boundary value problem by the approximate
method described above, we obtain analytical expressions for all stress com-
ponents. After that, it is not difficult to construct graphs of their bound-

ary values. Figures 6-8 show graphs of the boundary values of functions

0 0 0
(0)11, (0)22 and (0)12. As can be seen from these figures, any significant de-

viations of these stresses from the given boundary conditions are observed

only near the corner points. Figure 9 shows graphs of the boundary values

(0) (0) 1)
of stresses o ,., 0,9 and 0,3 on the contour of the hole.

In

1.7
16
15
14
13
12

11 !'l
101 ~7
4 -3 -2 -1 0 1 2 3 4
i

0
Figure 6: Problem 1. Stress component (0)11 at the boundary x =
4.0, —40<y<4.0

If the accuracy of approximation of the boundary functions is considered
satisfactory, then, based on the correctness of the solved boundary prob-
lem, we can conclude that the constructed approximate solution, which
exactly satisfies the system of equations (5) inside the domain, is a fairly
good approximation of the exact solution of the boundary problem under
consideration.
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Figure 7: Problem 1. Stress component (0)22 at the boundary x =
4.0, —40<y<4.0
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Figure 8: Problem 1. Stress component (0)12 at the boundary x =
4.0, —40<y<4.0
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Figure 9: Problem 1. Stress components (a)rr, (0'),,.9, (O')T3 on the hole contour

0
Figure 10 shows the (0)99 stress distribution on the hole contour. As
expected, the maximum values oyy are obtained at the § = £7. The stress

(0)
concentration factor <l<: = W, p= 1> as seen from figure 10, equals
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Figure 10: Problem 1. Distribution of stress (0)99 on the contour of the hole

k= 4.5.
Problem 2. Conditions (55) are set on the hole contour, and the
following boundary conditions are set on the sides of the square

(0) (0) 1
r=44, —4<y<4: 011=10, 012=0, 013=0;

0 0 1
y==24, —-4d<xr<4: (U)QZO, (u)lzo, (u)g,:O;
This problem differs from the previous problem in that in this case the
upper and lower faces of the plate are rigidly clamped.
N\ EE
[ \

(%]

O e 1o U
[
L

am ey
]

-0 LS AS

0
Figure 11: Problem 2. Distribution of stress (0)99 on the contour of the hole

As expected, the stress concentration on the hole contour decreases

significantly. The maximum value (g')gg = 2.6 is reached at 6 = £7 (see
Fig. 11).

Problem 3. Consider the problem when two adjacent faces are pinched,
the third face is stress-free, and a constant normal stress is set on the fourth
face

) (0) (1)
r=+4+4, —-4d<y<4d: o011=10, 012=0, 013=0;

60



Solution of Some Boundary ... AMIM Vol.27 No.1, 2022

0) (0) (1)
y=+44, —4<y<4: 02=0, 012=0, 0923=0;

0 0 1
r=—-4, —-4d<y<4: (u)lz(), (’U,)QZO, (u)3:(]’

0 0 1
y=—-4, —-4d<y<4: (u)2:0, (u)lzo, (u);;:();

T 70\ N
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N \
R N \
IRV \
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0
Figure 12: Problem 3. Distribution of stress (0)99 on the contour of the hole

As can be seen from Figure 12, the maximum value (2)99 = 2.8 is reached
at is reached at 0 =~ 62°.

Problem 4. In this problem, three faces of the plate are clamped, and
a constant normal stress is set on the fourth face

) (0) (1)
r=4+4, —-4d<y<4d: o0c11=10, 019=0, 013=0;

0 0 1
y==+4, —-4d<z<4: (U)QZO, (u)lz(), (u)3:0;

0 0 1
513:*4, 74<y<4 (u)lz(), (’U,)QIO, (u)3:0’

- \ /\

I \

IE =R 7=
| \

1] 4
-03 / \
0 1 2 4 5 6

0
Figure 13: Problem 4. Distribution of stress (0)99 on the contour of the hole
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As can be seen from Figure 13, the maximum value (g)gg = 2.1 is reached
at 0 ~ +£69°.

Problem 5. In this problem, one face of the plate is clamped, a normal
stress is set on the opposite face, and the other two faces are stress-free.

(0) (0) (1)
r=+44, —-4<y<4: o011=10, 019=0, 013=0;

(0) ) (1)
y==44, —4<z<4d: 092=0, 021=0, 033=0;

0 0 1
r=-4, —-4d<y<4: (u)lz(), (U)QZO’ (?,L)?):O7

IERAN /

,’

0
Figure 14: Problem 5. Distribution of stress (0)99 on the contour of the hole

As can be seen from Figure 14, the maximum value is (g)gg = 3.1 reached
at 6 ~ £75°.

Problem 6. Plate bending in its own plane (Fig. 15). Conditions (55)
are again set on the hole contour, and the following boundary conditions
are set on the sides of the square

(0) (0) 1)
IL’::i:4, —4<y<4: 011:—0.5y, 0'12:0, 0'13:0;

(0) ) (1)
y==14, —4<z<4: 092=0, 021=0, 093=0.

Figure 15 shows a graph of the boundary value of the function (g)n
on the side of the square: y = £4, —4 < z < 4. We will not give the
boundary values of the remaining stress components at the boundary of
the domain under consideration; we only note that the found approximate
solution satisfies the given boundary conditions with sufficient accuracy.

As can be seen from Figure 16, the maximum values modulo gy are

0 0
obtained when 6§ = +%. In this case (0)99]9:1 = —0.8 and (a)](;:,g =1.6
2 2 2
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Figure 15: Problem 6. Plate bending in its own plane
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Figure 16: Stress component (0)11 at the boundary x = 4.0, —4.0 <y < 4.0
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Figure 17: Problem 6. Distribution of stress (0)99 on the contour of the hole

7 Solving boundary value problems for a system
of bending equations
In this section, we consider one problem of plate bending. The middle

surface of the plate is the domain w, considered in the previous section. In
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both cases, the following homogeneous boundary conditions will be set on

the hole contour
(1)

O prpr = 07

1

(U)Tg =0, on r=1.5, (56)
(0)

0,3 = O

Problem 7. Consider now the problem of symmetrical bending of a
rectangular plate. In this case, boundary conditions (56) are specified on
the hole contour, and the following boundary conditions are specified on
the sides of the square

(1) 1 )
r=14, —-4A<y<4: 011 =10, 012=0, 013=0;

(1) (1) (0)
y=+4, —4d<x<4d: 092=0, 091 =0, 093=0;

The problem posed is solved by the method described in this article.

(0
G

1
Figure 18: Problem 7. Distribution (0)99 on the contour of the hole

1
Figure 18 shows distribution (0)99 on the hole contour. As expected, the

1
maximum values (0)99 are obtained at the § = 7. The stress concentration
factor as seen from figure 17, equals k = 2.28.
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