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Abstract

In this paper we consider a boundary value problem for a circle.
The plate is the elastic material with voids. The state of plate equilib-
rium is described by the system of differential equations that is derived
from three dimensional equations of equilibrium of an elastic material
with voids (Cowin-Nunziato model) by Vekua’s reduction method.
its general solution is represented by means of analytic functions of a
complex variable and solutions of Helmholtz equations. The problem
is solved analytically by the method of the theory of functions of a
complex variable.
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1 Introduction

Using the concept of volume fraction of pores the theory of elastic materials
with single voids is proposed by Nunziato and Cowin [1, 2]. The basic
equations of this theory involve the displacement vector field and the change
of volume fraction of pores. Such materials include, in particular, rocks and
soils, granulated and some other manufactured porous materials.

As is known, there exist many methods of reducing three-dimensional
problems of equilibrium of elastic shells to two-dimensional problems. Some
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such general methods were proposed by famous mathematician and me-
chanician I. Vekua [3, 4].

Let Oxz12923 be the rectangular Cartesian coordinate system. Let €2 =
wX] — h, h] be an infinite plate with a circular hole of radius R centred at
the origin O. The plate thickness is assumed to be constant and equal to
2h. The plate is the isotropic material with voids.

The governing equations of the theory of elastic materials with voids
can be expressed in the following form [2]:

e Equations of equilibrium

711],]+®Z:07 J=123, (1)
hij+g+ ¥ =0, (2)

where T;; is the symmetric stress tensor, ®; are the volume force compo-
nents, h; is the equilibrated stress vector, g is the intrinsic equilibrated
body force and ¥ is the extrinsic equilibrated body force.

e Constitutive equations

Tij = Negrdi; + 2pe;; + Bddij, 4,5 =1,2,3, (3)
hi = OZQS’Z', i = 1>2737 g = _£¢ - Bekka

where A and p are the Lamé constants; «, 8 and £ are the constants char-
acterizing the body porosity; d;; is the Kronecker delta; ¢ := v — 1y is the
change of the volume fraction function from the matrix reference volume
fraction vy (clearly, the bulk density p = vy, 0 < v < 1, here 7 is the matrix
density and p is the mass density); e;; is the strain tensor and

eij = 5 (uij +uji) (4)

where u;, i = 1,2,3 are the components of the displacement vector..
The constitutive equations also meet some other conditions, following
from physical considerations

>0, a>0, £>0, 3A+2u>0, (3\+2u)¢ > 352 (5)

2 Basic equations

Using Vekua’s dimension reduction method [3], linear two-dimensional (2D)
governing equations were obtained from the above three-dimensional (3D)
equations with respect to so-called r-th order moments of functions under
consideration, where the zero order moments (which are averaged along the
thickness of the plate) and the first order moments are defined as

h

©) (0) (0) (o) () 1

<T‘Z]7h1a ga(u?ia ¢> = %/(Emhlagvu’u(ﬁ) dxs,
—h
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h
(1 1 @)@y @) 3
Ejvhia g,Ui,(Z) :W xg'(ﬂj,hi,g,Ui,(ZS)dﬂf?,.

“h
In particular, in the N = 1 approximation of I.Vekua’s theory it is

assumed that

(0) 1)
(Ui, ¢)<l‘17$2,.’1}3) = ((1(27 ¢> <x17$2) + % <(,L1L)Za ¢> (fL'l,fEQ)-

For h = const the reduced system of equilibrium equations gets split
into two independent systems: tension—compression equations with un-

© © 1) © : : : M @ © W
knowns u1, u2, uz, ¢ and bending equations with unknowns u, us, u3, ¢.

In this paper we consider the system of tension—compression equations.
from [5] the basic relations of the N = 1 approximation of elastic
isotropic plates with voids have the following form:

(0) (1) 1) 0 (0
%RWZO,%Wzlﬂi%ﬂﬁ—%ﬂBZQ Do+ 0 =0, (6)

(0) ) @ 0 0 (0)
Tory = A < 2 +(U)3> Oary + 1 <(9o[(u)7 + 87(u)a> + B¢ 0oy,

©) (1) (1) ) (@) a1 (0)
Ts3=XA| 6 + U3> + 2uuz + B¢, Thz = pdyuz, hy=ady e, (7)

(0) (0) 0 @
g:—f¢—ﬁ(e#&),

On the plane Oz, we introduce the complex variable z = x1 + iz =
re”, (i> = —1) and the operators 9, = 0.5(9; — i02), 0; = 0.5(9 + i0z),
Z=1x1 —ir9, and A = 40,05.

Substituting (7) into system (6), we obtain the following system of

0 (0 (@ (©
governing equations of statics with respect to the functions (u)l, (u)g, (u%, 10}

in the complex form

(0) 0 0
0 = al(u)l + ag(u)g.

(0) (0) (1) (0)
2u8582u+ + ()\ + ,U,)az 0 + Aaéu?) + 685 ¢ = 07

1 31,0 1 (0)
,uA(Izg —— A0+ (A + 2u)(u)3 + B

h =0, (8)

(0)
mA—®¢—Br?#%]=u

(0) (0)
Where(%)Jr :([1)21 + i(%)g, § = 6;%. + Ozt

12



Solution of the some boundary ... AMIM Vol.26 No.2, 2021

As the analogues of the Kolosov-Muskhelishvili formulas [6] for system
(8) we have
(0) —~ T _ _
2y = s19(2) — 20229 (2) — P(2) — p1O:2x1(2, 2) — P20:x2(z, 2),
(1)

zue), =lxi1(z,2) + laxe(z, 2) — E1(¢'(2) + ¢'(2)), 9)
0
¢ =laxi(z,2) + laaxa(z, 2) — Ea(¢'(2) + ¢'(2)),

where ¢(z) and ¥(z) are the arbitrary analytic functions of z, x1(z, z) and
X2(z, z) are the general solutions of the Helmholtz equations

Ax —rk1ix =0, Ax—r2x =0,

and k1, ko are eigenvalues and l11, l21, l12, lo9 are eigenvectors of the matrix
C. Ey = a1 + a12, B2 = az1 + aze and a;; are coefficients of the matrix
—C'D:

12(A+p) 68 3\ 0
C = ( h(A2p) h()\+ﬁ2§l) ) , D= ( 2hp(A+2p) 3 ) )

288 £ 0 PR oW
aOt2n) o abg2m) 2a(A+2u)
— 1, QE+BE)u — 1 _ QE4BE)u — A APl p —
Also Hl = 3 + 2 2p y M2 = 3 A2u » P — k1(A+2p) b2 =
Ra(A2u)  °

omplex combinations of the stress tensor components are expressed
by means of the formulas

(0) (0) (0) -
Ti1 — Too + 2iT12 = —2302¢" (2) — P/ (2) — 2p102:x1 (2, 2) — 2p202:X2(2, 2),

(0) (0) -

Tii + Too = E3(¢'(2) + ¢'(2)) + Eaxa(z, 2) + Esxa(z, 2),
1)
T+ = l1182X1(Z7 2) + l1282X2(27 2) - EMD”(Z)),
(0)
hy =1210:x1(%, Z) + lo20zx2(2, 2) — E2¢"(2)),

(10)

where

A+ A+
By = T“m +30) — 2AE) — 28y, Ey = 2\11 + 2Blo — T“spm,

A
Es = 2Ml19 + 28190 — ZMSpglig.

3 The boundary value problem for a circle

Let us consider the elastic circle with voids bounded by the circumference
of radius R (Fig. 1). The origin of coordinates is at the center of the circle.

13



AMIM Vol.26 No.2, 2021 B. Gulua, P. Karchava

Figure 1: The elastic circle.

On the circumference, we consider the following boundary value prob-

lem
(0) (0) (1) (0) 11)
Top+iTpg =N —iT, T,3=DM, hyg=F (
The boundary conditions take the form

(0) (0) -
Trr + 'LT’/‘19 - E3( (Z) + QOI(Z)) + E4X1(Za 2) + E5X2(Z’ 2)

(2%22@ (2) + ¢/ (2) + 2p10%:x1(2, ) + 2p202:x2(2, 5)) e

(1),,3 = (lni? Z) + 1h120:x2(2,2) — By "(Z)> e " (12)
(2

x1(z,
+ (l110:x1(2, 2) + 1120:x2(2, 2) — E1¢"(2)) €,
(1)
(

zZ) —

17 —i1

hrs <121<92X1 2,Z) + 12202 x2(2, 2) — Eag" (2 ))
+ (In10:x1(2, 2) + 12202 x2(2, Z) — Bag"(2)) €.

The analytic functions ¢’(z), ¢'(z) and the metaharmonic functions
X1(z, 2) and xa2(z, Z) are represented as the series

'(2) = ianz”, P'(2) = ibnz",
anl, r zm9’ X2 z, Z Bn \/7,,4 nd
Z (vrr) Z

(13)

where I,,(-) are the modified Bessel function of the first kind of n-th order.
From (5) k1 and kg are positive numbers.

Expand the function N —¢T', M and F, given on r = R, in a complex
Fourier series

00 . 00 ' +o00 .
N—iT =Y Ape™, M=) B,e™, F=)» Cpe™.  (14)
—0oQ —00 —00

Substituting (12), (13), (14) into (11) and comparing the coefficients of
same exponents we obtain

2Fs3a9 + (E4I()(\/HR) - MIQ(\/ER)) ()
+ (E5IO(\/@R) - pQ;Q 12(\/7R)) Bo = Ao,

14
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lLiveih (VE1R)ag + ligy/kel1 (vE2R) By = Bo, (15)
lo1v/E1h (VEIR)ag + laav/koI1 (v/k2R) Bo = Co,
EsR"ay + (E4In(\//<71R) Ly NN R))

+ (BsL(y/raR) — 2221, o(/kaR)) Bp = An, 1> 0
(B3 — 256n)R"ay, + (E4I (VFiR) — 17*“ o 2(fR))

+ (BsLy(y/FzR) — 22221, _o(JRaR)) B — R"2by_g = A_p,n > 0
BB e, + l”\f (Lot (VATR) + L1 (VAT R) )
+92Y%2 (1, 3 (/@2 R) + Lns1 (\/R2R)) B = Bry 1> 0
—BonR" la, + 521[ (In-1(VEIR) + Ini1(\/F1R))an
+2Y% (1 (JRaR) + L1 (VFaR)) By = Cn, n > 0.

All coefficients in series (13) are found by solving (15)-(16). It is easy
to prove the absolute and uniform convergence of the series obtained in
the circular ring (including the contours) when the functions set on the
boundaries have sufficient smoothness.

(16)
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