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Abstract

We consider the problems of creating 2-dim models for thin-walled
structures and satisfaction of boundary conditions when the general-
ized stress vector is given on the surfaces for elastic plates and shells.
This problem was open also both for refined theories in the wide sense
and hierarchical type models.
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This paper is dedicated to the memory of a very dear person Alexander
(Tasha) Khvoles. First, we’d like to recall some typical moments from his
rich and exemplary life related to the activities around Ilya Vekuas Institute
of Applied Mathematics. For the demonstration of his mathematical level,
technique, and leadership talent, we believe the material of this paper is
sufficient. Among the scientific disciplines of applied mathematics at our
Institute are modeling and numerical implementation of problems in rigid
body mechanics. Al. Khvoles was one of the active participants in this topic
and achieved great success not only in solving, but also in implementing
contractual topics beneficial for the Institute.

I. Let us consider the equilibrium equations of the elastic body in the
form [1, 2]:

8J(UZJ + Ukjui,k) - fja HANS Qh = D(x,y)x]hf(a:,y),h+(x,y)[, (1)
Boundary conditions:
Tis = 043 + 0jsuij = g7, © € ST = D x h*, Ty = (T13, T3, T33)",  (2)

1[0, B2, B3)(z,u) =g, v € S =dDx]h~,hT]. (3)
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Relation between the displacement vector u = (uy, ug, u3), symmetrical
strain ¢ and stress o tensors satisfies the Cauchy formulae and Hooke’s law:

—(uij +uj; +uigu;k), €= Ao, o= Be. (4)

Eij:2

The issues, we’ll consider here, present the problem of satisfying the
boundary conditions on surfaces S* of elastic plates. Although the main
focus of research on the related problems is given in decision [2, Ch. I,
some statements require a more careful attitude. This problem has to re-
ceive attention provisionally concerning all refined theories of von Kdrman-
Mindlin-Reissner (KMR)-type, except Reissner [3] and Ambartsumian [4]
models. On the whole, these problems depend on the justification based
on the variational method. As is known, depending on the ”Dirichlet Prin-
ciple” by Riemann, after substantial examples given by Weierstrass and
Hadamard, this one was solved for the Dirichlet conditions by Hilbert[5]
(for bilinear functional) and Razmadze [6, 7] (for 1-dim problems in general
cases). With respect to (natural) Neumann conditions the resolving step
was made by Rektorys [8]. Taking a step in this direction we constructed
an example of elastic plates when the stress vector is given on the S*. If
we used the Legendre polynomials method of reduction, same to Vekua [9],
as a basis, it would define an unstable process; at the same time Rektorys
approach (when the differences from Legendre polynomials, with respect
to indexes, were chosen as a basic system) gave the exact solution. This
fact particularly demonstrates the existence of the ”Vekua-type problem”
concerning the satisfaction of boundary conditions on which Vekua stud-
ied carefully [9, ch.I,11,ch.I1,2,] but incompletely. We studied this problem
for the isotropic homogeneous elastic plate [2, part 6.3], the characteristic
results are cited below.

Vekua spent more than 20 years considering the problem of creating
2-dim hierarchical models for an arbitrary integer N and separate ones
when N = 0,1,2 without using any of physical and geometrical hypoth-
esis,corresponding to the construction of different variances of the elastic
plates and shells theory [9]. You can see, i.e. [10], sufficient reach cor-
responding references where Vekuas models are immediately used. Vekua
worked the following way: thin-walled elastic structure (1)-(4) was consid-
ered for the linear, isotropic case; then the Galerkin method was applied
for constructing corresponding models, using the Legendre polynomial sys-
tem {pn(z), pn(£l) = (£1)"} for (1) and (3) by relations (4) used as the
base systems; in addition introducing new expressions type (7.2c), [9, ch. I,
point 7.2], named ”the normalized moments of the field of stresses” which
are coordinated with boundary conditions. On the basis of the expression
(8.4 a,b), (8.9) and (8.4 a,b) ,(8.9) [9, point 8.1]which represents 2-dim
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boundary value problems, Vekua constructed the approximate solution of
(1)-(4) in the form:

(0.0) = Y (1w, 0).30.9)) ().

s=0

which ”are not compatible with boundary data on face surfaces S*, S~.
Therefore these approximations may prove to be rather rough values near
the face surfaces” [9, page 79]. We called it the ”Vekua problem”. In [9]
there were corrected the solution of corresponding to hierchical BVPs for
any intejer N by additional functions satisfying also the approximate sys-
tem of DEs. This function depends from the sum of differences of Legendre
polinomials with respect to indexes in the form (11.7) ([9, ch. 1]:

Uo = Am(z,y) (Pm+1(C) = Pm-1(C)) + Am+1(2,¥) (Pm+2() — pm (),

z—h
=
When N, m tends to infinity, the problem is open.

The another way for investigated this problem see [9, ch. II, §2]. Here
for displacement vector and stress tensor are used Teylor series in point
z = 0 and approximately satisfied BC on the surfaces and consider case
when the approach has second order.

Example 1. Let us consider the case when the boundary value problem
of the theory of elasticity is a 1-dim problem and so, follows: u; = ug =
€ai = 0ai = fa =0, h =1, 033 = (A + 2p)uz 3. Then we get the following
boundary value problem:

—d"(@) = f(@), W(-1)=a, W(1)=8. (5)

The DEs (8.4 a, b) [9] in this simple case have the following form: As
a+f B -

z(x) = u(zr) — 5 T~ g Q2 + ug, problem (5) is equivalent to the

, m>N+2.

following one:

For simplicity we assume that f(z) — p1(z) and consider the

following coordinate system:

xT

ar(x) = —(2k+1) / (@O0
1 1

= 2k+3(pk+2—pk) ~or 1

(pk: _pk—2)7 k= 2a37 ooy
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1 1
—qp = g(m —po)y, —q1==(p3—p1), ¢(£1)=0.

5
[ee]
We will find the solution of (6) as the set: z(z) = > zrqr(z). Then by
k=0

the projective method

(=", —ao(x)) ZIZ’(x)qO(w)\h =0,

(=" —q1) = /12’(19% —p))dx = (p1,p3 —p1) =

3
— Zoa = —1
Zl+72’3 , N
(—2", —q2) = 2'(@)qo| Ly + [1) 3 zndprde =
k=0
1 347 1
——20+2 + 29 — —z4 = 0,
3 3.7 7
1 49 dn+1 1 0, ( 2.4, .)
— 29— z _ 2z = n =
dn— 17" T an —)(n +3) " An 37T e
11 14 1 1
Z1—23:—§, _5Z1+5+9Z3_§z5:ﬁ’
2(4n+1) 1
_ _ _ - =0 =13,5,...) =
4n—1122”1 n—1D{n+3)2"  anygt =0 (=135

21 = 20=2,=0, (n=2,3,...),

§7
as matrices of both systems are irresoluble and by the generalising theorem
of Olga Taussky-Todd are nonsingular ones. Thus the solution of problem
(6) has the following form:

1
z(x) = §Q1($), ie. —2'(z) =p1, Z/(£1) =0.

Example 2. If we assume in the initial boundary problem (5) that
f(z) = pi(x), a = B follow to [9] and pleriliminary his many other publica-
tions, using as basic system Legendre Polynomials and Projective method
we have:

- 2 1
u(z) =) uppp(xz)=|<-+a|pi(z) — —p3(z).
S wnpate) = (3 ) o)~ oo

15
Indeed .
(—u”,po) — (p1,p0) = —u'po|L4 +/ u'pyde = 0,
-1
(—U”,an) - (plap?n) =0 (n — ]-727 ) =
n—1 ') 00
D k4 Dugr +n2n+1)> upp =0 = > g =0
k=0 k=n k=n
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= Uzn = 0 (n = 1727 ),\V/’U,Q,

o0
1
(", p1) = (pr,p1) =0 = > ugkyr = 3T
k=n
(—=u”, p2n+1) — (p1,P2n+1) = 0 =
n—1 )
D (k4 1)2k+ Dugkyr + (n+1)2n+1) > ugpr = o,
k=0 k=n

2
= U] = - + o, ug u2n+120(n:2737”')'

5 ’ 15
Note that v(z) = u(x) + ¢, Ve = const determines the class of solutions of
(5). When [v —u| >c—¢, Ve —e >0, ¢, € > 0, the V-process developed
particular in §11 of [9] is unstable one and by well-known theorem of P.
Lax, nonconvergent.

In the [2, ch. II, p. 6.3] we investigated the problem of construction and
justification of Vekua type systems using methodology of [8] in case of native
conditions. By using Galiorkin method to DE (1) we have: the components
of stress vector o3 for systems of DEs corresponding to [9] and [2] are
various; for models by [9] the condition (2) dont satisfy as underlined in §11
of [9]. Let us return to the initial problem (1)-(4) and consider the linear
case. In the above-mentioned works there was considered a case where
components of exterior vector tension o3 were given at ST. The problem of
satisfying these boundary conditions for any approximations were different
among proposed systems: for some models they are natural, for others they
appear to be the main ones, in the sense of variational methods (see, e.g.,
Rektorys [8]). We construct a class of operator equations, in fact, coinciding
with systems (7.9 a,b),(7.18 h,i) or (8.16) [9], for brevity, we shall denote
it as (V).

Let us use this expansion into Fourier-Legendre for incomplete series
components of stress tensor. By virtue of boundary conditions on S* we

have: -
z
OapB — Zgaﬁps (E) 5 (7)
k=0

o B S o () ()]

At first we construct the basic Vekua type hierarchical 2-dim model which
approximates the linear boundary value problem for homogeneous isotropic
plates (for details see [2, Ch. II, part 6.3]). Then equilibrium equations in
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terms of components of the stress tensor will be equivalent to the following
infinite system

m m m g;r - g(;
cmh0apg+(2m + 1)cm 00 = fa —hcocsmoT,

9t o+ 9oa (9)

~1 +1 m
thﬁ(aa?),a = Ua?;,a) + (2m + 1)Cm7g—33 = f3 _h005m0 9

+ - + 4
_hq%w _ hCO(ng%

where

h
m t 2
= t m \ 7 dta m — ) = 71727""
! /hf(xl’xz’ p <h> m = oy MY

Hooke’s law takes the following form:

cmh 11 = A+ 2,u)cmh%1,1 —i—)\cmh%g,g +A2m + ey, kJﬂlg,
k>m(2)
cmh O12 = phem Ui 2 +n&2,1) ,
k+1
cmh ?22 = Acmh%l,l —|—()\ + ZN)th%Q’Q —l—)\(2m + 1)Cm us, (10)
k>m(2)
cmh Egla —mérg,la> = /LhCmTInLg,a +u(2m + 1)ep, kJ{L})l
k>m(2)
+ - +_ -
_hCO(ngM _ hcl(gmlu7
2 2
cmh 5313 _rn;?}?)) = )\hcm%a,a +(A+2p)(2m + Ve, kaﬂlg
k>m(2)
+ — + -
—hcoémoig?’ t9 he16m1 95 — 93 5 93 )
Here and (often) below the following note is used:
k i i+s  1+2s k i i—s 1—2s
du=utuw U f, > u=utu+ Ut
k>i(s) k<i(s)

Formulae (9) and (10) make it possible to obtain an explicit form of Vekua
type system in displacement components. For this purpose we use Hooke’s
law for values o3; and condition (2). We shall have:

RN k(k+1)k
ga - :uk_o <u3,a+ 2h, U 9
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Lo vk (e k(R 1)k
ga_,U’Z( ]-) <u3,a 2% Ueg |
k=0

and

> E(k+ 1)
9= (Aua at(A+ 2M)(2h) U3) ;
k=0

93_ = Z(_l)k <)‘]'€ua,a _(>‘ + 2“)]€(1€22—1)%3> .

k=0

We define values g7 + ¢~ , entering (9). We shall have:

. b k+1)(2k + 1) 2k+1
9l 9. =21 GUS,aJr( )}(L ) ua> :
k=0
> 2k +1
98— g0 =21 Gk%,a ILCLA) kh+ ) Qt%) :
< k+1)(2k + 1 (11)
g§+wge:2§:<X@ma+(A+2ﬂﬁ +1)(2k+ ”ﬂ%),
k=0 h
> k(2k + 1
9 — g5 = 2;0 (A%Eia F(A+2 )(h*)%’jg) 7

From equations (10), summing up the three last formulae, for values O30
we obtain:

Z <S(;32a_053a):_gb3azﬂ S;}?)oz ILL Z 23_1 Z Ua

s<m(2) s<m(2) s<m k>s(2)
1 _
-5 ga +9a) Z 0s—1,0 — 3 —92) Y. 55—1,1~
s<m(2 s<m(2)
Similarly

— 33 = pu Z aa+)\+2M Z (2s—1) Z u3

s<m(2) s<m k>s(2
1
—*93 +93) Z 05-1,0 — 93—93 ) > 55 11
s<m(2 s<m(2)

.1 0 .
In these expressions 03, = 03, = 0 is assumed.
Now, by using formulae (11) from the latter representations after some
computations, we get

m S 1 S
Gaa=p Y [u&a g7 (5 4+ 1)(s +2) —m(m + 1)) TLL],
s>(m+1)(2)
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m S 1 S
Gu= Y [Aua,ﬁ%(xmﬂ)((w 1)(s+2) —m(m + 1) s
5>(m+1)(2)

Taking into account the last formulae, as well as (10), after obvious
simplifications with respect to components of the displacement vector we
obtain the following infinite system of Vekua’s differential equations:

m 2m + 1
Ly +(A+ p)h =t (2m + 1) Z gradkttlg +uh_2%
k:>m()
R
xS [k(k+ 1) —m(m + )]ty = |- 0]
k>m(2)

m 2m + 1
pAs + (A + wh T 2m 1) Y div ]&++(>\+2M)h_2%
k>m(2)

v Z Bk 4 1) —m(m o+ 1)) = [F % 95
o 3 th 3 2 mO | »

Here
Uy = (ul)u2)T7 f+ = (flu f2)T) g+ = (91792)T,
(laug, ug) = p(Aua, ua) + (A + p)(graddivu, uy).

From system (10), evidently, for values 3 we have:

1 +1 2m +1 k1 1 1 _
mUozS —mo'oz3 +/'L U3 o T4 Ue _5 mO(ga +ga) 25m1(g;r - ga)
k>m(2)

m+3  m+2 2m+5 k+3 m 2m+1 k+1

= 0a3 THU3,a TH a tHU3 o t@ Ug
k:>m( ) k>m(2)
9o + 9a 9o
— =2 =% ko 7(5
> (T ).
k>m(2)
_ k+2
Gos = Z u;;a +ph ! Z (2s+1) Ugy
E>m(2) s>(m+1)(2) E>m(2)

1
—5 > (@ T a0+ (0f —9a)dk), m=1.2..

E>(m+1)(2)
Baa=n X (it y (s 004 2) i+ 1))
k>(m+1)(2)
Analogously,
m 1
033 = Z ()\%3@ —I—ﬁ()\%—Qu)((k:—f— 1)(k+2) —m(m+ 1))%3) .
k>(m+1)(2)
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Taking into account these formulae we obtain

1
2(9a +94) 221(% 10+ 4= 9a) Z5m 11— 030
k k+1
=u Y (ug,a +ﬁ(k +1)(k+2) )
E<(m+1)(2)
Hence for values 73&3 we have:
Oag = ga+ga Z Om— 10+ o~ 9a) Z Om—1,1
m>1(1 m>1(1)
k ftl
-y (us,a +ﬁ(k+1)(k+2) )
k<(m—1)(2)

Similarly for 033 we shall have:

7(?33—*93 +93 Z Om— 10“‘ _93 Z Om—1,1
m>1(1) m>1(1
A+ 2
_ [A’&a,a + ;h Rk + 1)k + 2)’“*1}
F<(m-1)(2)

Taking into account these expression in (9) we obtain the infinite system
of differential equations according to Vekua’s system (V') in the following
form:

Iptiy +h~1(2n + 1)grad | A Zi+ltl3 — L ZZH

) . i>n(2) ) i<n(2)
_92n+ . (2
—ph 9 Z Z(l+1)u+—hcn[f+
i<n(2)
g 9+
- T+5no+(g++g+ Z5zlo+ —97) 25111 ;
i>1(1) i>1(1

pAs h 20+ Ddiv [ g ST - Z i

1>n(2) i<n(2
(12)
2n+1 i n
_ _9 L. _
(2L Y i D= [
i<n(2)
995 5 5
- TnO"i_(gg +93 Z 7,10+ _93 Z i—1,1 )
i>1(1) i>1(1
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n=0,1,2..,N.

The comparison of equations (12), named as (Vj), with the system
(V) proves their identity for N = 0,1,2. When N > 3, the main parts
(containing only second order partial derivatives) of systems (7.18 h, i) [9]
and (12) are different. Then [9, page 52] we read: the (7.18 h, i) is a strong
elliptic system of PDEs for N > 3, "but we do not rewrite this one in a
more expanded form and shall not deal with the investigation of problems
of existence and uniqueness in the general form”.

Evidently, in order to obtain effective values a priori in the form of en-
ergy inequalities for Vekua’s operator with fixed N together with highest
derivatives, we should pay attention to the explicit form of summands with
derivatives of zero and first order from unknown moments u;(z1, z2) (n =
0,1,2,...) appearing in system (12). Thus, we constructed (12) correspond-
ing to the equations (1). Reduced boundary conditions, originated by the
data on the lateral surfaces S and the construction of which is not difficult,
should be added to these systems. For this purpose we should multiply

equalities (3) by Legendre polynomials p; (%) and integrate them between

—h and h. If Hooke’s law and other representations from (4) are used, then
we come up to the finite reduced boundary conditions, defined on dD.

II. This part dedicated to investgation of Vekua theory for isotropic
thick-walled shells of non-homogeneous structure are sited from [2, pp.
136-141] (see [12, 14-16] too).

Let on S the coordinate lines be lines of curvature:

1
— 3 _ a a
Ra—(l—kax )I’a, R3—n, R —wr y
where k, denote principal curvatures of the midsurface, R; and R’ are co-
variant and contravariant base vectors of the space, r, and r® are covariant
and contravariant base vectors of the midsurface, n the unit vector of the
normal of the surface S.
Then the equilibrium equations of shells have such form [9]:
1
7aa(\/apa) — B3P+ 9F =0, 9= (1 —kz®)(1 — koa®). (13)
a

Using method of [9] in our case we have:

By & mo w1 m
J Z {)\]gTaﬁao‘ﬁ <V7u7 — bzug) + EA’;Z”;M%;;,

m=0
m m m m
1" {GM <Vvuﬁ ‘bgui”) +a® (v”“a _bgugﬂ }
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ig)a?’ = EOO [,ukm a®” <V s + b z%) + L e 170‘}
— 3—a,y v 43 B h#?)—a
‘(;éa _ Eoo |:Mkm a®Y (V ZL +b Z}i) + 1 km Trlla:|

P33 = Z [A§T7 <V7u7 - b:*yu:),) + E(/\’fm + 2,u]fm)ug] ,

m=0

where .

Ao — (k + ;) % / ANAP Py (23 /h) P (2 /R das®,
—h

ke N1 Mg 3 3 3

nof = | k+ 3)n hNAaPk(fU /h) Py, (x° /h)dx?,

km AN 3 3 3

A =k+z)— ANAo Py (2° /h) Py (z° /h)dz?,
2)n ).,

km 1t 3 3 3

pa™ = k+ 3)n APy (x°/h) Py (x° /h)dx?,
—h

km AN 3 3 3

A =k+<)— ANI Py (x° /h) Py, (z° /h)dz?,
2) h )y

km 1y 1" 3 3 3

pum=k+ = |- I Py (x° /h) Py (2 /h)dax”,
2)n ),

Ay =1 —koa?, AS = Ao
Ag

Let g% are defined by [13, part 1.2]. Then we have
P3E) = yHgt - p3) = 9= 9B = (1 + kyh) (1 + ko).

The solution of (13), according to [12] has the form

(k)
P =" P*P(2*/h),
k=0

1 3 3
pP3 = 3 [<1 + 92) I gt + <1 - ”Z) ﬁ()g]

oo (k)
+Y_ PYPu(a®/h) = Pyya(a® /D).
k=0
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If we use the method of Vekua [9] we have

1 (k) ok + 1 [Zk-25-1) )
h%(ﬁzﬁ) + Z PP 4+ F=0,(k=0,1,..) (14)

where "
2k +1
F =

2
Cutting the infinite system (14) we have:

W0 — (=) g5).

(k) (k) % + 1 BT (k—25-1) (k)
VaP? WP - == P¥ +F’ =0,
s=0
k—1
VaP™ 4 bag P - . P33 +F3=0,
s=0
(k=0,1,..,N)
where
o _ N m m\  2m+1 S 1m+25+1
Pel = Z AgTa,waaB <V7U7 - bzu?,) +— ' a®P Z
m=0
k A " m A m m
3" [aa <Vvuﬁ —b,ﬁyu:s) +a? (Vyuo‘ —bf?u;;)} } (16)
P (omey) I
m iy 2m+1 m+25+1
Pe? = Z 15" 0™ (vvus + baﬂuﬁ> T TN Z w |,
m=0 =~
P 3 m i 2m + 1 S m+25’+1_
P = Z “l?fTaﬁam (vvui% + bvﬁuﬁ> '
m=0
® N o
m 2 1
P2 (v”lﬂ - bﬁ?’) TS 24km) s
e S=0

These equations (15-16) represent the closed system of differential equa-
k

tions with respect to «’ functions.

7
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Consider now when € is the spherical shell with constant thickness
2h, R denotes the radius. Let 2! = z, 22 = y, 22 = 23. In our case we
evidently have:

ail = azx = A; a2 = az = 0.

If v, ¢ are geographical coordinates of a sphere, then the isometrical
coordinate system it may be have

14 v,
x:tan§cosgp, y:tan551ng0,

and 5
— R2A\2 _ _ 2V
A—RA(], AO—m—QCOS 5

The system of equations (15-16) following to Vekua [9] has the following
complex form:

19 (K (* (k) g (*) (k)
15 (P — P+ 2in1> + 52 (Pf + P3
1
R

o [ k) (k)
+ EP P13+ 1Py3

(534

2% + 1 2 [(k—25-1)  (k—25-1) (k) (k)
2 Z( Py +i Py |+ P +iFy, =0, (17)
s=0
19 [® (k) A
2Re | o= <P3+2P23> -5 (P11+P22
ok +1 ' Ek-25-1) ¥
— 3 P33 + F3=0, (kZO,l,...,N)

s=0

(k) (k) (k) 01 /m .m
P11 — Py +2iPy =4 Z Piem A EEDN <u1 + zuz) )

") ) N 2.
Py + Py Z{)‘km+ﬂkm <6+RU3>

[N—m—l}
2m + 1>\(1) 2. mg2s+1
T wm s
s=0
& X ous™ 1 fm  m
Pi3 +iPy3 = rn,Z::O {/Mcm {2 % R (Ul + ZU2)] (18)
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[Nfgnfl
2 1
" mh+ )\l(;)qj Z (m+éf+1+zm+§§+l) 7

s=0

O (O ous™ 1 /m  .m
P31 + inQ = Z {'ul(jm |:2 8?,”; — E <U1 +’LUQ):|

m=0
[mefl
2 1 m
" mh—i— )\;(i)q, <+124f+1+zm+12£+1> 7
s=0
N (1) 2 2m +1 (2) . +2S+1
Pyy =2 A Zus )+ ==\ 2 m
33 ; km<9+Ru3>+ - ( + km g )
where Lo
B = vy = ome| L (B )|
z=z+1y, Z=1x—1y,
o _1(0 0N 9 _1(0 .0
0z 2\ 0z (‘9y "0z 2\0xr Oy’
(a) 1\1 [* z3
/\km_)‘llv Akm: k+§ 9 A 1—|—E Pk($3/h) (x?)/h)dx?n
—h

km (a) 1\N1 /" 23\
Fem =1 fy = \E+5 )5 [ p{l+ 5 Py(z3/h) P (w3/h)dxs.

—h

Assume that )\,(mz, ,u,l,(€ ) are constants and

k) (&) (K
i =F,=F;=0.

Below we use the equality:

10,010

1585150 = TE (T + 20,

where V2 is Laplace’s operator on the sphere with unit radius:

VQ_L 872_'_672 _i 02
AR \Ox?  0y?)  AR020z

The solution of equations (17-18) we find in the following form:

0
uy + ity = R? a*(Wkﬂ +iQ%41), (k=0,1,...,N)
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where Wi11, Qx4 are arbitrary real functions.
Let us introduce the definitions:

k
us = hWN+2+k, (k = 0, 1, ,N)

Using these representations we finally have such a system:

N+1 N+1
> Dy VW= Y LWy =0, (k=1,2,..,2N +2)

N+1 N+1
> dy VP, - sz] (k=1,2,..,2N + 1),
or in the matrix form:
DV*W — LW =0, (19)
dV*Q —1Q =0, (20)

where W, Q are columns vectors. we can reduce matrix equations (19-20)
to the form:

VW — AW =0, A=D"'L,
V2Q-BQ =0, B=d 'l

We remark that for finding the general solution of this system it is
possible to apply Vekua’s method [17]. If we assume that matrices A and B
have simple eigenvalue numbers and vectors according to[14]: ay, ..., xan 2,
B,y Pans1, XD, xCN+2) vy (VD regpectively, then general
solutions of these equations have the form:

2N 42 N+1
W= XMy, 0=3% vy,
m=1 m=1

where .,,,, X are arbitrary solutions of the following scalar equations:
v2¢m_amwm:0a (m: 1’a2N+2)7
V2Xm_6me:O, (m:17...,N+1).

Finally for zlfj we have:

o 2N+2 N+1
Ul + ZU2 R2 ( Z Xk+17pm +1 Z k+1 Xm) )

N+2+k
iy = h Z X\ ., (k=0,1,...,N).
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