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Abstract

Is studied the pulsating flow of viscous incompressible liquid be-
tween porous walls with head transfer when in perpendicular of walls
is applied external uniform magnetic field. The flow of liquid is caused
due the pulsation drop of pressure and the pulsation movement of the
porous walls. The physical characteristics of liquid flow are found.

Keywords and phrases: Weakly conducting; liquid; pulsation; fluid;
heat transfer.

AMS subject classification (2010): 85A30, T6W05.

1 Introduction

Is studied the pulsating flow of viscous incompressible liquid between porous
walls with head transfer when in perpendicular of walls is applied external
uniform magnetic field. The flow of liquid is caused due the pulsation
movement of the porous walls and pulsation drop of pressure that is given

by the formula: —= — = Ae~“!. The temperature change on porous walls

of tube and in the tube is carried out by pulsating. In the heat transfer
equation is taken not account the dissipation of caused due friction energy

n a—‘; , as well as Joules heat oV2.

Are obtained exact solutions of Navier-Stokes and heat transfer equa-
tions in the case of non-stationary motion of weak electroconductive viscous
incompressible liquid fluid is. The physical characteristics of motion and
heat transfer are studied by taking into account the impact of changes of
Hartman, Prandtl, Reynolds numbers and pulsating flow to the criteria of
similarity.
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Accordingly to the assessed problem are studied in the [3, 5, 7, 8] articles
and in the [4, 6, 10] works is considered laminar flow of fluid in pipe without
a heat transfer when on the walls carried out the intensive inflow or leakage.

2 Basic Part

Let’s consider the weak electroconductive viscous incompressible liquid flow
in planar porous pipe with taking into account the heat transfer when in
perpendicular of motion is applied the external homogeneous (Hy) magnetic
field. The internal induction in comparison to external magnetic field is
comparatively small and due it is neglected. Is implied that the liquid
velocity has components V(ué, 0,v(z,t)) along the oz and oz axles, and
the temperature T'(z,t) represents a function of x and ¢. u§ = const is the
leakage rate.

The motion and heat transfer equations in the non-inductive approxi-
mation generally has the following form [1, 2, 9]:

88‘;—1- <‘7A) V= —1gradp+l/A‘7—Z [H {Vﬁ” )

- 412
pr<(Z+(VV)T>:kAT—HI)—l—a[V-H] : (1)
divV =0, divH =0,

L2
where {V . H} is the Joules heat and @ is the energy dissipation due the

friction that is equal to
b =2 1 an—F% 2+ %—FOVZ 2—|— 8VZ+8V;C 2
— 1 2 oy ox 0z oy ox oy

+ 8V%QJr %2+ o=\’
Ox oy 0z '
If we take into account the above mentioned from the (1) system would
receive in the dimensionless quantities

oU  0%U oU
ov oY poU 27 _
pe a2 R6§ + MU = f(1),

2)
90 9% 90 (oU\? (
b e ¥r2y o Y B M2U2
e~ ot~ = () + 0
here ¢ a: UtU 4 0 T, are the dimensionless qua
where { = —, 7 = — =—,0=— r imension uan-
L’ L2 9 Vvo*7 ‘/0*2 ’ q
tities, and V; and L in are accordingly characteristic velocity and char-
L2
acteristic length. M = HyL 7 is the Hartman’s number, « = —— is
n v
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nCy
k

is the liquid leakage characteristic Reynolds number, o

is the Prandtl

the similarity criteria of steady pulsation motion, P, =

*

number, R =

is the conductivlfty ratio, v is the kinematic coeflicient of viscosity, 7 is the
dynamic coefficient of viscosity, w is the frequency, C, is the specific heat
capacity, k is the coefficient of conductivity.

the (2) system the initial and boundary conditions generally would be
given in the following form:

U(§70) =0, U(LT) = 301(7—)7 U(_LT) = @2(7—)’ (3)
9(57 0) = 91(57 0) + 02(57 O) =0,

0(1,7) = 01(1,7) + 02(1,7) = ¢\ (1) + ¢V (1) = au (1),
0(~1,7) = 01(—1,7) + O2(~1,7) = ¢ (1) + 657 (7) = @2(7),

where 01(€, 7) is the temperature, when in the heat conductivity equation
is considered only the friction heat, and 05(§, 7) is the temperature, when
in the heat conductivity equation is considered only the Joule’s heat.

We imply that the liquid immediately begins to move (i.e. U(§,0) = 0)
and the temperature change of the planar tube walls in the initial moment
is equal to zero.

If for the solution of (2)-(3) boundary problem we apply Laplase integral
transformation we will obtain

(4)

U+ RU — (M?+ s)U = —f(s) (5)

U(Ls) = @1(8)7 U(—I,S) = ¢Z(S)a (6)

where

Ue) = /0OO U r)e dr, f(s) = Ooo f(r)e *dr,

@1(s) :/OOO p1(T)e”"Tdr, Dy(s) :/0 wao(T)e *Tdr.

The solution of (5)-(6) boundary conditions for velocity transformation
receives con

f(s) ) R(-¢) shB(1+ €)/2
. M2+ 67 shf (7
. (@ (s) — f(s) > Rt shB(1—-¢)/2  f(s)
2 M2+ sh3 M2y s

U5 = (o

where

B=VR+4(M?+5).
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Let’s study the liquid flow that is caused due pulsating motion of porous

walls: U(£1,7) = p12(7) = Ae_ima @1,2(5) = 4—172'204

and pulsating drop

10 - A
of pressure: _;£ = fi(t) = A7 fi(s) = Stia
If we consider the above mentioned in the (7) formula it would take the

following form:

R(1+¢)

shB(1 +¢)/2 N Age™ 2 shB(1—€)/2
(s +ia)shp (s +ia)shp

RA-¢)
A1€ 2

U(&s) =

* (M2 + s)(s + ia)sh3
X (shB _ et shB(14+€)/2 —e”

R(1+¢)
2

shB(1 - €)/2)

AL
where D = 73 is the amplitude of pulsating drop of pressure and A; and
v

Ay - are the amplitudes of walls motion.
If the (8) formula would be written down in originals then for the cal-
culation of velocity we receive the following formula:

D R(1— _
U(f,’r) = {<A1 - ]\M) 6%8}1,3(1 + f)/?

R(1 _ h —iaT
(A gy )R- 024 5 b S

9)

— i — s, R? + 12 2

4D _RO+8 . pn(l1=¢)

+< m+@>62 Ty
p2 + R? + 4M?

1A (—1)v Ly, e snT 4D - 1
*22( )" pme [(A1+ )e’“éasml‘n(m
n

]—&@ﬂ+w@m

where s, = — , i, = mn, U1(&, 7) describes the steady pul-

sating flows between the porous walls and Uy (§, 7) describes the oscillation
caused due porous walls pulsating motion and pulsating drop of pressure
in the liquid.

After the rather large interval in the liquid oscillations would be damped
(U(&,7) — o0), thus for the velocity the formula (9) takes the following
form:

U7 =i = {<A1 - > " shB(1+€)/2
—
D _R(14§) DshpB ) e~7 (10)
+ (A2_ M?—z'a)e = shA(l—§)/2+ M?—z‘a} shB

If in the equation of heat conductivity (2) neglected firstly the Joule’s
heat and then the friction heat we accordingly will obtain the following
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equations:
96, 026, 90, U\ ?
P———-PR—=|—| , 11
or €2 R o€ ( 0& ) (11)
00y 020, 00 2772
_ PR =M . 12
T or 852 T‘R 8§ U ( )

If we in the equations (11)-(12) will consider the formula (10) of velocity
and apply the Laplace integral transformation formula then by taking into
account the (4) boundary conditions the temperature in the transforma-
tions would be expressed as:

In(6,7) = (a7(5) — () ™5 LT

_(m) e _ PrR(14€) Shﬁ(l — f)/? _
F(@"06) = an(1)) IR o),
where m = 1,2; 7 = /P2R? + 4P, s,
R 1
_ 1 s 2.
Pro=-5+ 2\/3 +4(M?2 — i), (14)

283 = 1+ P2, 2B4=p1, 2B5= B2,

7 () = 1 22: B2ayePrt n (M? — ia)age T
DS = T o £ A3 + 2P Rp — P, R2(1—Py) —sP, [
M? > ak;ewkg ag
i (€) = — , 15
©(8) =~ {kzl 432 + 2P, Rpy — 5P, 2 (15)
D — D
(Al _ M2—ia) e—P21 _ (A2 _ m) B2 (16)
a =
b2 2sh(f1 — B2)

b 4D e DY
4= 2sh?(B1 — f2) [<A2 MQ—W)@ " <A1 M2—z'a> 7
-2 <A2 — MQD_W> (Al - MQD_ZO) ch(B — 52)} ; (17)

= D _ L B2,1
45 = (M? —ia)sh(B1 — B2) KAQ M? — z’a) ¢

D —pP2,1
—<A1—]\M>eﬁ’:|, (18)

D 2
ag = et .
6 M2 —ia
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Let’s study the temperature changes at steady pulsating motion of lig-
uid, when the temperature change in the initial moment is equal to zero,
and on the planar walls of pipe changes by pulsating law:

1 1) —9; 2 2) _9;
aia(r) = Biae T, ai(r) = Bije .
If we considered the above mentioned in the (13) formula, then for

the temperature in originals accordingly would be obtained the following
expressions:

n(e.7) = (B~ an(-1) 5 s (1 +.9)/2
-  PeROLE) 6—2ia’r
+ (Bé ) _ qm(_l)) e x shy(1-¢)/2+ Qm(é)Sh’Y} shry
- B 19)
1 _1)11 1MnesnT m * PrRA-9) (
53 e (B = an) " s 1492
n=1 T n
m) . _PeROE
+ (B§ = qm(—l)) e sinpn(l- ‘5)/2} '
2 P2R2
Wherem:172; Mn:ﬂ'n’ Sn:_%”y: P7,2R2—8Zap’r‘7
PR SV AT
S T L 4By 2P RBy + 2iaP,  RX(1- Py) + 2iaP,’
5 28k€ M?
aie ae
— 2 20
9 .
. ﬁ’%akel@kf (M2 — za)age_RE
HOEEDY

£~ 4B} + 2P, RB), — s " R2(1—P,) — s, P,

5 26k M3a
Y ke + 2
(&) = —M kzl 15T+ 2P BB — suPy | 25.P

Let’s mention that at the g2(§) and ¢3(§) computation before the a3
and a4 coefficients would be implied the sign ”-”.

1. let’s consider the pulsating flow of liquid that is caused by the pul-
sating motion of walls. Let’s say the pulsating motion of walls occurs in
the same phase, by the same amplitude (A; = Ag = Up), the temperature
change on the walls of tube carried out p)ulsati(n;g in the same phase, by
2) _ g2

same amplitude, (B%) = 0%1) = const, B§ 5 1) = const), and the drop

of pressure is equal to zero (D = 0).
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Due the consideration of above mentioned, for the velocity and temper-
ature by the (9) and (19) formulae we will obtain that

I —iaT R(1— R(1+4
: [<]50,7) - eshB (™= sha(1+)/2+ e 5 shB(1 - )/2)

1 (_1)nflune—(1\/[2+ )T R(1—€) ,un(l + §)
- — % gin 2~ >/ 21
+2 Z o — Sy, ¢ ® sm 2 1)

LB Mn(l—f)) = Ul )+ UL, ),

06 ) = [(8™) = am(1) 5 shy (1 +€)/2

|: .
(61 = am(=1)) e 5 sk (1 = /2 + gu(©)sin i
)
_l’_

2

shy
PrRO1-¢)

L )" ™ [y ~
22 Bl iy A7~ ) € (14 )2

PrR(1+¢)

=1
(00" = g(-1)) e sinpn (1 - /2]
= G:n(gv T) + 0;‘:(57 7_)7
where m = 1,2, and ¢12(§) and g7 5(§) would be calculated due the (20)

formula.
If we calculate the friction force in liquid and on planar pipe’s walls, we
accordingly will obtain the following formulae:

(22)

I _ Upe it w B(1+¢) _ mure M
= 2515 e ChT e h . >
R (eR“{OShﬁ(l;f) +6R<12+5>Sh5(12_,5)>]

I er—z’on'
1.2 2shf

and for the flow rate and average velocity we will have:

(B (£chBue'™) — RshA] ,

ol _ UoB(chB/2 — chR)e~ T
(M2 —ia)sh(Bi — B2)

Ul - 1UpfB(chB/2 — chR)e_iO‘T.
2 (M? —ia)shp
When the pulsating fluid flow is caused by the porous walls pulsating
motion (the walls are moved in the same phase with the same amplitude),
the friction force on the pile walls takes the different, and the maximum
value of velocity makes at the pipe’s axis.
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II. Let’s say that walls pulsating motion and temperature changes on
the pipe walls is made by different signs of amplitude (A; = Vp, A2 = —Vj,
B%l) = Bél) = 051) = const, BiQ) = B§2) = 052) = const). The drop of
pressure in the pipe is still equal to zero (D = 0).

If we consider the above mentioned for the velocity and temperature we
will obtain

U”(f,T) B e—iaT R(1—£) _ROA+¢)
= (e 7 shB(1+&)/2—e 2 shB(1 —5)/2)
o0 1 %MZJF%)T
LI (D) e S0 (14 8) (23)
24 i — M2 — F 2
n 1-
—6_% sin M(2£)> = Uln(faT) + UQH(E,T),
- PrRO-¢)
0" (£,7) = [(eg )—qm(l)) e 2 shy(l+¢€)/2
(H(m) — gm(—1 )e_WSh’Y(l —&)/2+q (OS}W} _
2 m m shy
)

1 (_1 nflunesm (m) . PrR(1-¢) | (24)

+5 ; B (sn + 2ia) [(‘92 - qm(l)) e 2 sinpp(l+¢€)/2
M)k _PrRO+E)

— (6" = g (-1)) e sinpn (1 - €)/2]

= 0:1—&-2 (67 T) + 03—&—2(5’ T))

where g1 2(§) and g7 5(§) would be calculated due the formula (20).
If we calculate the friction force in fluid and on the planar pipe walls
accordingly we will obtain the following formulae:

Pl _ Voe ' g (2572 1P+ gl pPa- 5))

= e
2shf 2 2
(o2 d00 e 50-0)]
Vv efion—
11 0 R
Flh = e [B(£chB + ") uRshp]

and for the flow rate and average velocity we will have:

efiom‘

II Vo

= hB + chR) + RshR

o (M? — ia)sh [5(ch + chR) shR],
1 ‘refiom‘

11 0

U'=—-——r—— hS + chR) + RshR).
3 (M2 — ia)sh [B(chB + chR) + RshR)]

When the fluid pulsating flow is caused by the walls pulsating motion
(the walls pulsating motion is carried out by reverse direction of sign),
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then on the planar pipes axis the friction force didn’t reach the maximal
value, and on the pipe walls don’t make the same values as in the case of
non-porous walls.

At pulsating motion of porous walls (I-II case) the transfer of pulsation
occurs throughout the whole liquid. As calculations show, the localization
of pulsating fluid flow becomes in adjacent of the walls. Thus the stabiliza-
tion of pulsating flow of liquid occurs very quickly. The fluid’s rate that
describes the process of pulsating stabilization, would be defined by the (21)
and (23) formulae; the smaller is the distance between the porous wall, the
sooner will be stabilized the pulsating motion of fluid and, conversely, the
greater is the distance between the walls, the more time is required for
stabilization of fluid pulsating motion.

The stabilization of fluid pulsating flow occurs after the long time from
fluid motion start i.e. when 7 — oo, then the values

_ M2+M)
1_ U — (=1 e ( )7

v 2 nz::l i — M2 — RQIM%
X <6R(12£) sin 7/%(1 +9) + e_w sin 7/%(1 — O) ,
2 2
(a2 M)
ot = Yo 3~ (A" e (MR; )
o i — M2 — =
X <eR(12§) sin M"(l;_ 3 — e_w sin Mn(12_ §)> )

tends to zero, and fluid steady pulsating flow would be calculated by fol-
lowing formula:

I —iaT R(1— R(1+
: I(JiT) T ("= shs(+)/2+ " shB(1-)/2)
UII —iQT R(1— R(1+

(€0) 8 (om0 o - gs)

At the steady pulsating fluid flow (I-II case) after some time the tem-
perature change in fluid occurs in pulsating mode, i.e. when 7 — oo, then
the values

O (&, 7) = li (=)™ e” [(ng) 3 q;%(l)> L

2 — P.(sp, + 2ic)
sin (1 €)/2+ (657 — giu(1)) 5 sinpn(1 - €)/2]
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2§ 7) = B ZL Kgém) _ qfn(l)) ew

Pr(sn + 2ic)
X sin pin (1 4 f)/2 - (9§m - q:%ﬂ)) e singug (1 - 5)/2} )

tends to zero, and at steady pulsating motion of fluid (that is caused by
the pulsating motion of porous walls) the fluid temperature changes law
will had the pulsating character that would be calculated by the following
formulae:

O (&) = [0 — (1)) €75 sy (1492

PrR(1 —2iaT
+ (Ggm) —qm(—1)> e~ (2+£)sh’y(1 —5)/2+qm(§)sh'y} o
i€ m) = [(687 = gn() 2 sy (1462

PrR(1 —2iaT
(87 —an(-1)) e (1= 6)/2 4 (€5 "

When the fluid motion is caused by the pulsating motion of porous
walls, then the friction heat impact on the weak conductive fluid will be
more important than at pulsating motion of non-porous walls, and the
action of Joule heat action in both cases is almost similar.

III. Let’s consider the pulsating flow of fluid that is caused only by
pulsating drop of pressure (D # 0). The pipe walls are motionless (4; =
Ay =0).

Let’s imply that temperature change on the porous pipe walls isn’t
occurring by pulsating law (BEI) = Bél) = B§2) = B§2) =0).

If we consider the above mentioned, then for velocity and temperature
from (9) and (19) formulae we will obtain.

UHI(¢ T) e~iar R(1-€) R(1+€)
’ = sh — hs(1 2 —
D/(M2—ia) _ shp [5 Boe =z shBI+¢)/2—e
_ M2+R2+F‘% T
1 n_l(MQ—’iC)é),LLn ( 4 )

xshB(1 — €)/2] +2Z1 (=1 (25)

- (ioz—M2 R2+“") (R? + pi2)
RA-9) . pn(14§) N .S (1 — f)}

X |e” 2 sin
2 2

=U{"(, )+ U (¢, 7),
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—2ior PrR(1—
O (Em) = g [am (€I — g (e sy (1 +6)/2
PrR(1+¢ 1 &0 -1 n—1 " SnT
—an(-De (- 2] - 5 Y G (26)
n—1 r\on

PrR(1-¢) _ PrR(1+4¢)
2

x a2 sin (14 €)/2 + gju (~1)e
X Sinﬂn(l - )/2] - 9m+4(€77—) + 0" *m-+4 (577—)7
where the ¢, (§) and ¢, (&) would be calculated from the (20) formulae.
Pulsating drop of pressure in fluid generates the pulsating flow and
oscillating motion that will be expressed by the (25) formula.
The stabilization of pulsating flow in liquid (that is caused by a pulsat-
ing drop of pressure) occurs after the rather long time from fluid oscillating

motion start, i.e. when 7 — oo.
Then

2. 2
— M2+M>
n 1 M2 — ia)#ne ( 1 T
i — M2 - 2 +Mn) (R2 + p2)
R1-§) ( §) (e un(l - )]

III(

D/(M27—wz Z::

e 2 Sin

the sum trends to zero and steady pulsating flow will be calculated by
following formula:

III —ioT R(1— Ri1s
D/(Mggi z)oz) = S [0 - M a0 9 - e a0 - o).

When in the porous pipe will be stabilized pulsating flow of liquid,
then the temperature change still occurs by pulsating law, as well as by
oscillating law, after a rather long time, i.e. when 7 — co. The values

=S T e ) P (14 62
=—= —_— e sin
T TR 2P (s 4 2i0) LT fin
. _PrRO+§) |
Fap(~1e™ 5 sinp(1-€)/2]
trends to zero, and the temperature change occurs by the pulsating law
and will be calculated by (26) formula.
If we calculate the friction force in fluid, on the pipe porous walls ac-

cordingly obtain the following formula:
De™'o7 B+ B+ ru-o
P - —— h———* — Rch———=*
2(M2 — iB)shp3 KRS 2 Reh==—=")e 2
1-— 1—
(9 ) a0 2],
De—iom’

17 _ R
Fiy = 502 — iB)shp [B(£e™ F ch) + Rshf],
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and for flow rate and average velocity we will have:

M? —ia 2(M? —ia)sh |’

gl _ De~o7 [1 _ B(chB - chR) ]
M? — i« 2(M? —ia)shf |-

When the fluid pulsating flow is caused by pulsating drop of pressure,
then the on porous pipe axis (§ = 0) the velocity and temperature can not
reach the maximum value, and the friction force is not equal to zero on the
axis, as is the case, as it takes place in the case of non-porous pipe.

3 Conclusion

Conducted by the above mentioned formulae calculations show that the
action of external homogeneous magnetic field slows down fluid pulsating
flow. At increasing of magnetic field the fluid flow rate on the planar pipe
axis decreases, but at the walls is increasing, while the value of average
velocity in the planar pipe cross section is not changed.

The velocity, temperature, friction and flow rate related to the time has
periodic properties.

Each period starts with a strong fluid flow in front direction after that
occurs reverse flow, and then we have motionless state and repeatedly weak
counter flow.

1. When the fluid flow is caused by pulsating drop of pressure or walls

pulsating motion, then the increasing of external homogeneous magnetic
*

field and increasing of leakage Reynolds (R =0 > number causes the
v

increasing of friction and reduction of flow rate.

2. When the fluid pulsating flow is caused by the walls pulsating motion
and pulsating drop of pressure, then the increasing of leakage Reynolds
number causes deceleration of fluid pulsating flow stabilization, and the
reduction of the leakage Reynolds numbers causes the acceleration of fluid
pulsating flow stabilization, and the temperature change in both cases is
slightly different from each other.

3. When the fluid flow is caused by the pulsating drop of pressure,
then the increasing of Hartman number causes reducing of temperature
in porous pipes. This result corresponds to obtained in the previous case
results according of that the increasing of Hartman causes the deceleration
of fluid pulsating flow.

In general, we can make such conclusion:
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a) The stabilization of fluid pulsating flow and temperature change by

pulsating law in non-porous pipes occurs faster than in porous pipes.

b) The impact of external magnetic field on fluid pulsating flow generally

causes increasing of temperature in planar pipe.
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