CONDITIONS FOR THE EXISTENCE OF NEUTRAL
SURFACE OF AN ELASTIC SHELL AND THE
BOUNDARY VALUE PROBLEMS FOR
GENERALIZED ANALYTIC FUNCTIONS

G. Akhalaia', T. Meunargia?

L' 1. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Thbilisi State University
2 University Str., Thilisi 0186, Georgia

giaakha®gmail.com

2 1. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Thilisi State University
2 University Str., Thilisi 0186, Georgia

tengizmeunargia370@gmail.com

(Received 12.02.2019; accepted 16.06.2019)

Abstract

In this paper the conditions for the existence of a neutral surface of
elastic shells is consider, when the neutral surfaces are not the middle
surface of the shell, it is the equidistant surface of the middle sur-
face. Boundary value problems of the theory of generalized analytic
functions are used for convex shells.
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1 Mixed Form of Stress-Strain Relation
Let us write the stress-strain relations in the form [1]
Py = Mgj +2pel  (i,§ =1,2,3, g; =0 (1.1)

where pé» and e’ are the mixed components, respectively, of stress and strain
tensors, # is the cubical dilatation which will be written as

f=c=0+¢5, 0=¢ (a=1,2) (1.2)
when j = 3 from (1.1) we have

Py =2ues,  ps =N+ 2ued = N0 + (A + 2u)ed. (1.3)
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from (1.3)
e§ = —Mpg, (1.3a)

A / 1 3

3
= — 0 . 1.3b
=" Nro Taraul (1.3b)
By inserting expression (1.3b) into (1.2), we obtain
N A
0="0+——p; 1.4
where
r_ 2Ap
A+2u

Substituting expression (1.4) into (1.1) we get
b =T+ Q;

where ‘
TG =N0g§+2ue§, T3=T =0, (0'=c¢3),
. . A
Q% =o'pigs, Qh=rps Q) =pj (a’= >\+2u>'

2 Derivation of the Basic Equation

Now assume that on some coordinate surface S : 2% = const, belonging to
the shell €, the tangential stress field is identically zero, i.e.

Tog =0, (onS:a®= const). (2.1)

Then relations

1 N

1 - A N
~(Va o) = bagUs = 5 Tog — —5——Tlgq
5(VaUs +VUa) = baglUs = 5 Tas = 1 5 T3 9as

imply that the displacement field satisfies the equations
1 - A A N
§(VO‘U5 +VUa) — bapUs = 0. (S : 2 = const). (2.2)

Thus, the coordinate surface Sl = const, for which this condition
holds, is a neutral surface of the shell.

We now pass to the study of the conditions ensuring the existence of a
neutral surface among the coordinate surface S : z3 = const.

The vectorial equation of equilibrium
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1 i
ﬁai(\/gp )+®=0, g= det{gij}?,jzl (2.3)

may be written as
1 1 .
—0a(\/9T“) + —0; Y+ P =0. 2.4
7 (VgT®) 7 (V9Q") (2.4)

Let . )
T = (T%)3=0, Q%= (Q%)ss=0- (2.5)

Then on the middle surface S : 2% = 0, equation (2.4) becomes
1
Va

where

1
Ja

Zag(\/gp?’))xg +B =0, (26)

Ou aoa
(VaT®) + 7

0a(VaQ") + (

o

& = (®),5_,. (2.7)

Let the middle surface S : 23 = 0 be the neutral surface of a shell. Then

o

T=0, ie T =0 on S (2.8)
and equation (2.6) becomes
1 1
va V9

Thus, the satisfaction on this equation is the condition necessary for
the surface S : 22 = 0 to be neutral.

In the sequel we consider thin shell of constant thickness 2h. Denote
(+) (=)
the stress forces acting on the face surfaces ST and S~ by P and P. If
(+) (=)
P and P are the pressure forces, then we egree to denote

ouvaQ )+ ((aP))  wd=0 @9

23=0

(+) (=)
P =-pn, P =qgn. (2.9a)

where p and ¢ are positive scalars. Accordingly, in the general case we
assume that

) ; o,
P =—(P°) s, P =(P")u__ (2.10)

If we approximately represent the transverse stress force by the formula

o 1
P3(zt 22 23) = P3(2t, 2?) + 23 P3 (2!, 2?) (2.10a)
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where .
P’ = (P?) oy, P°=(05P%),5_, (2.10b)
due to (2.10), we have

Consequently

1 5 SO 0 B P+ P
(HowaP)) =1 (P -P)- 5=
L ont - 1P — Long+1)P 9.12
— 5 (2hH 1) P — o (hH +1) P. (2.12)
Here we have made use of the formula
1
(\/gag(\/g))xgo — (83100)0_g = —2H (2.13)

and the boundary conditions (2.10), where H is middle curvatures of the
shell. In view of equality (2.11) we have

° 1

0. o (), (=) 1 /() (=)
a _ I P33« Q) 3 «@ @
QY =0 P"’r*+Psn= 57 ( ) <P

PP PP 2 _ Pa)n, (2.14)

) ) =)
where P* and P* are the contravariant components of the vectors P and P

respectively. In view of equalities (2.14) and (2.11) we may write equation
(2.9) as

oo {valo (B0 = Py s (B B}

1 + 1 () (0)
+E(1—2hH)P +E(1+2hH)P —2® =0. (2.15)

Thus, if the middle surface of the thin elastic shell is neutral then the
(+) (+)
stresses P and P, applied to the face surfaces of a shell, must satisfy the
vector equation (2.15).

Then we have the equation

\}aaa[\/&(a’pra +pn)] + %(1 —2hH)(pn +p°ry) + @ =0, (2.16)
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where )y ) +), (=)
+ - - —
p=P*—p? p*=pr-p° (2.16a)

- o 2(9)
=20+ P. (2.17)

Equation (2.16) is equivalent to the system of equations

1 s
0’ Oup + 2 [(1 = 2hH)aes — hbaglp® + @4 =0, (2.18a)
ia (Va; a)+3[1—2h(1— YH]p + ®3 =0 (2.18b)
\/a (6% ap h o p 3 = ) .

where

- @  2()
@5:—2(I>5+EP5 (2.18¢)
- ) 2(=)
<I>3=—2<1>3+EP3 (2.18d)

We assume that, on the face surface S, only normal forces act, of the form
(i.e.pressure)

(=)
P =gn (2.18¢)

where ¢ is some scalar function of the point at the surface S~. Then
formulae (2.18¢,d) take the form

(0) (0) 2
(I)B = —2(135, @3 = —2(133 + Eq. (2.18f)

From the system of equations (2.18a) it is easy to derive the formula

+,
PP =D~ p=—d(c'dpp + ®p) (2.19)

where

P h[a®P(1 — 4hH) + hb*P]

3132 251
=T onH - R+ ahHEHEL 1) £ bl = bib) o (2.20)

Inserting expressions (2.19) into (2.18b) we obtain the equation

o'V o(d5V,p) — %[1 —9(1— o' \hH]p+ 6 = 0, (2.21)

where

¢ = —¢3 + Va(d*Ppp)
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h h
If the stresses on S~ have the form (2.18e) then, in view of (2.18f) equality

(2.21) takes the form

) L@ oo
ValdPD g) +2¢5—2Va(dP dp).  (222)

2 () ~a,8(o)
¢ = 7a+t 2¢3—2Vo(d* ¢ ) (2.22a)

(+) (=)
In this way, in order to determine the normal component P23 = p+ p'3

+
of the stress force (p) applied to the face surface S*, we have the second-
order partial differential equation (2.21). It is easily seen that for thin and
shallow shells equation (2.21) is of the elliptic type.

3 Formulation of Boundary Value Problems

We now proceed to equations of equilibrium of a continuous medium with
respect to the components of the stress tensor and write them in the vector
form (2.3)
1
V9

Since P! = P R; we may rewrite this equation as

9i(v/gp') + ® = 0. (3.1)

1 1
—0a(v/ap"" Rg) + —0a(/90™*n
7 (Vgp™" Rg) 7 (Vgp*'n)
1 _
+—05(v/gp )+ d =0, (o, B =1,2). 3.2
7 3(Vop”) ( ) (32)
The vector P? is previously fixed. Therefore the expression
1 1

X = —0.(Vgp©n) + —3(/gP3) + &, (p*3 = p3* 3.3
7 (Vgp*n) 7 3(V9P?) ( ) (3.3)

represents the given vector field in the domain 2. Consequently, we can
write equation (3.2) on every coordinate surface S : z3 = const in the
following form:
1 N
\76a(\/§T°‘) +X =0, (onS:z®=const) (3.4)
g

where the formula
T = paﬁRg, paﬂ = pﬂa7 (3.4a)
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expressed the desired tangential stress field, which is unknown.
Let us choose arbitrarily the coordinate surface S : x3 = const and
consider the following boundary value problems:

Problem A:
1 N
—0a(/IT)+X =0 (on S : x> = const), 3.5a
7 (VgT*) ( ) (3.5a)
Py =p*Plols = fi (on dS (Lo =1ry), (3.5b)
Problem B:
1 N
—0a(\/gT)+X =0 (on S : 2> = const), 3.5a
7 (V9T*) ( ) (3.5a)
Py = p™Plysg = fo (on dS (sp = sT3,) (3.5¢)

where Py - expresses the normal stresses and Py~ the tangential stresses
acting on the lateral surface of a shell.
Problem Aj:

%(@QV[g +V5Va) = bapVs =0 (S : 2 = const) (3.6a)
Visy=VSa=0 (on 98S). (3.6b)
Problem B:
1 - - - A
i(VaVQ +VVa) = basVs =0 (S : 2% = const) (3.6a)
Vi =V =0 (on 98). (3.6¢)

where boundary DS of the surface S : 3 = const, are prescribed for any
coordinate surface. In other words, fi; and f2 are given functions of the
point of the lateral surface of a shell. Moreover, by Ag and By, we denote
the homogeneous boundary value problems corresponding to Problems A
and B:

Problem Ay:
1 N
—0a(/gT) =0 (in S: 23 = const), 3.6d
NG (V9T*?) ( ) (3.6d)
Py = p*Plols =0 (on dS). (3.6¢)
Problem By:
1 N
—0a(/gTY) =0 (in S : 23 = const), 3.6
7 (vV9T*®) ( ) (3.6f)
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Py = p™Plyssg =0 (on dS). (3.69)

It will be shown below that Ag and Aj, as well as By and B(, are mutually
adjoint homogeneous boundary value problems. Then from formula

/ XVdS + /(P(M)V(g) + P(ZS)V(S))CZS =0 (3.7a)

S a8
it immediately follows:

1) For the solvability of Problem A, i.e. problem (3.5a,b), it is necessary
that the following condition

// XVdS + / fiVipds =0 (on S : 2 = const) (3.7b)

S a8

be satisfied, where the vector V is any solution of the homogeneous problem
Aj), i.e problem (3.6a,b)

2) For the solvability of problem B, i.e. problem (3.6a,c) it is necessary
that the condition

// zvdS + / faVigyds =0 (on S : 2% = const) (3.7¢)
s a8

be satisfied, where the vector V is any solution of the homogeneous problem
Bj,.

Conditions (3.7a.b) are to be fulfilled for any coordinate surfaces x
const

Thus, problem Aj (3.6a,b) (respectively, B(, (3.6ac) is the adjoint ho-
mogeneous boundary value problem with respect to the boundary value
problem A : (3.5a,b) (respectively, B(, (3.6a,c) is the adjoint homogeneous
boundary value problem with respect to the boundary value problem A :
(3.5a,b) (respectively, B : (3.5a,c)). For convex shells the boundary value
problems formulated are reduced to boundary value problems for general-
ized analytic functions.

3:

4 Isometric-Conjugate Coordinates

In the following we shall deal only with convex shells. Then the coordinate
surfaces S : X3 = const are convex and we may take on them, for Gaussian
parameters, the isometric-conjugate coordinates x, i, with respect to which
the second fundamental quadratic form is

IT = kdS? = A(da® + dy?) = Adzdz, (z=x+iy, z=x—iy) (4.1)

10



The Stresses Concentration Problem ... AMIM Vol.24 No.1, 2019

where
[\ = [;11(;22 =1/ gl;:, 612821 =0. (4.2)

Since ¢ = a#? and K = 07'K, where K is the principal curvature
of the surface s, a is the discriminant of its metric quadratic form and
¥ = (1 — ki1x3)(1 — kox3) the first equality in (4.2) may be written as

A=v2A = Viak, (4.3)

where A = VaK is the coefficient of the second fundamental quadratic
form of the base surface S : 23 = 0 with respect to the isometric-conjugate
coordinates.
For convex shells of class T'S (thin and shallow), in view of approximate
equalities
1—]{1.2133%1, 1—k2$321.

Then on every coordinate surface S : 3 = const the second fundamen-
tal quadratic form I1 may be identified with the corresponding quadratic
form I of the surface S, i.e. we may put

IT= 1T = A(da® + dy?) = Adzdz,

A=VaK (z=ux+iy). (4.1)

Thus, In the case of shells the isometric-conjugate coordinates of any
coordinate surface S : 3 = const may be identified with the corresponding
coordinates of the surface S, representing the parametrization base of 2.

5 Reduction of Tatically Definable Problems of
the Tangential Stress Field to the Boundary
Value Problems for Generalized Analytic Func-
tions

Let G be a domain of the complex plane z = x + iy onto which the co-
ordinate surface S : 23 = const is topologically mappped by means of the
corresponding isometric-conjugate coordinates  and y. The value problems
A and B: (3.5 a, b, ¢) and also A, B{: (3.6 a, b, ¢) may be formulated,
respectively, as follows:
Problem A: B
s’ —Buw' =F  (in Q), (5.1a)

Re [w'(—)? = —KY4f — %ksk3/4X3 (on 8G) (5.1b)

11
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Problem B: _ R )
ow' —Bw =F  (inG) (5.1c)
dz dz - 1, 4 A
1277 - KA Z2 K3/
Re [w = ds] KYAfy + AKX (on 0G) (5.1d)
Problem Al: ) )
Jzw+ Bw=0 (in Q) (5.2a)
dz A
Re [w%] =0 (on0G) (5.2b)
Problem Bj: ) A
sw+Bw=0 (inQ) (5.2¢)
dz A
Re [wﬂ] —0  (ondQ) (5.2d)

where OG denotes the boundary of the G. It will be assumed that OG as
the topological image of ds.
Let us also consider the homogeneous problems, corresponding to prob-
lems A and B
Problem 1210:

dsw' —Bw' =0 (in G) (5.2¢)
/ @ 2 _ A
Re [w (ds) } =0 (on0G) (5.2f)
Problem BO: _ R
Osw' — Bw' =0 (in G) (5.29)
iz dz) :
Re [w = ds] —0  (0ndQ) (5.2h)

Using the general theorems of the theory of generalized analytic func-
tions we can derive the following necessary and sufficient conditions for the
solvability of boundary value problems A and B (see [2])

1 gK - 1o oo .
— F[KM fi+ sk K34 X3 wdz + Re || @FdG =0,  (5.3a)
21 ks 2

og G

1 [k - 1 ooy dZ .
= / VIR AL+~ K34X30 %2 ds — Re // WFdG = 0. (5.3b)
24 ko 2 dl

g el

12
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In equality (5.3a) (respectively (5.3b)) w is an arbitrary solution of
the boundary value problems Af, : (5.2a,b) (respectively problems B :
(5.2¢,d)).
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