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Abstract

The purpose of this paper is to consider the two-dimensional version of the linear
theory of elasticity for solids with triple-porosity in the case of an elastic Cosserat
medium. Using the analytic functions of a complex variable and solutions of the
Helmholtz equation the Dirichlet boundary value problem are solved explicitly for the

concentric circular ring.
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1 Introduction

The first mathematical formulation of flow through triple porosity media is
introduced by Liu [1] and several new triple porosity models for single-phase
flow in a fracture-matrix system are presented by Liu et al. [2], Abdassah
and Ershaghi [3], Al Ahmadi and Wattenbarger [4], Wu et al. [5]. Recently,
The full coupled linear theories of elasticity and thermoelasticity for triple
porosity materials are presented in [6, 7]. It should be noted that all the
papers mentioned above dealt with a classical (symmetric) medium. We
consider the problem of elasticity for solids with triple-porosity in the case
of an elastic Cosserat medium.
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2 Basic equations

Let D be a bounded domain in the Euclidean two-dimensional space R?
bounded by the contour S. Suppose that S € C#, 0 < 8 < 1, ie., S is

a Lyapunow curve. Let © = (x1,x2) is point of space, 0, = T Let the
Ta

domain D be filled with an isotropic triple-porosity material.
The basic homogeneous system of equations for isotropic materials with
triple porosity has the form [8]

(14 a)Auy + (A + p — )01 + 2a0ow — 01(Bip1 + Bips + Bips) = 0,
(1 + a)Aug + (A + p — @)020 + 2001w — a2 (Bip1 + Bips + Pips) = 0,
(v + B)Aw + 2a(01ug — Oauy) — daw = 0,
(1)
0= 81'&1 + 82U2,

where u, are components of the displacement vector, w is the component
of the rotation vector, p; (i = 1;2;3) are the pressures in the fluid phase,
A and g are the Lam parameters, a, (3, u are the constants characterizing
the microstructure of the considered elastic medium, f; (i = 1;2;3) are the
effective stress parameters, A is the 2D Laplace operator.

In the stationary case, the values p = (p1, pa2, pg)T satisfy the following
equation
bi/ar  —aiz/ar —aiz/a1
Ap — Ap = 0, A = —agl/ag bz/ag —a23/a2 (2)

—azi/a3 —asz/az  bs/as

where a; = % (for the fluid phase, each phase i carries its respectively

permeability k;, 1 is fluid viscosity), a;; is the fluid transfer rate between
phase ¢ and phase j, by = a1 + a13, by = ao1 + ag3, by = a3z + aso.

On the plane z1x9, we introduce the complex variable z = x1 + izo =
re”, (i> = —1) and the operators 9, = 0.5(9; — i02), 0; = 0.5(9 + i0z),
Z=ux1 —ix9, and A = 40,05.

The system (1) is written in the complex form

2(p 4+ @)0z0us + (A + p— @)0z0 — 2010w
—0z(B1p1 + Bap2 + Bsps) = 0, (3)
2(v + B)0:0.w + i — 20zu4 ) — 20w = 0,

where uy = uy + tus.
Equations (2) imply that

i = f'(z) + f’(z) + lilxl(z, 5) + liQXQ(Z, Z),
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where f(z) is an arbitrary analytic functions of a complex variable z in the
domain D and x,(z, Z) is an arbitrary solution of the Helmholtz equation

AXOJ(Za 2) - HO&XOC(Z7 2) = 07

Ko are eigenvalues and (l11,l21,031), (li2,l22,l32) are eigenvectors of the
matrix A.

The general solution of the system of equations (3) is represented as
follows [8, 9]:

2uuy = rp(2) — 29/ (2) — ¥(z) +

wb A+ Bt B8) vy 4 )

A+ 2u

+2i0:x(2, ) +

4
3 +M2M62[61X1(Za Z) + d2x2(2, 2)],

2w = 1/2+M5X(z, 2 - ;F 1Z'(so’(z) +¢'(2)),

A l1a l20 I3a .
ﬂ, O 1= 1—51+2—Bg+3—53, »(z) and 1(z) are arbitrary
)\ + 1% Re Ra Ra

analytic functions of a complex variable z in the domain V', x(z, 2) is an
arbitrary solution of the Helmholtz equation

where 3 =

2ua

) e N 2. o=
4azazX(Z7Z) § X(Z,Z) =0, &= (V+B)(M+a)

> 0.

3 A problem for a circular ring

In this section, we solve a concrete boundary value problem for a concentric
circular ring with radius R; and Rp (see fig. 1). On the boundary of the
considered domain the values of pressures p1, p2, p3, the displacement and
rotation vectors are given.

Fig. 1.
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We consider the following problem

400 -
> Alem |z = Ry,
—0oQ

pj = “+o00

> A}’nemﬁ, |z| = Ra,
—Oo
+oo .
Z D;lemﬁ’ |Z’ = Ry,
w={ 2 o=
> Dgemﬁ, |z| = Ra,
—o0

=123 (4)
400 .
Z E;Lemﬁv ’Z| = Ry,
oo (5)
> Eje™ . |z = Ry.

—0o0

The analytic function f(z) and the metaharmonic functions xi(z, z),

X2(z, Z) are represented as the series

—+00
fz)=alnz+ chz",

x1(z,2) = f(anln(rﬂl) + BnKn(rm))eimg,
\2(2,2) = 5 (ulalria) + 8 Fn(ria))em,

—0o0

where I,,(r¢) and K, (r() are modified Bessel function of n-th order, z =

re?’, and are substituted in the boundary conditions (4) we have

+oo
(@+@) IRy + (o — @)id + > Ry (cnemﬂ n Ene—inﬁ)

400 .
11 Y (nln(Rik1) + BuKp(Riky))e™

Yoo . +00 .
+lj2 Y (Yaln(Rik2) + 6, K (Rikg))e™ = 3 Al e,

—0o0

400
(a+a)n Ry + (o - a)it + Y Ry (ene™ + ane—mﬂ>

400 .
+j1 > (andp(Rak1) + BuKn(Roki))e™?

oo g
+lj2 Z (’ann(RW{Z) + 5nKn(R2K‘2))emﬁ = Z A;{nemﬁ’

(J=123).

(7)

From the condition of displacement uniqueness it follows that a—a = 0.

It is also assumed that cg is a real value; that is, ¢y = ¢.
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Comparison of terms independent of ¥ gives

2cln Ry + 2¢o + ljl(Oé()Io(Rllﬁ
+lj2(’yOI()(R1/i2) + (5()K0(R1f£2
2cln Ry + 2¢o + ljl(aofo(Rglf
-l-ljg(’yOIo(Rzlig) + 50K0(R21€2

+ BOKO(le))

)

) = A%,

)+ Bofofo(Rzm)) ®)
)=

A],Oa (] =1,2 3)

—_ =

The coefficients «, ¢y, ag, Bo, Y0, do are found by solving (8).
Comparison of terms involving e’ for n = +1,+2, ... gives

?Cn + Rl_né_n + ljl(anfn(Rllﬂ) + B K. (R1/€1)>
2 (Vnln(Rik2) + 0n K (Rak2)) = A;n? (9)
gcn + RQ_nE_n + ljl(Oén n(szﬂ) + Bn K, (Rglﬂ))

—I—ljg(’}/nfn(Rglig) + 0, K, (RQKQ)) A" (] =1,2, 3).

jn?

The coefficients ¢y, @n, Bn, Vn, On are found by solving (9).
The analytic functions ¢(z), ¥(z) and the metaharmonic function x(z, z)
are represented as series

o(z) =Flnz+ Zanz", P(z) =vlnz+ anz",

—+00

X2, 2) = S (@ L (rm) + BL K ()™,

—00

and are substituted in the boundary conditions (5) we have

(38 —7)Inr + (36 + 7)2’194—2 (s¢anr"e™ — nayrte 20 _p premind)

+0o0o .
+oo > Ble™, |2 = Ry,
B4 S (@ Tt (r) B K1 (rQ)) e HI= § o
—00 Z B;{emﬂ, ‘Z| — R27
— 00

%THZ' <f_ i =it + an ( fi(nfl)ﬁ . anei(n1)§>)

+oo .
oo Z C! e'mﬁ7 ’Z‘ = Ry,
24 / / in)d —o0o "
Z(O‘n‘[n(rg) + BnKn(TC))e = +o0 .
B -0 Z Cgelnﬁ7 ’Z| = R27

46



The Dirichlet Boundary Value ... AMIM Vol.22 No.1, 2017

where
_ BBt B+ Bs) n A
B, =D, N+ 2 (n+1D)r"cpy1 — (n—1)r "e1-p)
4,u 51%1
— —_— 1L — B, 1K,
N+ 2M |: 9 (an 1 n("flr) 671 1 n("flr))
1)
$02 (L) 5n_1Kn(W>>] |
(n=%£1, -2, £3,..),
p(Br + B2+ B3) a 4p
By =Dy — 2 —) -
e X+ 24 <ch+ ) X+ 24
1) 1)
17&1 (aofl(lﬂr) — ,30[(1(/4:17“)) + 27@ (’)/0[1 (/4327’) — 50K1(H2T)):| ,
and C,, = E,,.

From the condition of displacement uniqueness it follows that
#B+75=0.
Comparison of terms independent of ¥ gives

2x1n Rl@ — QR%C_ZQ + 1€ (Oél_lfo(le) — B/_lKo(le))

+2cap — by = B[I), (10)
2x1n RQ@ — 2R%(_12 + i (Oél_lfo(fRQ) — B/_lKg(gRg))

“+xag — b() = B[/)/

Comparison of terms involving e for n = +1, £2, ... gives

{ 1a2 — B— R by + i€ (o) I2(§Ry) — BIK2(ERy)) = BY, (11)
R3a — B — Ry*b_g + i€ (o} I2(ERy) — B1 Ka(£Ry)) = BY,

%Rlan—i—(n 2)R¥ "ay_,, — Ry "0y,
+i€ (o, 1n(ERy) — By, Kn (le)) By,
<Ry, + (n ~ 2)R3" G2n — Ry"b_, (12)
+i& (), In(§R2) — B, 1 Kn(ER2)) = By,
(n=+1, -2, £3,...),

2u (a1 (ER) + B1 K (ER1)) 41, BN\
v+ 8 2 (2R12_R1>_C1’

2u (o) I (ER2) + B1K1(ERg)) 41, BN
v+ 5 — 9 <2R2a2 — R2> = Cl’

(13)
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2 , ,
v _:Lﬁ (anIn(gRl) + /BnKn<£R1))

1
L (04 DR angs + (n— D) R™ay ) = CL,

2 / /
S (TR + 6K (ER2))

1
L (0 DR anses + (n— 1)Ry"a1_n) = O,

(n=0, —1, +2, £3,...).

(14)

From (14), dividing the first equation of (12) by R}, and second by R%,
and subtracting, one obtains the first of the following formulas:

(15)

{ Than + SnafnJrQ = Gn>
S_pyoan +T 20 pni2 =G pyg,
where

i§(v + B)(RyLn(§R2) — RYIn(SR1))
2p(In-1(§R1) Kn-1(§R2) — In-1(§R2) Kn—1(§R1))

§(v + B)(R3Kn(§R2) — RT K, (ER1))
2p

Gn = R}B/ — R'B, —

% (Ol Ky_1(€Ry) — CIKy 1 (ERy)) + .

(Chln-1(§R1) — CLln—1(§R2))
In—1(ER1)Kn-1(§R2) — In—1(§R2) Kp—1(ER1)’
£(se+ 1) (v + B)n(RyIn(ER2) — R 1n(ER1))
Ap(Ip—1(§R) Kp—1(§R2) — In—1(ER2) Kn—1(ER1))
E(e+1)(v+ B)n
4p
(RyKn(§R2) — RYK,(§R1)) (RS In1(§R1) — Ry I 1(§R))
In—l(gRl)Kn—l(fRQ) - In—l(gRQ)Kn—l(le) ’
5(% —+ 1)(” —+ /B)n(RgIn(*ERZ) B R?In(gRl))
Ap(In—1(ER1) Kp—1(§R2) — In—1(ER2) Kn—1(§R1))
E(e+1)(v+ B)n
4p
o (BEK(ER) — RYKn(ER)) (R I 1(ER1) — Ry L 1(ER2))
I, 1(§R1) Ky —1(§R2) — In—1(§R2) Ky —1(§R1)

The second equation (15) is obtained from the first by replacing n by —n+2
and going the conjugate complex expression.

X

T = s(R3" — R{") -

x(RY ' Ky—1(ER2) — RY MK, 1(ER)) +

Sy = (’fl—2) R% - R% -

X (Ry" T K1 (ERg) — Ry" T K1 (ERy)) +
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The coefficients a,, (n = +1, —2, +3,...) are found by solving (15). The
coeflicients o}, and 3], may be found from (14). The coefficients b, may be
found from one of the two formulae (12). Analogous, from (10), (11) and
(13), we can found sag — by, ag, b_2, B, 7, .

It is easy to prove the absolute and uniform convergence of the series
obtained in the circular ring (including the contours) when the functions
set on the boundaries have sufficient smoothness.
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