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Abstract

In the present paper we consider the geometrically nonlinear and non-shallow
spherical shells, when components of the deformation tensor have nonlinear terms. By
means of I. Vekua's method the system of equilibrium equations in two variables is
obtained. Using complex variable functions and the method of the small parameter
approximate solutions are constructed for NV = 1 in the hierarchy by I. Vekua. Concrete

problem has been solved.
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1 Introduction

There are many different method of passage (reduction) from three- di-
mensional problems of elasticity to tow-dimensional problems of the theory
of shells. I.Vekua had obtained the equations of shallow shells [1],[2]. It
means that the interior geometry of the shell does not vary in thickness.
This method for non-shallow shells in case of geometrical and physical non-
linear theory was generalized by T.Meunargia [3],[4].

2 Equations of Equilibrium of an Elastic Medium

A complete system of equations of the three-dimensional nonlinear theory
of elasticity can be written as:

&‘\/ga-i +g® =0, (82 = aii),
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o' = A(RIOU + %anajU) (R +0U)

+1(ROU + RoU + 09UV ) (R, +9,U),
where z!, 22, 23 are curvilinear coordinates, ¢ is the discriminant of the
metric tensor of the space, ® is an external force, o' are contravariant
stress vectors, A and p are Lame’s constants, R; and R* are covariant and
contravariant base vectors of the space and U is the displacement vector

3 Approximation of Order N =1

The displacement vector U (z!, 22, 23) are expressed by the following for-
mula [1, 2] (approximation N = 1)

3
Uz, 22 23) = u(z!, 2?) + %v(azl,x2).

Here u(z!, 2%) and v(2!, 2?) are the vector fields on the middle surface
23 = 0, 2h is the thickness of the shell, 23 is a thickness coordinate (—h <
23 < h), ! and 2?2 are isometric coordinates on the spherical surface

z! = tan B CoS @, 22 = tan 5 sin ¢,

where 6 and ¢ are the geographical coordinates.
Let us construct the solutions of the form [2, 5]

oo [e.e]

k k
U; = Zuiska U = Zvi5k7 (Z = 1a273)>

k=1 k=1

where u; and v; are the components of the vectors u and v respectively,
€ = RLO is a small parameter, Ry is the radius of the midsurface of the
sphere.

Using I. Vekua’s method and complex variable functions the system of
equilibrium equations can be represented in the form

k
ook vy
duh?— | = —- 2(\ h2=— + 2\h
m . + 2N+ p) 57 + 57

k
= X4, (1)

k k k k
ph*Vv? v — 3 [AH(A +2p) vs} = X3,
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0z \ A 0O
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(k=1,2,..)
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where z = 2~ + ix°, A At 222 A@z@éan

k
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+ =V 1+10 2,

k
U4 =uq+1u 2,

k k k
k_l 8u+ 8ﬂ+ k 8U+ 864_
0A(82+8z)’@A(8z+8z '

Introducing the well-known differential operators

0 _1(0 oy b _1(o 0
0z ozl 8302 0z 2 \ ox! Z@xQ '

S

k k k k
X +,Y +,X 3,Y 3 are the components of external force and well-known
) ) 0 k=1 0 k—1
quantity, defined by functions v ;,..., u ;v j,..., v ;.

The complex representation of a general solutions of systems (2) end
(3) are written in the following form

k SA+ 641 )’ d§d77 ¢, dfdn

e[ (4] Jrstn)
— 2)
BT ﬂ) 82 !

by=x(z2) - Bfihm (¢+7).

)
()‘ + 2“) 17 l A(Ca )f’(C)dﬁd"?
3u 1)+ ™ // (—z

( / [ dfd”) P — 2 2) + 12457
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fa=g()+ 30 - o [ [ACO[FG)+ T e ~ sldan,
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where ( = & +in, ¢(2),1(2),f(2) and g(z) are any analytic functions of z,
X(z,z) and w(z,z) are the general solutions of the following Helmholtz’s

equations, respectively:
3N+ )
Ax —r*x =0 2=
X — KX <’<ﬂ N+ 2 )

Aw —7*w =0 (’72:;2>.

D is the domain of the plane Ox'z? onto which the midsurface S of the
shell is mapped topologically.

Here we present a general scheme of solution of boundary problems
when the domain D is the circular ring with radius Ry and Rs [6, 7, 8, 9].

The second boundary problem (in displacements) for any k takes the

form
k 5/\+6u1// cp’ dﬁdn
Uy =

3N+ 2um
C () dfdn — A 0x(z,2)
G—i—; ’Z R17
G/-Ii-a R27
2\h %?/ lz|=R
7]33:X( 77)—m(¢/(z)+m>: ()3’ . (4)
G Ié’ ‘Z| = R27
Eo 2(A+2p)h " (¢, Of( C)dﬁdn
TET T e f // (-

l A(¢, )d‘f Ui 7 () iaw(z,Z)
- %/C )f() (2] + 0407 5

s = g(2) +90) = 5 J [AGO) [J'() + T ¢ — slded

(k)
. Qé} |Z| _R17 (6)
) w,

Q 3 ’Z‘ = R2>



The Method of 1. Vekua ... AMIM Vol.20 No.2, 2015

k) (k) (k) (k) (k) (k) (k) (k)
where G4, G", G4, G5, QL, Q", Q4 and Q5 are the known values.

Next ¢'(z) and ¥(z) are expanded in power series of the type

P =% a2 = 3 b, .
o;oo —00 7
x(2,2) = 3 (anIy(kr) + BuKy (k1)) €7,

—00

where I,,(kr) and K, (kr) are Bessel’s modificed functions, the expression

(k)/ (k) " (k)/ (k "o : ;
G4, G", G%5and G5 in the form of a complex Fourier series

® = ®, = (8)
G //+ _ Z A//Gmﬁ’ G //3 — Z Bueznﬁ

braic equations:

Akh
—m(fn—l(fﬁpbl)an - Kn—l(/iRl)Bn)
2(BA+ 6 — 3 _
Akh
—m(fn—l(/iRz)an - Kn—l(/iRZ)an)
250 — b _oan
—W@—n— n—1 = A_pi1
Axkh by
_m(ln-‘rl(“Rl)an — Knt1(kR1)Bn) — RTrll = A4 (9)
1
A&h
—m(fn+1(/‘ﬁR2)an — Kny1(kR2)Bn)
2(bA + 6 -
(kR )an + Kn(kR1)Bn — —(RNa, + R™a_,) = B!
nlK n n\kK mn - ax . o n —-n) = no
In(HRQ)Oén + Kn(HRQ)ﬁn — m( gan + R;na,n) = Bg,
Ro
where §,, = /QQ"HA(g)dQ.
Ry

k) (k) (k)
Let us introduce the functions f/(z), g(z)and w(z,2), QL, Q@", Q4,
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(k)
Q5 by the series

f/(Z) = chzna g(z) = Zdnzna
w(z,2) = 32 (oIn(yr) + B Kn(yr)) €,
= (10)

k 00 . k 00 .
Qh =% Mg, Qh=13 My,
—00 —00
5// _ i N// indg K "o o__ o M// ind
+ = ne™, Q5= Z n€ -
—00 —0oQ

We now find the coefficients ¢, d,, o, and £}, from following system of
algebraic equations:

2(\ + 2u)h?n _ 2hn -
- n—+1 -n n—i—ld*n
_3ud R’y
2
+g (Oz%fm_l(’le) - ﬁ%Kn+1(7R1)) = N;L—i-lv n=>0
2N H2phPn 26, ot 260 —— 2hn i
3uRATL T RuALTM D puALTT D gl

7
+g (@ Ins1(YR2) = B, Knt1(YR2)) = Nyyy, n>0

2(\ + 2u)h?
AF2ONN oty o~ ohnErld,

BuRy!
1 _
+g (O‘;LIn—l(’YRl) - /B;LKn—l('YRl)) = N’,nH, n>1
2(\ + 2u)h? 26,
(A + “_)1 Lo+ =2, — 2hnRy~\d, (11)
S3plRy Ry
1 _
F 0 (I 1 (1R2) — B (7 Ro) = NV, > 1
n -ng i _ i = _ _
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2n 2" p — — = OnCn — 0080 = M, =41...
1tz 1ty nhRy ¢ nhRy 0¢ e 1
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