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Abstract

Initial-boundary value problem with mixed boundary conditions for one nonlinear
integro-differential equation with source term is considered. The model arises at de-
scribing penetration of a magnetic field into a substance. Large time asymptotic as
t — oo is given. Corresponding semi-discrete difference scheme is studied as well.

More general cases of nonlinearity are studied than one has been studied earlier.
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1 Introduction

In mathematical modeling nonlinear partial integro-differential models are
received very often (see, for example, [1]-[5], [11], [12], [16], [22]). In the
present work one such kind of equation, which describe the process of a
magnetic field penetration into a substance is considered. The investigated
model is obtained by reduction of the well-known Maxwell’s system [17] to
the following integro-differential form [10]

t
H
aat——rot a /]rotH\2dT rotH | , (1.1)
0

where H = (Hi, Ho, H3) is a vector of the magnetic field and function
a = a(S) is defined for S € [0, c0).
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Our aim is to study asymptotic behavior as t — co and semi-discrete fi-
nite difference scheme for numerical solution of initial-boundary value prob-
lem with mixed boundary conditions for the one-dimensional case of equa-
tion (1.1) with nonlinear source term. Attention is paid to the investigation
of a wider case of nonlinearity than already were studied.

Note that the investigation and numerical approximation of integro-
differential parabolic models of (1.1) type are complex and still yields to
the investigation only for special cases (see, for example, [6] - [10], [13] -
[15], [18] - [20] and references therein).

2 Large Time Behavior of Solution

If the magnetic field has the form H = (0,0,U), U = U(x,t), then, adding
the source term f(U), from (1.1) we obtain the following nonlinear integro-
differential equation

aj B 0 oUu
ot ox

a(S)ax] +F(U) =0, (2.1)

where

e - [ () o 22
0

In the cylinder [0, 1] x [0, c0) let us consider the following boundary and

initial conditions:
oU (z,t)

U(0,t) = —0, (2.3)

U(z,0) = Up(z), (2.4)

where Up is a given function.

We use usual Lo(0,1) and Sobolev spaces H*(0,1) and the correspond-
ing norms. The symbol C' below in this section denotes positive constant
independent of .

The following statement takes place.

Theorem 1. Ifa(S) = (1+S)?, 0<p <1, f(U) = |U|972U, q > 2
and Uy € H3(0,1), Up(0) = %ﬂg””)‘ = 0, then problem (2.1) - (2.4) has

x

not more than one solution and the ?ollowing estimate holds as t — oo

|5 =oee (-2).
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Let us note that the same result as in Theorem 1 is true for a problem
with first type homogeneous conditions on the whole boundary (see, for
example, [14], [15]).

3 Convergence of the Semi-discrete Scheme

Let us consider the following problem:

t p

2
o9 1*/@5) ar| O s wy=0, @)
0
v - 20l (3.2)
U(z,0) = Up(x), (3.3)

where 0 < p <1 and f is an increasing function.

On [0,1] let us introduce a net with mesh points denoted by z; = ih,
i=0,1,..., M, with h = 1/M. The boundaries are specified by i = 0 and
i = M. In this section the semi-discrete approximation at (x;,t) is designed
by w; = u;(t). The exact solution to the problem at (z;,t) is denoted by
U; = U;(t). At points ¢ = 1,2,..., M — 1, the integro-differential equation
will be replaced by approximation of the space derivatives by a forward
and backward differences. We will use the following known notations, inner
products and norms [21]:

M-1 M
(u,v) =h Z wvg,  (u,v] = hZuivi,
i=1 i=1

1/2 1/2

[ull = (u, ) lul] = (u, ]

Ux,i(t)ZUJrl()h U()7 um(t):u() hu 1()'
Let us correspond to problem (3.1) - (3.3) the following semi-discrete

scheme:

t p
d’U/i 2 _
i 1+ / (uz;i) dr | ugip + f(u;)) =0, (3.4)
0 x
1=1,2,...,M —1,
wo(t) = g ar(t) = 0, (3.5)
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uz(()) :U[)’i, iZO,l,...,M. (36)

So, we obtained Cauchy problem (3.4) - (3.6) for the nonlinear system of
ordinary integro-differential equations.

Multiplying equations (3.4) scalarly by u(t) = (ui(t), ua(t), ..., up—1(t)),
after simple transformations we get

t p

M

d

%Hu(t)nuhz 1+/(um)2dr (uz)? < 0.
=1 0

From this we obtain the inequality
¢
Ju®|? + [ flus] Par < C. (37)
0

where, here and below in this section, C denotes a positive constant which
does not depend on h.

The a priori estimate (3.7) guarantees the global solvability of problem
(3.1) - (3.3).

The principal aim of the present section is the proof of the following
statement.

Theorem 2. If0 < p < 1, f is an increasing function and problem
(3.1) - (3.3) has a sufficiently smooth solution U = U(z,t), then solution
u = u(t) = (ur(t),ua2(t),...,upr—1(t)) of the problem (3.1) - (3.3) tends
to U = U(t) = (Ui(t),Us(t),...,Up—1(t)) as h — 0 and the following
estimate 1s true

lu(t) =U@)]| < Ch. (3.8)

Proof. For U = U(x,t) we have:

t p
— 1 i i i) = Pi(t),
7 +/(U7)d7' Uz, + £(U;) = () (3.9)
0 z
i=1,2,...,M—1,
Uo(t) = Usm(t) =0, (3.10)
U;(0) = Uy, i=0,1,..., M, (3.11)

where
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Let z;(t) = w;(t) — U;(t). From (3.1) - (3.3) and (3.9) - (3.11) we have:

t p
dz;
d—i — { (1 + /(ux’i)Zdr) Uz i
0

(3.12)

20(t) = zz,m(t) =0,
ZZ(O) =

Multiplying equation (3.12) scalarly by z(t) = (21(¢), 22(¢), ..., z2m—1(t)),
using the discrete analogue of the formula of integration by parts we get

t
2 2 .
el +§;{<1+/ dT) .
! 0

1+ z 'L Z,i Zi,ih (313)
(e frre) )

M-1 M-1
+h Y (f(w) = fU)) (wi = Up) = =h Y~ dhizi.
im1 i=1
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After substituting this equality in (3.13), taking into account mono-
tonicity of f, integrating received equality on (0,¢) and using formula of
integrating by parts we get

’ p

v toL ¢
H2||2+2hz// 1+/[vai+§(um—Um,i)]erl (uz; — Uz,i)” dédr
=19 0 0
YR t p-1
aph Y [ (1 [ Ui+ s - Vs dr
=179 0
. 2
X Uz, +&(uz; — Uz )] (uzs — Uzg)dr | d€
0
v 1t ¢ r
oo = 0B Y. [ [ 14 [ Uit € - e ar
=10 0 0

¢ M-1
| [ st €z = Vs (wss = Vs’ | dedr =21y v
0 i=1

Taking into account relation 0 < p < 1 we have from the last equality

120)]1? < / () Pdr + / lil2dr. (3.14)
0 0

From (3.14) we get (3.8), and Theorem 2 thus is proved.
Various numerical experiments for the studied schemes are carried out.
The results of these numerical experiments agree with theoretical researches.
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