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Abstract

One nonlinear integro-differential system with source terms is considered. The
model arises at describing penetration of a magnetic field into a substance. Large
time behavior of solution of the initial-boundary value problem is given. Corresponding

semi-discrete finite difference scheme is studied as well.
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1 Introduction

One system of nonlinear integro-differential equations is considered. Large
time behavior of solution and semi-discrete finite difference scheme for the
initial-boundary value problem is studied. The investigated system arises in
mathematical modeling of the process of a magnetic field penetration into a
substance. If the coefficient of thermal heat capacity and electroconductiv-
ity of the substance highly dependent on temperature, then the Maxwell’s
system [1], that describes above-mentioned process, can be rewritten in the
following form [2]:

t
H
aat——rot a /]rotH\sz rotH | , (1.1)
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where H = (Hy, Hy, H3) is a vector of the magnetic field and the function
a = a(9S) is defined for S € [0, c0).

Note that (1.1) is complex. Special cases of such type models were
investigated (see, for example, [2]-[12] and references therein). Investiga-
tions mainly are carried out for one-component magnetic field cases. The
existence of global solutions for initial-boundary value problems of such
models have been proven in [2]-[5],[11] by using the Galerkin and compact-
ness methods [13],[14]. The asymptotic behavior of the solutions have been
the subject of intensive research as well (see, for example, [11],[15],[16] and
references therein).

The following one-dimensional system with two-component magnetic
field is considered in many works as well (see, for example, [17]-[22]):
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where a = a(S) is a given function.
For the system (1.2) the convergence of the semi-discrete and full finite
difference approximations of the initial-boundary value problem for the case
a(S) =1+ S with first kind boundary conditions were studied in [22].
The aim of this note is to study asymptotic behavior of solution as
t — oo and to construct semi-discrete approximate solutions for one gen-
eralization of the system type (1.2) by adding monotonic nonlinear source

terms.

2 Statement of Problem and Main Results

In the [0, 1] x [0, 00) let us consider following initial-boundary value problem:

t - P
ou 0 oUN?  [oV\? oU 2
o " ) 2: » (2.1)
ov_ o U\, (v i G-
ot Ox 1+/ (81’) +(8x) ar Ox VIV,
0 L -
U0,t) =U(1,t) =V (0,t) = V(1,t) =0, (2.2)
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U(xv 0) = UO(x)v V($, 0) = Vo(ﬁ), (2'3)

where 0 <p <1, ¢ > 2; Uy = Up(x) and V = Vy(z) are given functions.
The following statement is true.
Theorem 1. If0 <p <1, ¢ > 2 and Uy, Vo € H}(0,1), then problem
(2.1) - (2.3) has not more than one solution and the following asymptotic
property takes place

ou ov t
il < —2).
HUH—FH 6$H+|VH+H6$H _Cexp( 2>
Here ||-|| is the usual norm of the space L2(0,1) and C' denotes positive

constant independent of .

On [0,1] let us introduce a net with mesh points denoted by z; = ih,
i =0,1,...,M, with h = 1/M. The boundaries are specified by i = 0
and ¢ = M. The semi-discrete approximation at (x;,t) is designed by
u; = u;(t) and v; = v;(t). The exact solution to the problem at (z;,t)
is denoted by U; = U;(t) and V; = V;(t). At points ¢ = 1,2,..., M — 1,
the integro-differential equation will be replaced by approximation of the
space derivatives by a forward and backward differences. We will use the
following known notations:

rit1(t) —ri(t)

r; (t) —Ti—1 (t)
3 , _—.

z,i(t) =
ret) ;

rei(t) =

Using usual methods of construction of discrete analogs (see, for exam-
ple, [26]) let us construct the following semi-discrete finite difference scheme
for problem (2.1) - (2.3):

t p
dui _ 32 RV . 192,
pT 1 +/ [(Um,z) + (U:p,z) :| dr Uz i |ul‘ Ug,
0 T
. » (2.4)
dv; _ 32 )2 . 192,
dat 1 +/ [(ur,z) + (Ux,z) :| dr Vz,i "Uz‘ (%)
0 T
i=1,2,...,M—1,
UO(t) = U,M(t) = ’Uo(t) = ’UM(t) = 0, (25)
ul(O) = Uo’z', ’Ui(O) = U(),i, 7 = 0, 1, . ,M. (2.6)

The following statement takes place.
Theorem 2. If0 < p <1, g > 2 and the initial-boundary value problem
(2.1) - (2.3) has the sufficiently smooth solution U = U(x,t), V =V (x,t),
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then the semi-discrete scheme (2.4) - (2.6) converges and the following
estimate 18 true

[u®) = U@l + [lo(&) = V@), < Ch.

Here ||-||;, is a discrete analog of the norm of the space L2(0,1) and C
is a positive constant independent of h.

3 Convergence of the Semi-discrete Scheme

In section 2 we constructed Cauchy problem for nonlinear system of ordi-
nary integro-differential equations (2.4) - (2.6) as semi-discrete analog for
problem (2.1) - (2.3). The aim of the present section is the proof of the
Theorem 2.

Introduce inner products and norms:

M-—1 M
(T,g)h =h Z Tigi, (T7g]h = hzrigiv
=1 1=1

M—1
1/2 1/2
Il = ()0 el = (el e, =B il
i=1

After multiplying scalarly corresponding equations in system (2.4) by
u(t) = (uy(t),u2(t),...,up—1(t)) and v(t) = (vi(t),v2(t),...,va—1(t)) and
using discrete analog of integrating by part we get:

M t P

d

@)+ 0y 1+/[(u$7i)2+(vx,i)ﬂ dr | (uz)? + Ju®)], =0,
=1 0

d M / !

o7 +hY" 1+/[wmf+wmfyh (va)? + lo()]2, = 0.
=1 0

From these relations we obtain the following inequalities:

t t
@1+ [ Vusliiar + [ lu(olzpr < c.
’ 0 (3.7)

t t
o1+ [ leslfiar+ [ Ioo)1g,r <
0 0

The a priori estimates (3.7) guarantee the global solvability of the prob-
lem (2.4) - (2.6).
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Proof of Theorem 2. For U = U(z,t) and V = V(x,t) we have:

¢ p
dcgi a { (1 +/ [(Ui,i)z + (Vm)z] dT) Ux,i} + U2 U

0
= 11,4(1),

t P (3.8)
av; _
ﬁ{<1+/ﬁ%ﬂzﬂ%ﬂﬂm)‘k} +IVi? Y,

0 x

= 1o(t),
i=1,2,... . M—1,
Uo(t) = Unm(t) = Vo(t) = Vu(t) = 0, (3.9)
Ui(0) = Ups, Vi(0) = Vo, i=0,1,..., M, (3.10)

where
Yri(t) =0(h), k=1,2.

Let z;(t) = u;(t) — U;i(t) and w;(t) = vi(t) — Vi(t). From (2.4) - (2.6)
and (3.8) - (3.10) we have:

% - { (1 +/ [(uz,)® + (v2,0)°] dT) Ui
0
- (1 +/[(Um)2 + (Va)?] dT) Uwvi}

0

+ |2 — |59 U; = —1,i(t),

d;t)i - { (1 +/ [(Ui:,i)Q + (U;ﬁ,i)2] dT) Vz.i
0
- (H / [(Uz.0)? + (Vz,i)?] dT) v}

(3.11)

0
+ [og] T2 vy — VT2 Vi = —aho (1),
Z()(t) = ZM(t) = wo(t) = wM(t) = 0,
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Zi(O) = wi(O) =0.

Multiplying scalarly on z(t) = (21(t), z2(t), ..., zpm—1(t)) the first equa-
tion of system (3.11), using the discrete analogue of the formula of integra-
tion by parts we get

1d U / ’
5@”2”2 + hz 1+ / [(Ujﬂj)Q + ('1)37;72‘)2] dr Uz,i
i=1 0

p

t
-1+ / [(UZE,Z)2 + (Vi,z)2] dr Uj7i Rz
0

M-1 M-1

+h Z (\Uz‘|q_2 u; — |U; |42 Ui) (ui —U;) = —h Z Y1,i%.

i=1 i=1

Analogously,

1d M /
iﬁl\wﬂz + hz 1 +/ [(uz,0)® + (v50)?] d7 | vzs
i=1 0

t p
— |1 +/ [(Uzi)? + (Vai)?]dr | Vi pwsi
0
M-1 M—1
+h S (1l 20— VT2 V) (0 = Vi) = —h S o
=1 i=1

Using monotonicity of the function f(r) = |r|7~2r, from these two equal-
ities we have

M t p
1d
33 (el + 1wl + a3 4 1 [ wao? + @] dr | ua
=1 0

p

t
— |1+ / [(Ui,2)2 + (Vj,z)Q] dr Uj7i Rz
0

(3.12)

M t
+hz 1 -+ / [(Ua-;ﬂ‘)Q + (’U@Z‘)Z] dr 1)5;71‘
' 0

=1
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Note that,

1 t P
:/jf (1+/{[Uzz+§(uzz UmZ)] + [Vai + &(va sz)]Q}dT)
0 0
X [Ug;,i + f(uj;,z - U:z,z)] d§ (ui‘,i - Ui,i)
1 t P
d A o2 -~ I ARANE
+ O/ d—g (1 + 0/ {[Uf,z + g(ua;,z UI,’L)] + [Va:,z + g(Ux,z Vx,l)] }dT)

X Vi + &(vzs — Vai)] d€ (vai — Va,i)

1 t p—1
= 2;0/ (1 + / Umz +£ Uz,i — xz)] + [Vi,z + g(vi,i - Vf,z)]Q} dT)
0

0
t

< / ([Usi + i — Usa)] (i — Usi) + [Vas + E(vss — V)] (vas — Vii) b dr
0

[U:Z‘ i+ f(um — ’,i)] d§ (U:E,z‘ — Uic,i)
t P
(1+/ Uwz+§ uwz_ mz)] + [Vw,i+€(vz,ivx,i)]2}d7)
0

1
+
0
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X (uz; — Ugi) d€ (uzi — Uz i)

1 t p—1
= <1+/ Ui+ Elutas — Us, )P [v“+§<vmvm>]2}df)
0

0

X (Vi + &(vzs — Vai)] d€ (vai — Va,i)

1 t p
+o/ (1 : 0/ {[UW + &(uzi — Us)]” + (Vi + E(va — Vf’i)]z} dT)

X (Uf,z‘ - V:?:,i) dg (Uaz,i - V:E,i)

1 t pl
2 2
2p0/ (1 + 0/ [Uz,i +&(uzi — Uz )] + [Vai + &(vzi — Vaa)l }dT)

t

X /{[Ua‘c,z‘ +&(uz,; — Uzy)] (uzi — Uzi) + [Vai + (i — Vai)] (Ve — Vae) b dr
0

X {[Uz,i + &§(uzi — Uzi)] (uzi — Uzi) + [Vai + E(vai — Vai)] d€ (vas — Vas) b d§

1 t P
+/ (1 + / {[U:Z",i + &(uzi — Us ) + [Vai + £ (v — Va‘c,z’)]Q} dT)

0 0

X [(uiZ — Ug—w-)2 + (vz,; — Vi,i)z} d§

1 ¢ Pt
p— — . 2 — . - — - 2
- po/ (1 + 0/ Uac % + § Uz K Um,l)] + [Vw,z + S(UIJ Vw,l)] } dT)

t p
(1 + / [Usi + &uzi — Us)” + [Vai + €(vai — nyi)F}dT)
0

1
+
0
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X (um — U@Z‘)Q + (U;@i — Vi’i)ﬂ df

After substituting this equality in (3.12), integrating received equality
on (0,t) and using formula of integrating by parts we get

M t 1 t
||z||2+||w|2+2h2// 1+/ {[Us s+ E(uns — Uz
0 0

=1 0

Vi + € — V) b dr' ) (s — Us)? + (va — Vi)?] dédr

p—1

V! t
+2ph2/ 1+ / {[Um + &(uzi — Us)]? + Vi + E(vai — Vf,i)]2} dr
0 0

=1
t
/{[Um + &(uz,; — Uzyi)| (uzi — Usz,i)
0

+ [Vai +&(vzi — Vai)] (v — Vai)} d7)2 d.

1 t t
// ]-+/ Uwz+£uzz_Ui,i)]2
0 0

0

Mz

—2p(p h

I
—

+ [Vzi+ &(vzi — iji)]2} d7/>p72

X {[Ua‘c,i + &(ugz; — Ui,i)]z + [Vz,i + &(vzs — V:E,i)]Q}

’

t

x / ([Usi + €z — Usd)] (umi — Usi)

0

A 2
+ (Vi + vz — Vi) (v — Vi) dr ) dedr
M-1 U
—2h / (1,52 + Yo w;) dr
0

i=1
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Taking into account relation 0 < p < 1 from last equality we have

lz@)I7 + [l @17 < / (17 + llw()II7) dr
0

(3.13)

t
+ [ ool o
0

From (3.13) using Gronwall’s inequality we get validity of the Theorem

Note that investigated semi-discrete scheme (2.4) - (2.6) is using for
numerical solution of the problem (2.1) - (2.3) by natural discretisation
of time derivative and integral as it are given for example in [23], [24] for
the case p = 1. Solving the obtaining finite difference scheme we use a
algorithm analogical to [25]. So, it is necessary to use Newton iterative
process [27]. According to this method the great numbers of numerical
experiments are carried out. These experiments agree with the theoretical
results given in the Theorems 1 and 2.
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