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Abstract

I. Vekua has constructed several versions of the refined linear theory of thin and
shallow shells, containing the regular process by means of the method of reduction of
three-dimensional problems of elasticity to two-dimensional ones.

In the present paper by means of the |. Vekua method the system of differential
equations for the nonlinear theory of non-shallow shells is obtained. Using the method
of a small parameter, by means of Muskhelishvili and Vekua-Bitsadze methods, for
any approximations of order N the complex representations of the general solutions
are obtained.

We also consider the well-known Kirsch problems for plates on the basis of Reissner-
Mindlin's type and of I. Vekua's refined theories.

Key words and phrases: Non-shallow shells, metric tensor and tensor of cur-
vature, midsurface of the shell.
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1 Shallow and Non-shallow Shells

A complete system of equilibrium equation and the stress-strain relations
of the 3-D nonlinear theory of elasticity can be written as:

Vie! + ®=0, o'=FE"e, (R; + du), (1)

(iv.jvpa q,= 17273)

where V; are covariant derivatives with respect to the space curvilinear
coordinates 2, o and ® are the contravariant ”constituents” of the stress
vector and an external force, e;; are covariant components of the strain
tensor, u is the displacement vector:

2e;; = R;0ju + R;0;u + 0;udju, (2)
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BP9 =)\g" gP1 4 1i(gP g7 + ¢"1g7P),  (g"=R'R7)
A and p are Lame’s constants, R; and R are covariant and contravariant
basis vectors of surface S (23 = const) of the 3-D domain 2, which are
connected with the basis vectors r; and r® of the midsurface S (z° = 0) by
the following relations:
R; = Af:rj, Ri:Azrj, R}*=Rs=r’=r3=n
Al =af —asb], AP = Al =0, (3)
%= 19_1[@% +23(b5 — 2Hag)], ¥=1-2Hz3+ K2,

(,3=1,2; —h<a’=x23<h)

where a3 (aag, a®?) and b3 (bag: b*?) are mixed (covariant, contravariant)
components of the metric tensor and tensor of curvature of the midsurface
S (z3 = 0), x3 is the thickness coordinate and h is the semi-thickness of
the shell 2, H and K are middle and Gaussian curvatures of S, and n is
unit vector of the normal to S at the point (z!,2?) € S.

The main quadratic forms of the midsurfaces S and S have the forms:

[ =ds® = anpdr®dz’®, 11 = kyds® = bogda®dz® S(zz =0), (4)
[=ds® = gaﬁdxadxﬁ, I = k:d3® = Bagdwada:ﬂ S($3 = const),

where k; and l;‘s are the normal curvatures of the surfaces S and S:

dz®
QB = TaTg, ba,@’ = —TaNng, ks = ba/BSaSB’SQ - di’ S(I‘g = 0)’
S
Jap = RaRﬁ = QqB — 2$Sbaﬂ + $§(2Hbaﬁ - Kaa@)’ (5)

~ N

bag = (1 —2Hx3)bop + 23K ans, S(w3 = const),
(blbyg = 2Hbog — Kaag).

The unit vectors of the tangent § and tangential normal [ are expressed
by the following formulas:

R ds 4 ds
s = [(1 - J:Sks)s + .TngS]%, l= [(1 - $3ks)l - $STSS]£ (6)

ds = \/1 — 2w3ks + 23(k2 + 72)ds,

where s and [ are the unit vectors of the tangent and tangential normal
of the midsurface S, ds and ds are the linear elements of the surfaces S
and S, respectively, 7, = —baﬁlo‘sﬁ is the geodesic torsion of the surface S,

1 1
<l1 = %82,l2 = \/aSl> .
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Under shallow shells we mean 3-D shell-type elastic bodies satisfying
the following conditions

ag - x3b§ = Qg = R,=r,, Ragra’ Gap = a3, l;aﬁ = baﬁa (7)
i.e. in the case the interior geometry of the shell does not vary in thickness
and therefore such kind of shells are usually called the shells with non-
varying geometry.

For the Koiter-Naghdi refined theory of shells these relations have the
form:

R*=(ag + .’L'3bg)lﬁ, R, = (a? — 2300)rs, (8)

Jop = Gap — 2x3boc[37 gaﬂ = 0 + 21,31)046’

i.e. in this case only linear part with respect to x3 is retained.

In the sequel, by non-shallow shells we mean 3-D shell-type elastic bod-
ies satisfying the relations (3), (4), (5), (6).

To reduce the 3-D problems of the theory of elasticity to 2-D ones, it
is necessary to rewrite the relation (1), (2) in forms of the bases of the
midsurface S (z3 = 0).

The relation (1) can be written as:

Va(90) + 83(003) + 00 = 0, (9)

. . i 1 .
ol — AglAgle WP (e, 9U) + 51431 (0pU0,U)|(rj, + Ag-l(?jU), (10)

where V, are covariant derivatives on the midsurface S (z3 = 0),

M“]lpll]l — )\a’lljlaplfh —|—,u(a“p1a31q1 +a11q1aj1p1) (alljl — ,’Jl,r]l) (11)

2 I. Vekua’s reduction method

In the present paper we use I. Vekua’s reduction method for the nonlinear
theory of non-shallow shells (I. Vekua used the method for linear theory of
shallow shells) the essence of which consists, without going into detals, in
the following: since the system of Legendre polynomials P, (%) is complete
in the interval [—h, h], for equation (9) the equivalent infinite system of 2-D
equations is obtained

m m— m— (m)
Va(a) o th-l—l (( "D s (m3) 3+._.> L F o (12)

where

h
m); M\ 2m+1 ; °
<a , P ) =~ /(190 ,19‘1>)Pm (53) dxs,
—h
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(m) (m) 9m 11/« (=) (-
+ W;h (19 (0)3—(—1)m ¥ (U)3>,

(£) 9
9 =1F2hH + Kh* ).

Thus we have obtained the infinite system of 2-D equations (12), for

which the boundary conditions of the face surfaces (r3 = +h) are satisfied,
£).
ie. (0')5 = o3(x', 2%, £h) is the preassigned vector field and is entered in

the equilibrium equations.
The equations of the state (10) may be write as:

my; 1 .. = (m); (m1)  (m), (m1)
o :§M 1P Z{((nji)“l;qul -Dy, U+(A31({11rp1 Dy U |7rj+

+Z

(m) iip (m1) () .y (m1) (m2)
+ ( A )21]1271 L D U +( A Sljlthrpl Dq U Dq U +
mi1,m2 mi,m2

m1=0

i pa (D @' (nr}g))rh

11P1q1

(mm)

1) (ma2) (m3)

(m
oY W 0,0, ), U]}

mi,m2,Mm3
m30(172

where

(m) 9 1
U — m+ /UP x;)dl'g,

(m) m) . (m), (m) (m+1)  (m+3)
DU =095 U +6} U ; U’:2mh+1< U'+ U +> (14)

- Qm“ IAL AD Py, Pudis
(ml)zljl

h

() 2m + 1
mis ngﬁoﬂ”l T / IAL AJ AP P, Py P, (15)
( A %{Z]plql - / VA AglAgl Al Py, Py P Prdas.
mi,m2,ms3
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The passage to finite systems can be realized by various methods one
of which consists in considering of a finite series, i.e.

go' U.0my = 5 (@0 T D (22
( o ) ’ ) - T’LZO @ (%) )
where N is a fixed nonnegative number. In other words, it is assumed that

(m) (m) ; .
U=0, o'=0, if m>N.

Approximation of this type will be called approximation of order N.
The integrals of the type (15) can be calculated, for example

(%)) o = 2m+ ! /19 'BY, (03) B, (v3) Py (52) P (52 dls =

2m+ 11, B P, (y)Qm(y)7 myp < m>:| vz LglLﬁ1
5 {Bal(hy)Bﬁl(hy)<Qm1(y) Poly). my <m yj_iK om . (16)

it E#0 K # 0 and equals a$ a’ 5,0m,, i E= H? — K = 0; where Q,,(y)
is the Legendre function of the second kind, E is the Euler difference,
Bf(z) = af +zL§, Lg = bj — 2Haj. Under the square brackets we mean

the following:
[FW)2 = fly2) = f(y1), w2 = [(HFVE)R] ™

Note that for Koiter-Naghdi’s non-shallow shells the following expres-
sion

(m) ap m I¢] B «
(A)a1ﬁ1 _aa1a515 —I—h(aalbﬁ1 +a51aa1)>< (17)
mi
m m+1
X(2m Tomi-1t 90 +35m1+1>

is obtained.
For the integrals containing the product of three Legendre polynomials
we have

h o
(;nl) s = 2m+1/ " T T P, P, P dmg:Mx
(m1,mz) PrB2ls 2h A 1-— 2H$3 4+ Ky MM K2hA
mzn(ml,mg) "
Z Ymimar Z CHlg2ash” ’ y" Ps(y)Qm(y), s<m )
815233 0y10y2 | y1 — Y2 Qs (y)Pm(y), s>m

Y1

23



AMIM Vol.15 No.2, 2010 T. Meunargia

where s = my + mo — 2r,

Ay AAL L 2(ptq) —4r 41 o 13---2p—1
Tear Aprg—r 2p+q)—2r+1" 7F p
Bg, (x)Bg; () By} (= Z Corpan ¥

For the integrals containing the product of four Legendre polynomials
the corresponding presentations can be written similarly.

3 Introduce a small parameter

. h . . .
To introduce a small parameter ¢ = —, where R is a certain radius of

curvature of the midsurface S, from (12) will be obtained the following
finite system of 2-D equations (approximation of order N):

(m) (m) m-1) (m-3) (m)
hV 0o —ebBo®3R — 2m +1)( 0% + o3° + ) + FP =0,
(m) (m) m-1)  (m-3) (m)
hV a0 + ebago®R — 2m+1)( o8 + of +-- ) FFS =0, (18)

(m) — (m)
(¥ =0o'r!, m=0,1,..)

(m)
To find components of the displacement vector (ﬁ) and stress tensor o¥
we take of following series expansions with respect to the small parameter

e
(W05, F) = 30 (), e

n=1

Substituting the above expansions into the (13) and (18) than equalizing
the coefficients of expansions for €™ we obtain the following 2-D finite system
of equilibrium equations with respect to components of displacement vector
in the isometric coordinates aj; = ages = A(z,z), which has the following

24



On the application of Mushelishvili ... AMIM Vol.15 No.2, 2010

complex form:

(m,n) (m, ”)

4pd=(ATDUY) 20+ 0= B+ 2005 uly — (2m o+ D)

(m—1,n) (m—3,n) (m,n)

[285((1%&;’”)—4—(7”&2’”)4-“-)—l- o+ —f—-"}-ﬁ— Fp =0, (19)

(V2(m R )) — 2m+ 1A (m_el’") L )+

m—1,n) (m—3,n) (m,n)

(/\+2u)<( uz 4+ uy +---)}+ Fy =0,

where u, = uq + iug, = A1 (82u+ + O;HJF), 2z =zl +ix2,20, = 01 — 0y,
ot
A 0z0Z
Obviously, in passing from the n-th step of approximation to the (n+1)-
th step only the right-hand side of equations are changed.
Below the upper index n will be omitted.

The general solution of the homogeneous system (19) we can find the
form

(m)
U4+ =

\

/ @0 (¢ 1%(0ng —W)%m _

/ / Al al) dsg+m¢af<z>—2¢a<z>)5lm+ (20)

EE2(70(]( )52m + 772801 53m7
W
us = 3 -

2| (¢h(2) + A (Ndim — (24(2) + LN Gam|, (M =0,1,..,N)

0) (0 (0) —
Vi=Va=0, uz=¢1(2) +¢1(2), if N=0,

_ m)  (m)  (m)
(dsc—A(C,C)dédn, (=&+in, Vi=W +z'V2> .

()il — 2ldS¢ = 1 (2) = $1(2) ) dom

where ¢ (2),¢](2),15(2),4](2) are holomorphic functions of z and express
the biharmonic solution of the system (19). Then &, &9, 11, 72 are known
constants.

Note that for a plate (i.e. A = 1) the expression of u; coincides with
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the well-known representation of Kolosov-Muskhelishvili [1]

0y = () — 5 — ),

(m)
Substituting expressions (20) into (19) the matrix equations for V; are

obtained
VXV + AV =X, V2Q+BQ=Y, (21)

where V' and 2 are column-matrices of the form

(0) (1) (N) (0) (1) (N) 1 (0) (1) (N 1
V= (‘/17‘/17"'7 Vla‘/?),‘/éa"'a‘/é) ) Q= (VY27V27"'7 VZ) 3

and A and B are block-matrices 2N +2 x 2N +2 and N +1 x N + 1
respectively.
Colomn-matrices V' and €2 are expressed by 3N — 1 metaharmonic func-
tions W; and x;:
W = (Wl,WQ,...,WQN_1>T, Q: (Xl,XQ,...,XN)T,
which satisfy the following matrix equations
VW —CW =0, V?Q-DQ =0, (22)

where C = {Cij}QN_LQN_l and D = {dij}N,N-

Using now the formulae Vekua-Bitsacze for the homogenous matrix
equations (21) we obtain the following complex representation of the gen-
eral solutions

W = 2Re{ f(2) +% / / AL DR, %, 6.1) (1) dtdi),

20 2o

z Z
Q =2Re{g(z) + ]i)//A(t,t)r(z,z,t,t)g(t)dtdt},
20 Zo
where R and r are the Riemann’s matrix functions of the equations (22),
f(2) and g(z) are holomorphic column-matrices:

F(2) = (F1(2), - v (2), v (2), - fan-1(2)T, 9(2) = (91(2), -+, g (2) "

Then particular solutions of the matrix equations (21) have the form

A z Z
V(z,E):i / / AEDR(LE, 2,2) X (4, DdtdE,

20 Z0o

SAZ(Z,E):% / / A DT, 2,2)Y (4, D) dtdE.

20 2o

26



On the application of Mushelishvili ... AMIM Vol.15 No.2, 2010

where

z Zz

=~ 6
-
Sl

<]Z>)2//A(t1,t1)(/ A(tg,fQ)dth{2)dtldgl+_._

4 The refined theories of plates and
the Kirsch’s problem

Now we consider various refined theories of plates and the kizsch’s problem
for the concentration of stresses near the hole.

The system of Reissner-Mindlin’s equations for tension-pressure coin-
cides to the classical theory of generalized plane stress.

For bending of plates the system of Reissner-Mindlin equation can be
written in complex form [3]:

0. (M1 — Mg + 2iMi2) + 9z(Mu1 + Maz) — Q+ (23)
0.Q4 +0:Q4 = M3, (Qy =Q1+1iQ2), (20.= 61 —i0y),
where
. 8uh? .
My — Mao + 2iMyo = 0:Vy, (Vi=Vi+ila),
4(N\?
My + My = (3+M)h3p7 (p = 2Red. V), (24)
5uh
Qs = ’; (20:V5 4+ V), (Reissner)
4uh

QR+ =

The system of equilibrium equations with respect to components of
displacement vector has the complex form:

3 —(20:V3 + V4). (Mindlin)

pAVL 4+ 2(X" + 1) 0zp —

3
A — M
pH(AVs +p) = o, M.

O

27
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The general solution of the homogenous system (24) have the complex
form

- 8\ +2u)hr——— —
Vi =i0sw + @(2) + 2¢/(2) + (—guu)@”(z) — 2¢/(2),

Vs = — 2(zp(2) + o) + $(2) + (), (26)

Aw—wwzo,

where p(z) and 1(z) are analytic functions of z.
The boundary conditions for Cirsch’s problem on the hole’s contour I'
have the form

My +iMis =0, Q=0 (27)
and in infinite we have
MY =M, (Mia= My =Q4+)> =0.

Now we consider this problem by I. Vekua’s refined theory of plates.
I. Vekua’s first method (so called ”simplified scheme” )

) m) (m)\ (m) (™

0512) +3z< o11 +022> —o, +F =0,

0. ((5h -5k + 2

(28)
(m) | ) (m) (M) m)  (m) | (m)
0,04 + 0:04 —ass3 + F3 =0, oy = 013 + 10923
where
(Tg’)n —(ng)m + 21'(”(})12 = 4M32(27)+7 <(717)+ = (Zb)l + i(z)z)
(m) (m) (m) (m) (m) (m)
011 + 0922 = 2()\ + /L) 0 +2)\D3 u’s, 0 =2Red, u + (29)

) _ ,,L(zaz(??g + p,m ) ,

(m) (m) (m)
033 = A0 + (>\+2,LL)D3 u 3,

N
(m) _ 2m+1((m-1) (m-3) (m)2m + 1 1—(=1)*t™m(s)
Z3="7 ( 03 + 03 +-'->, D3 u . ng (2) U,
2 lh (m) (m) 9 1
(m); 2m+ i o3 o) 2m+ 1)
o= o /O'Pm<h>dl'3, F =& + o <O’3 (—1) 03>.
—h
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II. Vekua’s second method (so-called "normed moments method”)
The sistem of equilibrium equations coincides with (27), then
(73)11 —(nf;)m + 22(73)12 = 4M82(717Z)+a
(m)
Cors A = 20N+ 1) 6 + 2ADy

al s+m )‘2 &) (s)
2w 31 () (555, 0+ ADas ),
s=0

(m)

m
u3z—

A+ 2u (30)
(m) (m) (m) al (s) (s)
oy = M<23z uz+Dsuy —enm Z(l — (=1)*t™) (28Z us + D3 u+)>,
s=0
(m) (m) (m) al (s) (s)
o33 =A0 + ()\ + Qu)Dg U3 —ENm Z(l — (_1)s+m) ()\ 0 + ()\ + 2M)D3 U3>,
s=0

ENm =

2m +1 (—=1)N+m
N(N +1) (1_ N+1 )

It is easy to see that equations (27), (29) constitute a normal system of
6N + 6-th order if the conditions
1-2enm#0, (m=0,1,...,N) (31)
are satisfied. These conditions are violated when N = 0,1,2 and they are
satisfied when N > 2. For N = 3 we have

1 3 5 7

€31 €32 = 57 €33 = o~

£307 190 SB1T 5 2

The system of equilibrium equations for N = 3 takes the complex form

(0) ©
Ady + 20\ + p)ds 0 =0,

(1) . Voo © @y , 511
Aug +2(\" + ,u)@—z ~ 5 [28— (5 3 U3> + Eu+] =0,
@) . @ ) LN 52
Aty + 20\ + 1) Z - [28 (7U3 3 3> n hu+} —0,
Ay + 2007 + ). 6 =0, (32)
(0) 21(2)

A(5(3)3 —(5)3) + % 6 =0, A(ﬁé _ 3(3)3,) +20 =0,
W Gn 91

A(76 -30) +2<Ah+2“)(5’3:0,
© @ 5

A(50 - ) +5(AZ“)(&)3=0.

The general solution of equation (31) is expressed by the formulas

29
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a) for the tension-pressure of plates

U = () — 52 ~ T
D= Do ;Af;; (022) + 225)) + 502,
21
(1<)Aw ;hﬁw)\: 0),
ty = 3 B h(2) — Be(2)
= T Re[11)+ gz
b) for, the bending of plates
Wy = Bosw+ 3T (01(2) + 23 + D)
5
(:g)Aw ;A@ZL: O>’
U = o 2M903(Z) — 25(2) — ¥5(2),

o A+ 2u
uz = 2R6[f2(2’) 2(3)\+2M)Z901(2)j|7
2) 4h A

- / _ /
uz = 21 3/\+2MR€{7901(Z) 3803(2)}7

where pg(2),Yr(2), (k = 0,1,2,3) and f,(2), (o = 1,2) are arbitrary ana-
lytic functions of z = z1 + ixo.

Th Cirsch’s problem for these cases can be written as:

a) boundary conditions in infinite:

0 * 0) > 0 0\~
(0)11 = P, (0)22 =D, <(a)12:(a)3i> =0, (tension — pressure)

or

oo oo 0
(01')11 = Ml, (01')22 = MQ, <(00')12 Z(g')gﬂ> = O, (bendzng)

and
b) boundary conditions on the circular hole (|z| = R):

(Z—n'l??“ + Z(g?r)ﬁ = 07 (?23 = 07

(m=0,1,2,3)
Py, Py, My, Ms-are constants.

30



On the application of Mushelishvili ... AMIM Vol.15 No.2, 2010

Conclusion

1. a) I. Vekua’s approximation of order N = 0 (first method) gives the sys-
tem of plane deformation equations. The coefficient of stress concentration
K, considers with well-known meaning

(0)

mazx Ty

P ) ( 1 ) 2 )
b)I. Vekua’s approximation of order N = 0 (second method) and Reiss-
ner’s method describe the generalized plane stress, i.e. K = 3.
2. a) I. Vekua’s approximation of order N = 1 (first method) for the
tension-pressure of plates gives the following formula for K

2:cKo(3) + [4 + 5(1 — 02) 32| K1 (%)

K=1+ 22(1 — 02) %Ko (3) + [4+ (1 — 02)3%| K1 (%)’

R2
where »? = %ﬁ’ ie. K = K(h,R,0) depends on h, R,o (Poisson’s
—0
h —

: h
coefficient), and when % — 0 or %

T 1
Vet + 0

b) for the plate’s bending I. Vekua’s approximation N = 1 and Reiss-
ner”s method give us:
(I. Vekua’s N =1)

o0 = K = 3 (because K,(z) =

Ko(s) 3R?

K=1+2 -2

TR 120 -V Ko(z) F T w2

and when % — 0 we have K = g:%g
(E. Reissner)

1 K 2

K=1+2 (1 +0)Ks(>) L, = O

(14 0)Ka(5) + 20 Ko() 2h?
and when % — 0, then Reissner’s coefficient K coincides with classical

54 20

results, (Kq =

3+ 20)'
3. a) I. Vekua’s approximation of order N = 2 (first and second meth-

ods) for the tension-pressure solves 3-D problems, when P, = P, = const.
b) for bending of plate coincides with Reissner result.
4. a) I. Vekua’s approximation of order N = 3 solves 3-D problems for
the tension-pressure when P; = const, P, = 0, (II-method).
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b)I. Vekua’s approximation of order N = 3 (II-method) for bending of
plate solves 3-D problems, when M7 = const, My = 0.
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