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Abstract

. In this work, solutions of boundary-contact problems of statics of thermoelasticity

theory, for multilayer ring and circle are constructed explicitly in the form of series.
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A circle is considered which consists of concentric ringsDk (k = 2, 3, ..., l)
and of circle D1 .Each Dk ring is bounded by circumferences Sk−1 and Sk
, which have a common center at the origin of coordinates and Rk−1 and
Rk are the radii. It is supposed that different rings are filled with different
two-component elastic mixture.

1. First, let us consider a problem, when we have not D1 circle - D1 is
empty. Let us find a regular vector Uk(x) = (uk(x), uk3(x)) in the ring Dk

, which satisfies:
a) the system of equation ([1],[2]) of statics of the theory of thermoelastic

mixture:

ak1∆(uk)1(x) + bk1graddiv(u
k)1(x) + ck∆(uk)2(x)

+dkgraddiv(uk)2(x) = γk1gradu
k
3

ck∆(uk)1(x) + dkgraddiv(uk)1(x) + ak2∆(uk)2(x)

+bk2graddiv(u
k)2(x) = γk2gradu

k
3,

∆uk3(x) = 0;

(1)

b) boundary conditions on the circumference Sk−1 [3]:

(ukn(z))
− − (uk−1

n (z))+ = 0,

(uks(z))
− = 0, (uk−1

s (z))+ = 0,
(2)
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[
Rk(∂z, n)U

k(z)
]−
n
−

[
Rk−1(∂z, n)U

k−1(z)
]+
n
= 0, k = 3, 4, ..., l; z ∈ Sk−1;

(uk3(z))
− − (uk−1

3 (z))+ = fk−1
3 (z),

[duk3(z)
dn(z)

]−
−

[duk−1
3 (z)

dn(z)

]+
= fk−1

4 (z);

k = 2, 3, ...l;
(3)

c) boundary conditions on the circumferences S1 and Sl :

(R2(∂z, n)U
2(z))−n = f1(z), (u2s(z))

− = 0, z ∈ S1,

(Rl(∂z, n)U
l(z))+n = f l(z), (uls(z))

+ = 0, z ∈ Sl,
(4)

u23(z)
−
= f13 , z ∈ S1,

ul3(z)
+
= f l3, z ∈ Sl,

(5)

where uk(x) = ((uk)1(x), (uk)2(x)),(uk)i(x) = ((uk1)
i(x), (uk2)

i(x))-is the
partial displacement vector at the point x, x ∈ Dk, i = 1, 2; uk3(x)-is the
change of temperature; Rk(∂x, n)U

k(x) =

([Rk(∂x, n)U
k(x)]1, [Rk(∂z, n)U

k(x)]2), [Rk(∂x, n)U
k(x)]i =

([Rk(∂x, n)U
k(x)]i1, [R

k(∂x, n)U
k(x)]i2)- is the partial thermostres vector in

Dk

[Rk(∂x, n)U
k(x)]ip = [P k(∂x, n)u

k(x)]ip − γki np(x)u
k
3(x), (6)

P k(∂x, n)u
k(x)-is a stress vector of elastic mixture [2], f j = [(f j)1, (f j)2], j =

1, 2; i, p = 1, 2; n = (n1, n2), s = (−n2, n1); ak1, bk1, ck, dk, ak2, bk2, γk1 , γk2 -are
the known constants [1,2] defining elastic and thermal properties in Dk; An
and As- are normal and tangential components of the vector A, respectively.

As we are solving a problem of statics, we cam solve separately problem
[(1)3, (3), (5)]. To find the changes of temperature u3 and separately the
problem[(1),(2),(4)]- to find uk(x) displacement vector.

First we will solve the problem [(1)3, (3), (5)]. Let us suppose that
the functions f j3 (z) and fk−1

4 (z) are expanded into Fourier Series (j =
1, 2, ..., l, k = 3, 4, ..., l).

The solution of the equation(1)3 in the ring Dk can be written as follows
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[4]:

uk3(x) =
1

2
ak(ln

r

Rk
(uk03)

− + ln
Rk−1

r
(uk03)

+)+

∞∑
m=1

bk([(
Rk−1

r
)m − (

rRk−1

R2
k

)m](ukm3)
− + [(

r

Rk
)m − (

R2
k−1

rRk
)m](ukm3)

+),

k = 2, 3, ..., l,
(7)

where ak =
1

lnRk−1 − lnRk
, bk =

1

1− (
Rk−1

Rk
)2m

, (ukm3)
±- is the Fourier

coefficient of the functions given on the boundary Sk−1:

(ukm3)
±(z) =

1

π

2π∫
0

(uk3)
±(θ)cosm(θ − ψ)dθ,

z = (Rk, ψ), y = (Rk, θ), y ∈ [0; 2π]. Let us consider unknown (ukm3)
+ .

If we take into consideration (3) and (5) and put (7) into (3)2 for each m,
we obtain an system equations for (ukm3)

+. When m = 0, we obtain:

(a2 + a3)(u203)
+ − a3(u303)

+ = R2f
2
04 − a3f203 + a2f103, k = 3,

...........................................................................

−ak−1(uk−2
03 )+ + (ak−1 + ak)(uk−1

03 )+ − ak(uk03)
+ =

Rk−1f
k−1
04 + ak−1fk−2

03 − akfk03, k = 4, 5, ..., l − 1,
..........................................................................

−al−1(ul−2
03 )+ + (al−1 + al)(ul−1

03 )+ =

alf l03 +Rl−1f
l−1
04 + al−1f l−2

03 − alf l−1
03 , k = l

(8)

and when m = 1, 2, ..., we have:

(s2m + s3m)(u
2
m3)

+ − σ3m(u
3
m3)

+ =
−R2f

2
m4 + σ2f1m3 − s3mf

2
m3, k = 3,

...........................................................................

−σk−1
m (uk−2

m3 )+ + (sk−1
m + skm)(u

k−1
m3 )+ − σkm(u

k
m3)

+ =

−Rk−1f
k−1
m4 + σk−1

m fk−2
m3 − skmf

k−1
m3 , k = 4, 5, ..., l − 1,

..........................................................................

−σl−1
m (ul−2

m3 )
+ + (sl−1

m + slm)(u
l−1
m3 )

+ =

−Rl−1f
l−1
m4 + σl−1

m f l−2
m3 + σlmf

l−1
m3 − slmf

l−1
m3 , k = l,

(9)

where skm = bkm[1 + (
Rk−1

Rk
)2m] ̸= 0, σkm = 2bkm(

Rk−1

Rk
)m ̸= 0, k =

2, 3, ..., l. By direct computation, it is proved that the determinants of the
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systems (8) and (9) differ from zero. If we substitute the solutions of the
systems (8) and (9) into (7), we obtain solutions of problems [(1)3, (3), (5)]
for each k. Let us solve the problem [(1),(2),(4)]. Let us introduce the
functions in the domain Dk [5]:

vki (x) = r(ukn)
i(x) = x1(u

k
1)
i(x) + x2(u

k
2)
i(x),

vki+2(x) = r(uks)
i(x) = −x2(uk1)i(x) + x1(u

k
2)
i(x),

(10)

Xk
i (x) = r2[P k(∂x, n)u

k(x)]in, Xk
i+2(x) = r2[P k(∂x, n)u

k(x)]is, i = 1, 2.
(11)

By means of vkj (j = 1, 2, 3, 4) the functions Xk
i rewrite:

Xk
1 (x) = εk1r

2θk1(x) + εk2r
2θk2(x)− εk1v

k
1 (x)− εk2v

k
2 (x)− 2εk4∂ψv

k
3 (x)−

2εk5∂ψv
k
4 (x);

Xk
2 (x) = εk2r

2θk1(x) + εk3r
2θk2(x)− εk2(x)v

k
1 (x)− εk3(x)v

k
2 (x)−

2εk5∂ψv
k
3 (x)− 2εk6∂ψv

k
4 (x);

(12)
the conditions (2) :

(vki )
−(z)− (vk−1

i )+(z) = 0,

(vki+2)
−(z) = 0, (vk−1

i+2 )
+(z) = 0, k = 3, 4, ..., l;

(Xk
i )

−(z)− (Xk−1
i )+(z) = R2

k−1γ
k
i (u

k
3)

−(z)−

R2
k−1γ

k−1
i (uk−1

3 )+(z) ≡ Ψk−1
3

i
(z), z ∈ Sk−1, k = 3, 4, ..., l.

(13)

and the conditions (4):

(X2
i )

−(z) = R2
1(f

1)i(z) +R2
1γ

2
i (u

2
3)

−(z) ≡ φ1
i (z),

(v2i+2)
−(z) = 0, z ∈ S1;

(X l
i)

+(z) = R2
l (f

l)i(z) +R2
l γ

l
i(u

l
3)

+(z) ≡ φli(z),
(vli+2)

+(z) = 0, z ∈ Sl,

(14)

where εk1 = ak1 + bk1, εk2 = ck + dk, εk3 = ak2 + bk2, εk4 = ak1 + λk5 ,
εk5 = ck − λk5, εk6 = ak2 + λk5, θki = 1

r∂rv
k
i + 1

r2
∂ψv

k
i+2, r2 = x21 + x22,

x = (r, ψ). vkp values are to be sought. Let us suppose that functions vkp
expanded into the Fourier Series

(vkp)
± =

1

2
(vk0p)

± +
∞∑
m=1

(vkmp)
±, p = 1, 2, 3, 4; k = 1, 2, ..., l.
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We should seek the solution of the problem in each ring Dk in the form [6]:

vki (r, ψ) = ak(r)(vk0i)
− + bk(r)(vk0i)

+ + hki (r)((u
k
03)

− − (uk03)
+)+

∞∑
m=1

[Kk
m(r)(v

k
mi)

−(ψ) + T km(r)(v
k
mi)

+(ψ)] +
∞∑
m=1

[(Hk
m1)

i(r)(γkm1)
−(ψ)+

(Lkm1)
i(r)(γkm1)

+(ψ) + (Hk
m2)

i(r)(γkm2)
−(ψ) + (Lkm2)

i(r)(γkm2)
+(ψ)],

vkj (r, ψ) = ak(r)(vk0j)
− + bk(r)(vk0j)

+ +
∞∑
m=1

[Kk
m(r)(v

k
mj)

−(ψ)+

T km(r)(v
k
mj)

+(ψ)] +
∞∑
m=1

[
∂

∂ψ
[(Hk

m1)
j(r)(γkm1)

−(ψ) + (Lkm1)
j(r)γkm1

+
(ψ)+

(Hk
m2)

j(r)γkm2
−
(ψ) + (Lkm2)

j(r)(γkm2)
+(ψ)]],

i = 1, 2, j = i+ 2, k = 1, 2, ..., l − 1,
(15)

where

ak(r) =
R2
k−1 − r2

2(R2
k −R2

k−1)
, bk(r) =

r2 −R2
k−1

2(R2
k −R2

k−1)
, ak(Rk−1) = bk(Rk) =

1

2
,

ak(Rk) = bk(Rk−1) = 0, hki (r) = − P k0
2dk1(lnRk−1 − lnRk)

[nk3(r) + 2nki ],

nk1 = γk1 (a
k
2 + bk2)− γk2 (c

k + dk), nk2 = γk2 (a
k
1 + bk1)− γk1 (c

k + dk),

nk3 = [R2
klnRk −R2

k−1lnRk−1 − (R2
k −R2

k−1)]
2nk1

R2
k −R2

k−1

,

hki (Rk−1) = hki (Rk) = 0, (γkmi)
− =

1

R2
k−1

[σkm(v
k
mi)

+ − skm(v
k
mi)

−+

Rk−1(t
k
mi)

− +
∂

∂ψ
(vki+2,m)

−], (γkmi)
+ =

1

R2
k

[σkm(v
k
mi)

− − σkm(v
k
mi)

−+

skm(v
k
mi)

+ +Rk(t
k
mi)

+ +
∂

∂ψ
(vki+2,m)

+],

(tkmi)
− = −ek4m(Ckm(ψ)[

∂

∂r
P km(r)]r=Rp −Dk

m(ψ)[
∂

∂r
Qkm(r)]r=Rp),
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(tkmi)
+ = −ek5m(Ckm(ψ)[

∂

∂r
P km(r)]r=Rp −Dk

m(ψ)[
∂

∂r
Qkm(r)]r=Rp),

p = k − 1, k, ek4 =
1

dk1
(ak2γ

k
1 − ckγk2 ), e

k
5 =

1

dk1
(ak1γ

k
2 − ckγk1 ),

Ckm = bk[ukm3
− − (

Rk−1

Rk
)mukm3

+
], Dk

m = bk[ukm3
+ − (

Rk−1

Rk
)m(ukm3)

−],

dk1 = ak1a
k
2 − (ck)2 > 0; αkm =

R2
k −R2

k−1

1− (
Rk−1

Rk
)2m

, P km(r) =

1

4(m− 1)
[αkm(

Rk−1r

R2
k

)m + (R2
k − r2 − αkm)(

Rk−1

r
)m], m = 2, 3...,

Qkm(r) =
1

4(m+ 1)
[αkm(

R2
k−1

Rkr
)m − (R2

k−1 − r2 + αkm)(
r

Rk
)m],

m = 1, 2, .., k = 1, 2, ..., l.

Let us put (13) into (15) and at the same time, take into consideration
(12) and (14). Lo obtain a system of linear algebraic equations for each m
for (vkmi)

+ . The determinant of this system differs from zero, because the
above formulated problem has the unique solution. If we solve this system,
then the values (vkmi)

− will be determined from the conditions (13). By
means of the values (vkmi)

+ and (vkmi)
−, i = 1, 2 , we will find the values

of the functions vkq (q = 1, 2, 3, 4) , from (15) and from (10) finally we will
obtain:

(uk1)
i =

1

r2
(x1v

k
i − x2v

k
i+2),

(uk2)
i =

1

r2
(x2v

k
i + x1v

k
i+2), i = 1, 2.

So, by (16) and (7) formulae for each ring Dk we will obtain the solution of
raised problem - Uk(x) = ((uk1)

1, (uk2)
1, (uk1)

2, (uk2)
2, uk3) vector value. We

will conclude from (15) and (7) formulae that:

|(vkmq)±| ≤
1

m4
, |(vkm3)

±| ≤ 1

m3
, m = 1, 2, ..., q = 1, 2, 3, 4; k = 1, 2, ....l.

(16)
For the absolute and uniform convergency of series (15) and (7) and their
first and second order derivatives it is sufficient(including the boundary)
to fulfill the inequality : fp(z) ∈ C4(Sp), fk3 (z) ∈ C3(Sk), fk4 (z) ∈
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C2(Sk),
p = 1, l; k = 1, 2, ..., l.

2. The problems for compound circle may be solved analogously, i.e.
when circleD1 is not empty and is filled with elastic mixture.Representation
of the harmonic function u13(x) in the domain D1 is known [4]:

u13(x) =
1

2
(u103)

+ +

∞∑
m=1

(
r

R1
)m(u1m3)

+, x ∈ D1,

where

(u1m3)
+(z) =

1

π

2π∫
0

(u13)
+(θ)cosm(θ − ψ)dθ,m = 0, 1, ..., z = (Rk, ψ), z ∈ S1,

the functions v1j (x) in the domain D1 we can represent as:

v1i (r, ψ) =
1

2
(
r

R1
)2(v10i)

+ +
∞∑
m=1

[(
r

R1
)m(v1mi)

++

Zm(r)[H
1
mi(γ

1
m1)

+ + L1
mi(γ

1
m2)

+ − e14mδ
1
m(u

1
m3)

+]],

v1j (r, ψ) =
1

2
(
r

R1
)2(v10j)

+ +
∞∑
m=1

[(
r

R1
)m(v1mj)

++

1

m
Zm(r)[M

1
mj(γ

1
m1)

+ +N1
mjγ

1
m2 + e15mδ

1
m(u

1
m3)

+]],

where the values

Zm(r) =
R2

1 − r2

4(m+ 1)δ1m
, Zm(R1) = 0, δ1m = (2 + e11)(2 + e13)− e12e

1
6,

γ1mi =
2(m+ 1)

R2
1

[(v1mi)
+ +

1

m

∂

∂ψ
(v1mj)

+ − ei+3(um3)
+],

e11 =
1

d11
(a12b

1
1 − c1d1), e12 =

1

d11
(a12d

1 − c1b12), e13 =
1

d11
(a11b

1
2 − c1d1),

e14 =
1

d11
(a11d

1 − c1b11), A1
1 ≡ e16 =

1

d11
(a11d

1 − c1b11).

H1
mi, L

1
mi,M

1
mj , N

1
mj-are depending on elastic and thermal constants of the

mixture and on the radius R1, j = i+ 2, i = 1, 2.
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