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Abstract

The Dirichlet boundary value problem of the theory of elastic binary mixtures for a

transversally isotropic plane with curvilinear cuts is investigated. The solvability of the

problem is proved by using the potential method and the theory of singular integral

equations.
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Introduction

In the present paper the Dirichlet boundary value problem (BVP) of elas-
tic binary mixture theory is investigated for a transversally-isotropic plane
with curvilinear cuts. The boundary value problems of elasticity for anisotropic
media with cuts were considered in [1,2]. In this paper we extend this ap-
proach to BVPs of elastic mixture for a transversally-isotropic elastic body.
Here we shall be concerned with the plane problem of elastic binary mixture
theory (it is assumed that the second components u′2 and u′2 of the three-
dimensional partial displacement vectors u′(u′1, u

′
2, u

′
3) and u′′(u′′1, u

′′
2, u

′′
3)

are equal to zero, while the components u′1, u
′
3, u

′′
1, u

′′
3 depend only on the

variables x1, x3).

1 Statement of the BVP

The basic homogeneous equations of statics of the transversally isotropic
elastic binary mixtures theory in the case of plane deformation can be
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written in the form [3]

C(∂x)U =

(
C(1)(∂x) C(3)(∂x)

C(3)(∂x) C(2)(∂x)

)
U = 0, (1)

where the components of the matrix C(j)(∂x) = ∥C(j)
pq (∂x)∥2×2 read as

C
(j)
pq (∂x) = C

(j)
qp (∂x), p, q = 1, 2, C

(j)
11 (∂x) = c

(j)
11

∂2

∂x21
+ c

(j)
44

∂2

∂x23
,

C
(j)
12 (∂x) = (c

(j)
13 + c

(j)
44 )

∂2

∂x1∂x3
, C

(j)
22 (∂x) = c

(j)
44

∂2

∂x21
+ c

(j)
33

∂2

∂x23
, j = 1, 3,

c
(k)
pq are constants, characterizing the physical properties of the mixture
and satisfying certain inequalities caused by the positive definiteness of
potential energy. U = UT (x) = (u′, u′′) is four-dimensional displacement
vector-function, u′(x) = (u′1, u

′
3) and u′′(x) = (u′′1, u

′′
3) are partial displace-

ment vectors depending on the variables x1, x3. Throughout the paper the
superscript ”T” denotes transposition.

Let the plane be weakened by curvilinear cuts lj = ajbj , j = 1, 2, .., p.
Assume that the cuts lj , j = 1, ..., p, are relatively simple nonintersecting
open Lyapunov arcs. The direction from aj to bj is taken as the positive
one on lj . The normal to lj will be drawn to the right relative to motion in
the positive direction. Denote by D the infinite plane with curvilinear cuts

lj , j = 1, 2, .., p.l =
p∪

j=1
lj . We suppose that D is filled with a transversally-

isotropic mixture.
We introduce the notation z = x1 + ix3, ζk = y1 + αky3, τk = t1 +

αkt3, σk = zk − ςk.
For equation (1) we pose the following boundary value problem of statics

of the theory of elastic binary mixtures. Find in the domain D a regular
solution U(x) of equation (1) when the boundary values of the displacement
vector are given on both edges of the arc lj . Further, assume that at infinity
we have the principal vector of external forces acting on l, stress vector and
the rotation are equal to zero. It is required to define the deformed state
of the plane.

If we denote by U+(U−) the limits of U on l from the left (right), then
the boundary conditions of the problem will take the form

U+ = f+, U− = f−, (2)

where f+, and f− are known vector-functions on l of the Hölder class H,
which have derivatives in the class H∗ (for the definitions of the classes H

20
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and H∗ see[4]) and satisfying at the ends aj and bj of lj , the conditions

f+(aj) = f−(aj), f+(bj) = f−(bj).

It is obvious that displacement is not continuous across the cut lj . Hence
it is of interest for us to study the solution behavior in the neighborhood
of the cuts.

First we investigate the question on the uniqueness of solutions of the
above-mentioned problems.

2 Uniqueness Theorem

Theorem 1. The Dirichlet BVP (1),(2) has at most one regular solution
in the domain D.

Proof. Let Dirichlet BVP has two regular solutions U (1) and U (2). we
set u = U (1) − U (2). Evidently, the vector u satisfies (1) and the boundary
condition u± = 0 on l. Note that if u is a regular solution of equation (1),
we have the following Green’s formula∫

D

∫
E(u, u)dσ =

∫
l

[u+(Tu)+ − u−(Tu)−]ds,

where E(u, u) is a potential energy [3]:

E(u, u) = E(1)(u, u) + E(2)(u, u) + 2E(3)(u, u),

E(1)(u, u) = c
(1)
44 e

(′)2
13 + c

(1)
33 e

(′)2
33 + c

(1)
11 e

(′)2
11 + 2c

(1)
13 e

′
11e

′
33,

E(2)(u, u) = c
(2)
44 e

(”)2
13 + c

(2)
33 e

(”)2
33 + c

(2)
11 e

(”)2
11 + 2c

(2)
13 e

”
11e

”
33,

E(3)(u, u) = c
(3)
33 e

′
33e

”
33 + c

(3)
11 e

′
11e

”
11 + c

(3)
44 e

′
13e

”
13 + c

(3)
13 (e

′′
33e

′
11 ++e

′
33e

′′
11),

Taking into account the fact, that the potential energy is positive def-
inite, we conclude that u = const, x ∈ D. Since u± = 0 on l, we have
u(x) = 0, x ∈ D. Thus the first BVP has in the domain D at most one
regular solution.

3 Existence Theorem

We seek a solution of the problem in the form of double-layer potential
([5],[6])

U(z) =
1

π
Im

4∑
k=1

E(k)

∫
l

∂lnσk
∂s

[g(s) + ih(s)]ds+

p∑
k=1

Vj(z) +Mp+1, (3)
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where E(k) = ∥A(k)
pq A−1∥4×4 denotes a special matrix that reduces the

Dirichlet BVP to a Fredholm integral equation of the second kind, A(k) =

∥A(k)
pq ∥4×4. The elements of the matrix E(k) and the matrix A−1 are defined

as follows

A−1 =
1

∆1∆2


A33∆2 0 −A13∆2; 0
0 A44∆1 0 −A24∆1

−A13∆2 0 A11∆2 0
0 −A24∆1 0 A22∆1

 ,

Aij =
4∑

k=1

A
(k)
ij , A

(k)
ij = A

(k)
ji ,

A
(k)
11 = dk[c

(2)
11 q4 + α2

kt11 + α4
kt12 + c

(2)
44 q3α

6
k],

A
(k)
22 = dk[q1c

(2)
44 + α2

kt44 + α4
kt42 + c

(2)
33 q4α

6
k],

A
(k)
33 = dk[c

(1)
11 q4 + α2

kt33 + α4
kt23 + c

(1)
44 q3α

6
k],

A
((k))
44 = dk[q1c

(1)
44 + α2

kt55 + α4
kt52 + c

(1)
33 q4α

6
k],

A
(k)
12 = dkαk[v12 + v11α

2
k + v13α

4
k],

A
(k)
14 = dkαk[w11 + w12α

2
k + w13α

4
k], k = 3, .., 4,

A
(k)
23 = dkαk[v22 + v21α

2
k + v23α

4
k],

A
(k)
34 = dkαk[w24 + w14α

2
k + w34a

4
k], k = 3, ., 6,

A
(k)
24 = dk[−q1c

(3)
44 + α2

kt66 + α4
kt62 − c

(3)
33 q4α

6
k],

A
(k)
13 = dk[−q4c

(3)
11 + α2

kt22 + α4
kt13 − c

(3)
44 q3α

6
k],

∆1 =
√
a1a2a3a4∆2, ∆2 = A22A44 −A2

24, ∆1 = A11A33 −A2
13,

t11 = c
(2)
11 δ22 + c

(2)
44 q4 − α

(3)2
13 c

(2)
44 + 2c

(3)
44 α

(2)
13 α

(3)
13 − α

(2)2
13 c

(1)
44 ,

t12 = c
(2)
44 δ22 + c

(2)
11 q3 − α

(3)2
13 c

(2)
33 + 2c

(3)
33 α

(2)
13 α

(3)
13 − α

(2)2
13 c

(1)
33 ,

t22 = −c
(3)
11 δ22 − c

(3)
44 q4 + α

(1)
13 α

(3)
13 c

(2)
44 − c

(3)
44 (α

(2)
13 α

(1)
13 + α

(3)2
13 ) + α

(2)
13 α

(3)
13 c

(1)
44 ,

t13 = −c
(3)
44 δ22 − c

(3)
11 q3 + α

(1)
13 α

(3)
13 c

(2)
33 − c

(3)
33 (α

(2)
13 α

(1)
13 + α

(3)2
13 ) + α

(2)
13 α

(3)
13 c

(1)
33 ,

t52 = t33 − c
(1)
11 δ22 + c

(1)
33 δ11, t62 = t22 − c

(3)
11 δ22 + c

(3)
33 δ11,

t42 = t11 − c
(2)
11 δ22 + c

(2)
33 δ11,

22
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t44 = c
(2)
44 δ11 + c

(2)
33 q1 − α

(3)2
13 c

(1)
11 + 2c

(3)
11 α

(2)
13 α

(3)
13 − α

(3)2
13 c

(2)
11 ,

t66 = −c
(3)
44 δ11 − c

(3)
33 q1 + α

(2)
13 α

(3)
13 c

(1)
11 − c

(3)
11 (α

(2)
13 α

(1)
13 + α

(3)2
13 ) + α

(1)
13 α

(3)
13 c

(2)
11 ,

t23 = c
(1)
44 δ22 + c

(1)
11 q3 − α

(1)2
13 c

(2)
33 + 2c

(3)
33 α

(1)
13 α

(3)
13 − α

(3)2
13 c

(1)
33 ,

t33 = c
(1)
11 δ22 + c

(1)
44 q4 − α

(1)2
13 c

(2)
44 + 2c

(3)
44 α

(1)
13 α

(3)
13 − α

(3)2
13 c

(1)
44 ,

t55 = c
(1)
44 δ11 + c

(1)
33 q1 − α

(1)2
13 c

(2)
11 + 2c

(3)
11 α

(1)
13 α

(3)
13 − α

(3)2
13 c

(1)
11 ,

v11 = α
(2)
13 (α

(2)
13 α

(1)
13 − α

(3)2
13 )− α

(1)
13 (c

(2)2
44 + c

(2)
11 c

(2)
33 )− α

(2)
13 (c

(3)2
44 + c

(3)
11 c

(3)
33 )

+α
(3)
13 (2c

(2)
44 c

(3)
44 + c

(2)
11 c

(3)
33 + c

(3)
11 c

(2)
33 ),

w12 = −α
(2)
13 (α

(2)
13 α

(1)
13 − α

(3)2
13 )− α

(3)
13 (c

(1)
44 c

(2)
44 + c

(2)
11 c

(1)
33 + c

(3)2
44 + c

(3)
11 c

(3)
33 )

+α
(2)
13 (c

(1)
44 c

(3)
44 + c

(3)
11 c

(3)
33 ) + α

(1)
13 (c

(2)
44 c

(3)
44 + c

(2)
11 c

(3)
33 ),

v21 = −α
(3)
13 (α

(2)
13 α

(1)
13 − α

(3)2
13 )− α

(3)
13 (c

(2)
44 c

(1)
44 + c

(3)
11 c

(3)
33 + c

(3)2
44 + c

(1)
11 c

(2)
33 )

+α
(2)
13 (c

(1)
44 c

(3)
44 + c

(1)
11 c

(3)
33 ) + α

(1)
13 (c

(2)
44 c

(3)
44 + c

(3)
11 c

(2)
33 ),

w14 = α
(1)
13 (α

(2)
13 α

(1)
13 − α

(3)2
13 ) + α

(3)
13 (2c

(1)
44 c

(3)
44 + c

(3)
11 c

(1)
33 + c

(3)2
44 + c

(1)
11 c

(3)
33 )

−α
(1)
13 (c

(3)2
44 + c

(3)
11 c

(3)
33 )− α

(2)
13 (c

(1)2
44 + c

(1)
11 c

(1)
33 ),

v12 = −α
(1)
13 c

(2)
44 c

(2)
11 + α

(3)
13 (c

(2)
11 c

(3)
44 + c

(3)
11 c

(2)
44 )− α

(2)
13 c

(3)
11 c

(3)
44 ,

v13 = −α
(1)
13 c

(2)
44 c

(2)
33 + α

(3)
13 (c

(2)
33 c

(3)
44 + c

(3)
33 c

(2)
44 )− α

(2)
13 c

(3)
33 c

(3)
44 ,

w11 = α
(1)
13 c

(3)
44 c

(2)
11 − α

(3)
13 (c

(2)
11 c

(1)
44 + c

(3)
11 c

(3)
44 ) + α

(2)
13 c

(3)
11 c

(1)
44 ,

w13 = α
(1)
13 c

(2)
44 c

(3)
33 − α

(3)
13 (c

(1)
33 c

(2)
44 + c

(3)
33 c

(3)
44 ) + α

(2)
13 c

(3)
44 c

(1)
11 ,

v22 = α
(1)
13 c

(2)
44 c

(3)
11 − α

(3)
13 (c

(1)
11 c

(2)
44 + c

(3)
11 c

(3)
44 ) + α

(2)
13 c

(1)
11 c

(3)
44 ,

v23 = α
(1)
13 c

(3)
44 c

(2)
33 − α

(3)
13 (c

(2)
33 c

(1)
44 + c

(3)
33 c

(3)
44 ) + α

(2)
13 c

(3)
33 c

(1)
44 ,

w24 = −α
(1)
13 c

(3)
44 c

(3)
11 + α

(3)
13 (c

(3)
11 c

(1)
44 + c

(1)
11 c

(3)
44 )− α

(2)
13 c

(1)
11 c

(1)
44 ,

w34 = −α
(1)
13 c

(3)
44 c

(3)
33 + α

(3)
13 (c

(1)
33 c

(3)
44 + c

(3)
33 c

(1)
44 )− α

(2)
13 c

(1)
33 c

(1)
44 .
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αk, k = 1, .., 4, are the roots of the characteristic equation ([6]). g and h
are the unknown real vectors from the Hölder class that have derivatives of
the class H∗.

We introduce the following vector

Vj(z) =
1

π
Im

4∑
k=1

A(k)
(zk − b

(k)
j )ln(zk − b

(k)
j )− (zk − a

(k)
j )ln(zk − a

(k)
j )

b
(k)
j − a

(k)
j

M j ,

a
(k)
j = Reaj + αkImaj , b

(k)
j = Rebj + αkImbj ,

M (j), j = 1, .., p+ 1, are the unknown real constant vectors to be defined.
The vector Vj(z) satisfies the following conditions:
1. Vj(z) has the logarithmic singularity at infinity

Vj =
1

π
Im

4∑
k=1

A(k)(− ln zk + 1)M j +O(z−1
k ).

2. By Vj is meant a branch, which is uniquely defined on the plane cut
along lj .

3. Vj is continuously extendable on lj from the left and from the right,
and

V +
j (aj) = V −

j (aj), V +
j (bj) = V −

j (bj),

V +
j − V −

j = 2Re
4∑

k=1

A(k)
τk − a

(k)
j

bk − a
(k)
j

M j , j = 1, ..p.

To define the unknown density, by virtue of (2)-(3), we obtain a system
of singular integral equations of normal type

±g(τ) +
1

π
Im

4∑
k=1

E(k)

∫
l

∂ln(τ − ς

∂s
(g + ih)ds

+
p∑

j=1
V ±
j +Mp+1

j = f±(τ).

This system implies

2g(τ) = f+ − f− −Re
p∑

j=1

4∑
k=1

A(k)
τk − a

(k)
j

bk − a
(k)
j

M j ,

1

π

∫
l

h(ς)ds

ς − τ
+

1

π

∫
l

K(τ, ς)h(ς)ds = Ω(τ), (4)
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where

K(τ, ς) = −i
∂θ

∂s
E +Re

4∑
k=1

E(k)
∂

∂s
ln(1 + λk

τ − ς

τ − ς
), λk =

1 + iαk

1− iαk
,

θ = arg(τ − ς), Ω(τ) =
1

2
(f+ + f−)− 1

2

p∑
j=1

(V +
j + V −

j )

−Mp+1 − 1

π
Im

4∑
k=1

E(k)

∫
l

∂ln(τk − ςk)

∂s
gds.

Thus we have defined the vector g on l. It is not difficult to verify that
g ∈ H, g′ ∈ H∗, g(aj) = g(bj) = 0,Ω ∈ H,Ω′ ∈ H∗. Equality (4) is a system
of singular integral equations of the normal type with respect to the vector
h. The points aj and bj are nonsingular, while the total index of the class
h2p is equal to −4p (for the definition of the class h2p see [4]).

A solution of system (4), if it exists, will be expressed by a vector of
the Hölder class that vanishes at the points aj , bj , and has derivatives of
the class H∗.

Next we shall prove that the homogeneous system of equations corre-
sponding to (4) admits only a trivial solution in the class h2p. Let the
contrary be true. Assume h(0) to be a nontrivial solution of the homo-
geneous system corresponding to (4) in the class h2p and construct the
potential

U0(z) =
1

π
Im

4∑
k=1

E(k)

∫
l

∂ln(zk − ςk)

∂s
h(0)(s)ds.

Clearly, U+
0 (z) = U−

0 (z) = 0 and by the uniqueness theorem we have
U0(z) = 0, z ∈ D. Then TU0(z) = 0, z ∈ D and

(TU0(z))
+ − (TU0(z))

− = A
∂h0

∂s
= 0, A =

4∑
k=1

A(k).

Therefore, since h(0)(aj) = 0, we obtain h(0)(z) = 0, which completes the
proof. Thus the homogeneous system adjoint to (4) will have 4p linearly
independent solutions σj , j = 1, .., 4p, in the adjoint class and the condition
for system (4) to be solvable will be written as∫

l

Ω σj ds = 0, j = 1, .., 4p. (5)
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Taking into account the latter conditions and that∫
l

[(TU)+ − (TU)−]ds = 0 = −2

p∑
k=1

M (k), (6)

we obtain a system of 4p+ 4 algebraic equations with the same number of
unknowns with respect to the components of the unknown vector M j .

We shall show that system (5)-(6) is solvable. Assume that the ho-
mogeneous system obtained from (5)-(6) has a nontrivial solution M0

j =(
M0

1j ,M
0
2j ,M

0
3j ,M

0
4j

)
, j = 1, .., p+ 1, and construct the potential

U0(z) =
1

π
Im

4∑
k=1

E(k)

∫
l

∂ln(zk − ςk)

∂s
(g0 + h0)(s)ds+

p∑
k=1

V 0
j (z) +M0

p+1,

where

g0(τ) = −Re
p∑

j=1

4∑
k=1

A(k)
τk − a

(k)
j

bk − a
(k)
j

M0
j ,

V 0
j (z) =

1

π
Im

4∑
k=1

A(k)
(zk − b

(k)
j )ln(zk − b

(k)
j )− (zk − a

(k)
j )ln(zk − a

(k)
j )

b
(k)
j − a

(k)
j

M0
j ,

It is obvious that U+
0 = U−

0 = 0. Applying the formulas
p∑

k=1

M0
(k) = 0

and
∫
lj

[TU0(z) − TU0(z)]ds = −2M0
j = 0, j = 1, .., p, U0(∞) = Mp+1

j = 0,

we obtain M0
j = 0, which contradicts the assumption. Therefore system

(5)-(6) has a unique solution.

For M0
j system (4) is solvable in the class h2p. The solution of the

problem posed is given by potential (3) which is constructed using the
solution h of system (4) and the vector g.

We have thereby proved the following theorem:

Theorem 2. If f ∈ H, then a solution of problem (2) exists, is unique
and represented by the potential (3), where g and h are solutions of the
integral equations (4), which is always solvable for an arbitrary vector f .

Let us consider a particular case with a rectilinear cut along the segment
[a, b] of the real axis. Assuming that the principal vector of external forces
vanishes at infinity, we obtain

U0(z) =
1

2π
Im

4∑
k=1

E(k)

∫
l

u+ − u−

t− zk
ds+

1

2π
Im

4∑
k=1

E(k)X(zk)

∫
l

u+ − u−

X(t)(t− zk)
dt,

26
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where X(zk) =
√

(zk − a)(b− zk), X(t) =
√

(t− a)(b− t).
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