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Abstract

Mathematical modeling of various processes in the nets of gas pipeline, system of
submission and distribution of water, drainpipe, also long current lines and different
types of engineering constructions quite naturally leads to the consideration of partial
differential equations on graphs with the boundary value data on the tops of graphs,
with conditions of conjunctions in the nodes and given initial conditions ([1]-[4]). Not
so it is a lot of papers, devoted to the theoretical investigation of boundary value prob-
lems, considered on graphs (see, for example, [5]-[6] and the references therein). In the
present work boundary value problems for ordinary differential equations on graphs are
investigated; correctness of the stated problem is proved; let's notice, that the special
attention is given to the construction and research of difference analogues, which is a
little concern in papers of other authors; estimation of precision is given; formulas of
double-sweep method type are suggested for finding the solution of difference scheme

([71.[8])-
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1. Ordinary differential equations of the second order on
graphs

Let us consider a graph G = (V, E), where V = (ag, a1, ...,a,) is a set
of tops of this graph, ag is a node of graph and F is a set of ribs of graph
{@oay, aoaz, -+ , Goan} . Denote the rib agA; by T';. On each rib introduce
a local coordinate system with the origin in the node a¢ and coordinate
Zo € (0, ly), where [, is length of curve 'y (v =1, 2,...,n).

Let us state the following problem: find the functions Vug(zs)(a =

1, 2,...,n), which satisfy the differential equations
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boundary conditions

and conditions of conjunctions

ua(ao) = ug(ap), o, f=1,n, (1.3)

S Ky () e lro) |y (1.4)

a=1 dxa za=0

where (z4) € CY0,la], Ko (za) > Co = const > 0, qo (ra) € CL[0,14],
Go (2a) >0, fo (za) € C°[0,1,] are the given functions and b, u(®) (a =1, n)
are the given numbers.

Theorem 1.1. There exists a unique regular solution of problem
(1.1) — (1.4), d.e. ezists unique functions uq (o) € C?0,1,[N;C[0,14],
(=T, n), which satisfy equations (1.1), boundary conditions (1.2) and
conditions of conjunctions (1.3),(1.4).

Proof. First we prove the uniqueness of solution of the problem (1.1)-

(1.4). Let the problem (1.1)-(1.4) have two solutions: (u((xl) (ara)>n and

(u&z) (za) " Then the difference , Wo (o) = ne (xa) — u? (za), a=

1, 2,..., n, is the solution of the following homogeneous equation:
d dwe (x4,) B
o () 500 ) g (@) w4 (20) =0 (15)

wa(la) =0, a=1,n, (1.6)
wa(o) = wﬁ(o)v a, B=1,n, (17)
- d (6% (0%
3 K. (0) dua(@a)) (1.8)
a=1 d.%'a Ta=0
Multiply equalities (1.5) on wq (), « =1, 2,..., n, and integrate the

obtained equalities accordingly in the interval (0,l,)):
lo lo

i To M We (To) dxo — o (Ta) W (xo)dxre = 0.
/ (Ka() )()d 0/q<>2<>d 0

dxe, dxe,
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Using the formula of integration by parts we obtain the following equality
(=1, n):

dwq (x4) !

K, (xa) We (xa) d.%'a

la

- [ Ya (3301) wi ($o¢)dl‘a =0.
0

Summing up the equalities (1.9) and taking into account relations (1.6)-
(1.8), we obtain:

5 e (52) s taniiea] = 0

As the functions K, (zz) > 0, ¢o(x) >0 (a =1, n) , from the equal-

d
ity (1.10) it follows, that u?:(a:a) =0, i.e. wo(rs) = const.
x
Taking into account, thatawa (Iz) = 0, finally we obtain wy (z;) =

0, a =1, n. Thereby, the uniqueness of solution (1.1)-(1.4) is proved.

To prove the existence of solution of the problem (1.1)-(1.4) it is suf-
ficient to prove the existence of solution of the corresponding problem for
homogeneous equation:

dja <Ka (Ta) W) — o (Ta) Wa (T4) = 0. (1.11)
a=1,n, z,€(0,l),
wa(la) =u®, a=T1, n, (1.12)
we(0) = wg(0), «, B=1,n, (1.13)
Zn: Ko (0) d“;‘f“) = 0. (1.14)
a=1 @ lza=0

Denote by wa1(7,) the solution of equation (1.11), which satisfies the
boundary conditions

wa1(0) =1, wa(la) =0, a=1,n, (1.15)

and by wa2 (x4 ) the solution of equation (1.11), which satisfies the boundary
conditions

wa2(0) =0, wa2(la) =1, a=1, n. (1.16)
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It is known, that solutions of these problems exist and belong to the class
C?)0,1,] N C10,1,]). Represent the solution of problem (1.11)-(1.14) in the
following form

Wao (o) = Ga1Wa1(Ta) + Ga2wa2(Ts), a=1, n, (1.17)

where ao1 and a2 are constants yet unknown. It is obvious, that these func-

tions are solutions of the equation (1.11). Choose constants a1, G2 (a = 1,7) ,

such, that the conditions (1.12)-(1.14) be fulfilled.
From the conditions (1.12),(1.13) it follows, that

Aot = a = const, ags = ul® (a =1, n) i

Inserting these values in the equality (1.17), we obtain

Wa (To) = awa (Ta) + u(a)wag(xa), a=1,n x,€]0, ), (1.18)

where a is an arbitrary constant. To define this constant we use the con-
dition (1.14) Differentiating equality (1.18) and inserting it in (1.14), we

obtain
5 0 (w8210 a0

dz,, dz,,

From this equality it follows, that

2 o) dwaz(0
= 3 Ko (0) ul) 22

[

a =

=1 : (1.19)
> Ko (0) 2520

d
a=1 T

d
if Z K, wC;d 0 # 0. Therefore, to prove the existence of the solution
La

(1.11)—(1.14), it is sufficient to prove that the denominator of expression
(1.19) is not equal to zero.

It is easy to show, that the solution of problem (1.11),(1.15) is monotonously
decreasing function. Then

dwal (0)

< 0. 1.20
dr. (1.20)
Let us prove, that at x, = 0 the strict inequality holds

dwal (0)

: 1.21
de. <0 (1.21)
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As K, (z4) > 0, from the inequality (1.20) we obtain that

) dwai (x4)

K, (2o "
o

<0, x4 €0, ], a=1,n. (1.22)

Taking into account, that and from the equation(1.11) it follows

o () et 7)) >,

dx,, T

dwal (ma)

dx
Further assume that the ineqtlxlality (1.21) does not hold, i.e. the equality

takes place

This means, that K, (z,) is monotonously increasing function.

dwal (0)
dx,,
dwq (0)

dz,,

d
dwar (€a) > 0, that contradicts to the condition (1.22).
Loy

dwq (0)
dz,,
denominator of expression (1.19) is not equal to zero. Thereby, the exis-

tence of the solution of problem (1.11)-(1.14) is proved. Theorem 1.1 is
completely proved.

2. Difference scheme for numerical solution of problem (1.1)-
(1.4)

OnT, (=1, 2,..., n) we introduce an uniform mesh with step h,:

=0.

Then we will have K, (0) = 0. In this case there exists e € (0,14),
such that K, (eq)

Thus, we obtain, that < 0, « = 1, n. This means, that the

[0}

o :{x(i“) = iaha, ia=0,1,2,...,Na: 2@ =0; haNa:la} a=T1, n.

If on mesh we substitute differential operator by the difference operator,
we obtain the following difference scheme:

(Kayaz, ) — gliedylie) = ¢le) 4 —T N, —1, a=T,n, (2.1)

y((lN“) = u(a), a=1,n, (2.2)
g =40 o, =T n, (2:3)
n 1 _ (0
Yo gWIe Ve _y, (2.4)
ha

a=1

) (ia) _ (ia—1) (iat+1) _ (ia)
where ygja) = Ya (iaha)v Ya,2q = Yo hya ) Ya,xq = Ya h =
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Theorem 2.1. Difference scheme (2.1) — (2.4) has no more then one
solution.
Proof. Let us assume, that problem (2.1) — (2.4) has two solutions:

Ua (nga)) and g, <a:(ofa)> , a=1,2,...,n. From the relations (2.1)—(2.4)

it follows, that the difference w, (mﬁf")) = Va (:cg")) — Uq (x(of“)> is a
solution of the following difference scheme:

(KoéWa,i‘u)iis) - qga)Wo(ja) — 0, 1l = 17 Na - 17 ia = 17 Na - 17 (25)

Wo(tNa) =0, a=1, n, (2.6)
W(go) = W,éO)v a, ﬁ = 17 n, (27)
Y KEPWE, =0 (2.8)
a=1
Introduce the scalar products
Na—1 ‘ No |
(i) = 3 s, (o2 = 3 0,
fa=1 ia=1

and the following norms introduced by these scalar products:

)1/2

HyaH = (yaa Ya ) ||ya|| = (youya] .

Multiply the equalities (2.5) on wip, (=T, n) and sum up the
obtained equalities by I, accordingly from 1 to N, —1. Using the Green first
difference formula [4] and taking into account boundary conditions (2.6),
we obtain:

No—1 )
— (KaWazas Waza) ~ESPW w0 - %7 @ﬁ>@w§w) ha = 0. (2.9)

ia=1

Further, sum up these equations by from 1 to n and take into account
relations (2.7), (2.8). Then we obtain:

n 2 N (i) (i)
az::l {(Ka)(Wa,xa) } + Z; a (Wa ) ha} =0 (2.10)

As K4 (zq) > 0 and ¢q (z4) > 0 from the equality (2.10) immediately
follows that

Wo (20) =0, x4 € wy, (a =1, n) .

The theorem is proved.
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Theorem 2.2. There ezists a solution of difference scheme (2.1)-(2.4).

Proof. To prove the existence of the solution of difference scheme it is
sufficient to show, that the corresponding homogeneous difference scheme
has only trivial solution. The homogeneous difference scheme corresponding
to difference scheme (2.1)-(2.4) has the form (2.5)-(2.8). The fairness of
the statement of the theorem directly follows from the equality (2.10). The
theorem is proved.

Theorem 2.3. Let u, € C3[0,l,], « =1, n. Then the solution of
the difference scheme (2.1) — (2.4) uniformly converges to the solution of
problem (1.1) — (1.4) at the rate of O(h) when h — 0, where h = max hq.

1<a<n
Proof. Introduce the mesh function of error

za(zl)) = o (20)) —ug (20e)), in =1, No, a=1, n, (2.11)
where y, (:1:((; “)) is a solution of the difference scheme (2.1)-(2.4) and function
ua(xga)) is a solution of differential equation (1.1)-(1.4). Define from the
equality (2.11) ya(mg“)) = ua(a:g“)) + za(azgo‘)) and substitute it in the
difference scheme (2.1)-(2.4). Then for the error function we obtain the

following problem:

(KaZaz,) o) —qlie)zlio) = —wlie) i, =T Ny =1, a=1,n, (212)

where 4 A . .
\I/g“) = (Kaua,a":a)g(czz) - qga)uga)v (2.13)
Zgio‘) = 0’ o = ].7 n. (2]‘4)
A0 = 220)7 a,B=T1, n. (2.15)
n }(O) 1
o ) _ L0)) — _
= ha (o8 = 2) =@, (2.16)
where 1)
n
L S O
©p = O; I (ua Ug, ) : (2.17)

It can be easily shown, that if uy (z4) € C3(I'y), « =1, n, then

qug@ —O0(h), |8|=0(h), in=1, Na—1, a=1,n. (2.18)

Multiply the equalities (2.13) on zfja)ha, a =1, n, and sum up the ob-
tained equalities w.r.t i, from 1 to N, — 1. Taking into account conditions
(2.14) and using the first difference formula of Green we obtain:

~ (Ko oz’ = KO8, = (g0 (20)?) = (o, 20) -
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Further sum up these equalities w.r.t o and take into account conditions
(2.15, (2.16). We will have

i { (Ka’ (Za,ia)Q] + (qaa (Za)2> } = i (Vo 2a) + z%o)@o, (2.19)

a=1 a=1

Introduce the following notation

fomin = _min gl >0, Komm=_min K >0,

1<iq <Nq—1 1<in <No—1

then we will have

S (Ko o] + (10 Go?) b 2 30 {2+ i 202}

Further, using the inequality [7], from the equality (2.19) we obtain

n

S { Koo 220 2 + dagmin 0]} <

a=1
- 1 1
2 2 2 2
<3 (culann i+ o Ialf) +2olaal® + o (20
We choose constants ¢; (i =0, 1,...,n) in the following way:

a) Gamin >0, a=1,2... n, then
€0+ €1 = @lmin, E€a = damin, @ =2,3,...,N.

In this case from the inequality (2.20) we obtain

n n
D Komin [zaz. I < My [0 + Mz Y |, (2.21)

a=1 a=1

where M7 > 0, My > 0 are some constants. Further we use the following
embedding theorem [9]. For any mesh function v(z), x € [0,!], given on the
arbitrary nonuniform mesh @ and being equal to zero only at x = 0 or at
x = [, the inequality is fair

2 2
lvlle < Ullva]”-

Using this theorem from the inequality (2.21) we obtain the following esti-

marte:
n

Ko i o
Z ‘;’m“ |zallf: < My |80]* + Mo Z 1T, (2.22)

(e}

a=1 a=1
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Taking into account, that [|[V,| = O(h), |69 = O(h), «a =1, n,
finally we obtain:

|zo| = O (h), where h= max, ha,
that implies the uniform convergence of the difference scheme (2.1)-(2.4),
when h — 0.
b) Some of gq min are equal to zero. If g1 min = 0, then constants gy and
€1 can be chosen in the following way:

Kao,min

la

Eap <

If gag,min = 0, 2 < ap < n, then the corresponding value €4, can be chosen

in the following way
Kao,min

la

Eag <

The theorem is proved.
Remark. Let uq € C3[0,14] (a =1, n) . Then H\If&“) =0 (hQ) y o =

1, No — 1, a = 1, n. Instead of condition (2.4) we consider the following
approximation of the conjunction conditions:

n OO n
> Ka (0.50a) 2 0.5 he [0 + 10 =0 (223)

(o7

a=1 a=1

Then the error approximation

(1) (0)

O = En: Ko (05h) e~ _ o5 En: ha [q&o)y&o) + f&o)}
a=1

—u

a=1 ha

will have the order O(h?).
Indeed,

— 0.5hq (K, (0) ey (04K (0) ull (0))—

Ta=0

0 du
/ " _ ,(0),,(0) _ £(0) _ o
2 (0)uy, (0) + Kq (0) ug, (0) — ¢, uyg, fa 5 <Ka d$a>

xq=0
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_QO(U&O) - fa =0.

Therefore, |¥,]| =0 (h?), a=1,n, [0 =0 (h?),ifus € C30,l,].
The a priori estimate for difference scheme (2.1)-(2.3), (2.23) may be
obtained using the techniques by means of which the a priori estimate (2.22)
was obtained. But in this case we will obtain the uniform convergence of
the difference scheme (2.1)-(2.3), (2.23) at rate O(h?) when h — 0.
3. Variant of double-sweep method for difference equations
(2.1)-(2.4)
Let us write the difference scheme (2.1)-(2.4) as a system of linear algebraic
equations:

(ia—l) (ia_l) (Za) (Za)
Ka o Ky + Ka ; L K& .

(e}

ia=1 No—1, a=1,n.

y&Na) = u(a)’ a=1,n,

(3.1)
n g1
K,
o (1) _ ,0) =
azl . (v - o) = 0.
Introduce the following denotations:
(ia—1) (ia) (ia—1) (ia) (0)
TR e T @ CEE P

ta=1 No—1, a=1n.

Then the system of equations (3.1) can be rewritten in the following form:

N ) e (@
y&N(’) = u(a) a=1,n, (3.3)
) =y o p=Tnyd =y o f=Tn,  (34)

i ma () = 50) =o0. (3.5)
a=1

Suppose, that for the solution of difference equation (3.2) the relation holds:

yleth) = latylie) 4 pletl) iy, =0, No =1, a=T,n.  (3.6)

then ) ) ) .
4 = Iy 4, )
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Substituting expression (3.6) in the equation (3.2) we obtain
i) ) 4 ) (gl D) 4 ) — ),

«

From this equation we define y((j CY):

(i) (ia)n(ia‘f'l) (i)

(ia) — aOl (la—l) o o _ o
Yo - C(aia) o bga) ga+1) Yo Cgia) _ bga)fga+1)

(i) — bIeliot £0)
Comparing this equality with the equality (3.7) we obtain:
(ia) (iat1) _ ¢(ia)

(ia)
(ia) _ da (i) _ Do Na o
S B oS e A R SR e R

Using the boundary conditions (3.3) to define &, (Vo) and 775Y O‘), we obtain:

gNe) =, pNa) =4 o =T . (3.9)

Recurrent relations (3.8), (3.9) allow to define coefficients gfj */ and 77(10‘)
(ia=Na—1, Na—2,....,1 a=T1,n),if i) — ple)eliatD) 4.

e o) 5 Joe)| 4 e

ing the reasoning from [4], it can be proved, that

8

Thus, we have proved that by means of recurrent formulas (3.8), (3.9)

,ia =1, Ny — 1, a = 1, n, therefore repeat-

<1 and

«

olia) _ bg@ggaﬂ)‘ > ’ag@

uniquely can be defined values of the coefficient &g (ia) n(()f“) (i = Ngo —
1, Ny —2,...,1, a=1,n).
Write out formulas (3.6) in case of i, =0:

=eMyO 4y o =T n.
Insert these equalities in (3.5) and take into account relations (3.4), then
we obtain: .
3 o (699 — 19 - 49) =0
a=1
As ‘5&1) < 1, from the last equality we obtain:
7
moﬂ]&l)
R G — . a=23,...,n. (3.10)
3 ma = 3 maks
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Collect all formulas of double-sweep method and write them down in order
of application:

¢ clie) — plie)gliett) : clie) — ple)gliet!)
la=Nog—1, Noy—2,...,0, a=1,n.
(Na) — 0, piNe) = (@) o =T n.
yliatt) = ¢latlyle) 4 plietl) i, =0, Ny =1, a=1,n.
§é7nang)
y 0 = o=l . a=1,2,3,...,n

> Ma — Y Mmaba
a=1 a=1
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