ON THE SUFFICIENT CONDITIONS OF ABSOLUTE
CONVERGENCE OF DOUBLE TRIGONOMETRIC SERIES

L. Gogoladze, V. Tsagareishvili

Department of Exact and Natural Sciences of
Iv. Javakhishvili Thilisi State University
0143 University Street 2, Thbilisi, Georgia

(Received: 15.12.07; accepted: 17.06.08)
Abstract

It is well known that if the function of a single variable has a continuous derivative,
its trigonometric Fourier series is absolutely convergent. However, if the function of
two variables has continuous partial derivatives, its double trigonometric series is not
necessarily absolutely convergent (see [1], [2]). In the present paper, in particular, the
sufficient conditions are found for the absolute convergence of double trigonometric
series of functions of two variables with continuous partial derivatives.
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Let L,(I?), I =[0,1], 1 < p < 00, be a space of periodic functions with
period 1 with respect to each variable and integrable on I? with power p
and let C(I?) be a space of periodic functions with period 1 with respect
to each variable and continuous on 2. As usual, for f € L,(I?)
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The corresponding moduli of continuity when f € C(I?) will be de-
noted, respectively, by

w(1a17f>7 w1 <17f>7 w2 <17f>
m n m n

The partial variations of a function f(z,y) are defined similarly as the
variations of a function of single variable. If II,, is a decomposition of the
segment [0, 1] with the points 0 < zp < 21 < -+ <z, < 1 and

n—1
sup sup 3 |f (@) — flanen, )l = Vi(F) < +oo,
yG[O,I] I, k=0

then we will write f € V1(I?). Analogously, if

n—1

sup sup > |f(2,yx) — f (@, yr1)| = Va(f) < +oo,
xe[O,l} I, k=0

we will write f € Va(I?).
Consider the decomposition I, , of the square [0, 1]? by the points
(e k), 0<zpg <21 < - <2, <L, 0<yo<y1 < - <ym <L If

sup SO 1 F @i ye) = F@irn, ye) = F (@i, yier) +f (@i, yern)| = V() < +oo,
mn =0 k=0

we will write f € V(I?).
Let f € L(I?) and let

i i Cmn(f>62i7r(mr+ny)

m=—00 N=—00

be its double Fourier series. Let

amn(f) = (emn(H)] + lc—mn ()] + lem —n()] + lccm—n(H), m>1, n>1,
amo(f) = (lemo(f) + le—mo(S)]), m =1,
aon(f) = (Jcon(f)| + lco—n(f)]), n>1

Lemma 1. Let f € L,(I?), p € (1,2], r € (0,q], ¢ = 25 Then for any
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M>1,N>1
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> o) <o 3w ()
m=M m=M Ly
2N—-1 2N—-1
r r 1 -0
Z aOn(f)SCPW wWa ﬁvf no1
n=N n=N Ly

Proof. 1Tt is easy to see that the series

N - : ™m ™m
- Z Z A (f)e2TMaH1Y) gip i sin N

m=0n=0

is the Fourier series of the function

5M,Nf(x7y)=f(m+8]1\/_[,y+81 > f(x—gl,er

N M
1 1 1
—f(:c—i—w,y >+f( M

Hence, using the Hausdorff—Young theorem, we will have

2M—1 2N—-1

PIED IR

m=M n=N

™
sin m sin W

< c,wr—

Therefore, on account of

2M—1 2N—1 . L1
Z Z At (f) < cpuwrT <4]\474N7f>Lp :

_p_ 1 1
74 p=l OAT ) ONT
<8M 8N

M<m<I2M -1, N<n<2N -1,

1

q -1
<o [ Buuvserasa)’
I

) In what follows we will denote by ¢, ca,s, respectively, the absolute constants and

constants depending on their indices, which are different in different inequalities.
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Using the Holder inequality, we have

2M—1 2N-1 2M—1 2N-1 2
>3 dhlr) < ey ch( )
m=M n=N m=M n=N

From the last two inequalities we have
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Now it is easy to see that
> mm
Z 2icmo(f)e*™ sin YNy
m=0

is the Fourier series of the function

omfi(z) = fr <x 8]1\4> f1< 8]1\4>

where fi(z) = [; f(z,y)dy.
Accordlng to the Hausdorff-Young theorem we get

s1n‘ <cp</|6Mf1 ) 1clac
< cpw —f cwppl if
=av o) savt g L

P

2M,

> an
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Consequently, since

sm;ni>2_%, M<m<2M -1,
we have

2M—1 s 1

Z ado(f) < cpuwi™ <8M’f)L

m=M P

In view of the Holder inequality

2M -1 . 2M—-1 5
> ano(f) SMI_Q( > a(rlno(f)) -
m=M m=M
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From the last two inequalities we get
2M—1 1 2M 1 1
r 1-Z 7 r -z
Zamo<f)§CpM qw1<4M’f>L SCpJZ%(ma )Lm 7.
m=M P m=M P

The validity of inequality (3) can be proved in a similar way. O

Corollary 1. a) If fi € L,(I%), p € (1,2], 7 € (0,q], ¢ = p%l, then for
M>1,N>1

2M—-1 2N-1 2M—1 2N-1
§ : § : r 2 : § : L patl T
amn(f)gcpﬂ’ w 7777]03; m Tn 1, (4)
m n L
m=M n=N m=M n=N P

! 2Md 1 q+1
D amo(f) Sepr D Wi <m,f;> m™ (5)
L

m=M m=M P
b) If f, € Lp(I?), p € (1,2], r € (0,q], ¢ = 325, then for M > 1, N > 1

2M—-1 2N-1 2M—-1 2N-1

1 1 _r _patl
DS SENUELSS il St T3 W) B s T
m=M n=N m=M n=N P
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Z apn (f) < cpr Z wh <n’f?:' n " . (7)
n=N m=N Ly
Proof. Since
1
cmn(f) = Ecmn(fs,g)v
when m # 0, for M > 1, N > 1 we have
2M—1 2N—-1 2M—1 2N—-1 2M—1 2N—-1
Yoo a =D > o mTa () <MY Y ana(f)-
m=M n=N m=M n=N m=M n=N

Now using Lemma 1 for the function f,(z,y) we get

2M—1 2N-1 2M—1 2N-1 11
2 E r / § : 2 : r / -z
amn(fx) S CP,T w <m ) E 7fa:> (mn) .
m=M n=N m=M n=N P
T2M71 2N—1 : 1 1 ) et _r
Scp,’r‘M E E w 7)7)fx m Tn 9.
m n L
m=M n=N P

From the last two inequalities it follows that inequality (4) is true. The
validity of inequalities (5)—(7) is proved in a similar way. O
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Theorem 1. Let f € L,(I%), p € (0,2], 7 € (0,q]. Then for any p =

0,1,...,v=0,1,..., uy > u, v1 > v we have
2H1—1 2¥1—1 2H1 —1 2¥1—1 11
> Y e Y YW (g d) i ®
m=2 n=2% m=2r n=27 P
oH1 1 oM —1 1
> ) < cpr 3 i (of) o )
— _ m L
m=2H m=2H P
ov1-1 ov1—1 1
S dblf) <o 3w (5of) 0 (10)
—ov v n L
n=2 n=2 P

Proof. Assuming in (1) that M =2, N = 2*, from (1) we get

2011 ok+l_q 2011 okt+l_q 1 1
_r
> D < Do Y W f) () e
. _ m n L
m=2¢ n=2k m=2¢ n=2k P

Summing up this inequality when ¢ changes from p to p1, and k£ changes
from v to vy, we get the validity of (8). Inequalities (9) and (10) are
obtained, respectively, from (2) and (3) in a similar way. O

Denote by A, the set of those functions f for which

DD amalf) <o (11)
m=0n=0

Theorem 1 yields the following

Corollary 2. Let the conditions of Theorem 1 be satisfied. Then if

m=1n= P

= /(1 _

Z W] — f m 4 < 00,
m=1 Ly

> et _r

ng - Jf] mo1<oo,
n=1 Ly

we have f € A,.
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Proof. Assuming in inequalities (8)—(10) ¢ = 0, ¥ = 0 and passing to the
limit when p1 — oo and v1 — oo we get

o0 o0 o0 o0 1 1 -
> S <o 30 (3 508)
m=1n=1 m=1n=1 Lp
o) 1 ,
Zamo <cprzw;~<, ) -
m=1 m Lp

N—
3|
Qs

> bl < e Dok (105
n=1 n=1

This and the conditions of the corollary yield the validity of inequality
(11). O

Ly

Corollary 2 when p = 2 and r = 1 was obtained in [3].

Theorem 2. Let f,, f; € Ly(I*), p € (1,2], r € (0,q]. Then for any

p=01,...,v=0,1,..., ugg > p, v1 > v we have
21 —1 2¥1-1 21 —1 2¥1—-1
E E : r j : Z _patl r
amn( <Cp7~ ) ’fx m Tn 1, (12)
m=2¢ n=2Y =2H n=2v Ly
21 —1 2¥1—-1 2H1—1 2¥1—-1
, ro_pqtl
E E f)<cpr g E fy] man e (13)
m=2¢ n=2V m=2K n=2V Ly
2K1—1 2H1—1
- (1 _pafl
> o) Sepr Do Wi (o) m (14)
m=2+ m=2H Ly
2¥1 -1 2¥1—1
r r 1 , _patl
E agn(f) < cpr E | wh ;afy noo9. (15)
n=2" n=2" Ly

This theorem is obtained from Corollary 1 in the same way as Theorem
1 is obtained from Lemma 1.

Corollary 3. Let the conditions of Theorem 2 be fulfilled. Then if

oo
(1, _patl
g wi | —, T mo 1 <09,
m
m=1 Ly
o0
(1 _patl
E wo | = Jy n ¢ <090,
n
n=1 Ly
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and if one of the following conditions

o o
r 11 —patl _r
E Ew —, = f m = an 1 <00,
m’'n
m=1n=1 Lp
= (11, _r _patl
E Ew —,—f m an ¢ <00
m=1n=1 mon Ly

is satisfied, then f € A,.

The validity of this corollary is obtained from Theorem 2 in the same
way as Corollary 2 was obtained from Theorem 1.

Corollary 4. Let f,, fi € C(I?). Then if

> 1 3
St (g fe)mir <

m=1

> 1 3
S (4ay) it <o
n=1

and if one of the following conditions

is satisfied, then f € A,.

The validity of this corollary follows from Corollary 3 if we assume that
p = q¢ = 2 and take into consideration that the modulus of continuity in
the norm of the space Ly(I?) are majorized by corresponding modulus in
the norm of the space C(I?).
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Theorem 3. Let f,, f; € L,(I*), pe (1,2], r € (q% ,q]. Then we have

m=1n=1

D

_pet2 g 11 1 1
<Cp,rzmrq [wr<mam>f§;) Wr<m Eaf{, )
m=1 Ly Ly
(16)
o0 o0
1 _hatl

> cholf) < Yot (5 f2) (17)
m=1 m=1 Ly
e’} e’} 1 atl
S ahulf) < e Yot (1) W (15)
n=1 m=1 n Ly

oo 211 oo oo 2¥T1-1 oo
L= 3 D am)<) 3 > awlf)
v=0 n=2¥ m=n v=0 n=2Y m=2%

In equality (12) setting u = v, v1 = v+ 1 and passing to the limit when
U1 — 0o we get

0o 2vtl—g 0o 2vtl_1
r r 1 1 / _patl _r
SN @ <ar S S ()
m=2Y n=2" m=2Y n=2" Ly
r r<1 1 ,) oS _an
< cpr Zw — = Ja nQZm T .
n=2" nen Lyp m=2"

Since r € (qf’l ,q) we have r%l > 1. Therefore from the last two inequal-
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ities we get

v+1_
oo 2 1 / . y(_rﬂ+1)
I <CPTZ Z f n 42 q
L

v=0 n=2% P

oo 2vT1-1
_pat2
<cpTE E < ;) nrq+
L

v=0 n=2% P

_ret2
—cp,Zw(f)n a .

p
In a similar way we can get
oo
1 _pat2 g
Iggcwgaﬂ"( —,f m™ e T
m’'m
m=1 Ly

From the last two inequalities and from (19) we get the validity of inequality
(16).

In equalities (14) and (15) assuming, respectively, that 4 = 0, v = 0
and passing to the limit when pu; — oo, 1 — oo we get the validity of
inequalities (17) and (18). Theorem 3 is proved. O

Corollary 5. Let the conditions of Theorem 3 be satisfied. Then if

> 1 1 1 1 g+2
Z [wT <m y % 5 a,2> + wr (m ; E ,f;) ] m_TT+1 < oo, (20)
Lp

m=1 P
then f € A,,

Proof. From (16) and (20) we get

DD () <oo

m=1n=1

Since r € (qqu, q) we have ri= L > 1. Therefore from (17) and (18) we have

Z Ao (f) < 00
m=1
D apa(f) < o0
n=1

From the last three inequalities we get the validity of Corollary 5. O
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Corollary 6. Let f,, f, € C(I%), r > % and

00
1 1 1 1
Z[wr<”fé>+wr< ,,fé)}m_2T+1<oo.
m m m m

m=1
Then f € A,.

This corollary follows from Corollary 5 if we take into consideration that
the modulus of continuity in the norm of the space L,(I?) are majorized
by the corresponding modulus in the norm of the space C(I?) and take
p=q=2.

Corollary 7. Let f;, f, € C(I?) and r > % If for some i € {1;2}

o0

1
O] CA TR

m=1

and for some j € {1,2}

ad 1
S (o fy)m <,
m

m=1
then f € A,.
This corollary follows from Corollary 6, since for any 4,5 € {1,2}
w(d,0, f,) < 2wi(4, fr), (21)
w(3,0, f) < 2w;(3, f,)- (22)
Let
Ao = {f:w(6,8, f) = O(6%), w(9,6, f) = 0(6%)}, a€(0,2],
Ao = {[f :wi(6, fi) = O(6%) for some i € {1,2},
w;j(6, fy) = O(6%) for some j e {1,2}}, a€(0,1].

From (21) and (22) it follows that when « € (0, 1], then Ay C A,.
The following corollaries are special cases of Corollaries 6 and 7.

Corollary 8. If f € Ay, 0 < <1, and r > 52, then f € A,.
Corollary 9. If f € Ay, then f € A, forr > QJ%Q

Lemma 2. Let the function g € V(I?) N C(I?). Then
1 1 1 1
w (779) chw% (779) (mn)_% (23)
Lo n

m n m
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Proof. Let

Apng(z,y) =g +hy+n)—glz,y+n) —glx+hy) +g(x,y).
Then

11 2
w(—,=,f] = sup Ahngxydwdy
m n Lo h<m71

n<n—

=

< sup sup Afmg T,y </ Apng(x y)dxdy)
h<m~1 (z,y)€I?

n<n—
1
1 /1 1 2
<w? ( ) sup (/ Ah,ng(m,y)dwdy> -
m n h<m71 J2
T]<n_1
It is easy to see that
/ . Appg(z,y) drdy
m—1n—1
—1,-1
g+ (p+1)h,y+w+1)n)—g(x+ph,y+(v+1)n)
-5

—g(@+ (u+Dh,y +vn) + gl + phyy +vn)| dz dy
<V(gym 'n~L.

From the last two inequalities we obtain the validity of inequality (23). O
Theorem 4. Let the functions f, and f, belong to the class V (I*)NC(I?).

Then if
o0
(1 1 (1 1
Z |:w2 (avf;>+w2 (3, Z;):|m_3T+1<OO7
m’m m’m

m=1
then f € A,.
Proof. Using inequality (23) for functions f; and f; we will have

o)
Z W' (1 l f/> 4o <1 l /> m_27«+1
P sJx ) )
m=1 mon L2 m-n Y LQ
()
r 1 1 / r 1 ]. / —3r+1
SCf},f{,Z |:w2 (m7m7fx>+w2 (m,m,fy>]m 4 < o0.

m=1

From this and Corollary 5 when p = g = 2 we get the validity of Theorem
4. O

78



On the sufficient conditions of ... AMIM Vol.13 No.2, 2008

Corollary 10. Let the functions f;, and f; belong to the class V (I*)NC(I?).
Then if r > %, then f € A,.

Corollary 11. Let f; € Vi(I*)NC(I?) for some i =1,2 and f, € V;(I*)N
C(I?) for some j = 1,2. Then if r > %, then f € A,.

This corollary follows from Corollary 10 if we take into account that
Vi(I%) Cc V(I?), k=1,2.
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