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Abstract

In the present paper we investigate the mixed problem of statics in the linear the-
ory of elasticity mixtures for a rectangle weakened by equally strong holes. Using the
methods of the theory of elastic functions a stressed state of the plate, a form and
mutual location of the hole contours are defined.
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19. The homogeneous equation of statics of the theory of elastic mixture
in the complex form is written as [3]
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Wherez::z:1+z:1:2,z::c1—z:c2,525(8714-1872),5 5(871_2872>’

U = (w1 + dug,ug + iug)T, vt = (ug,u2)?, v’ = (uz,us4)? are particle
displacements,
1 es € _ 1 {ms —-m
K:—ieml, e= |1 D, ml=—— 3 2.
€5 € Ag |[—m2  my

1
Ao =mymz —m3, my = e+ 3 E3+k; k=1,2,3, e =a/ds,

e2 = —c/dy, ez =ai/dy, a1 =p1—XA;5, az=p2— A5, c=pz+As,
ds = ayas — 2, e1+es=>b/d1, ex+es=—-Co/d1, es+es=1/dy
a=a1+b, b=ay+by, co=c+d, by =pu+ AN+ —ap2/p,
by = po + A5 +azp1/p, d=pz+A3— X5 —aop1/p = p3 + A — As + azp2/p,
ay = A3 — Ay, p=p1-+p2, d:ab—cg.

Here p; and py partial densities, and w1, p2, p3, Ap, p = 1,5, are constants
characterizing physical properties [5].
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In [2,3] M. Basheleishvili obtained the representations

T = me(2) + 1ech’(Z) +9(2), (2)

U = (u1 + fug, ug + iuyg) 5

TU = (ETU)Q - i(TU)l) B 85?:13) [(A — 2E)p(2) + Bz¢'(2) + 2u9(2) |,

3)

where ¢(2) = (p1,92)T and ¥(2) = (1,12)T are arbitrary analytic vector-
functions,

=1 W3 mp  mg 10
A =2 m, = , M= ) B = €, E= )
a a [ 43 MJ [m2 m3] a [0 J

0 0 .. .
—— = —ng——+n1—=—— , n1 and no are the projections of the unit vector
0s(x) 0xy 0xs
of the normal onto the axes ox; and oxo; (Tw),, p = 1,4, are components

of the stresses vector [2]
0
(TU)1 = ripm +ryyne, 1y = ad’ + ot — 2%(,“1“2 + p3ug),

0
rh = —a1w — cw' + 28 (pug + psua),
T

0
(TU) = 7",12”1 + 7“/22712, 7‘/12 = a1 + cw’ + 287332(,“1111 + pgus),

0
rhe = af) + cof” — 28:1:1 (w1 + psug),

0
(TU)3 = riyny +rhyna, 7, = cotd +b0" — 287562(/13“2 + pouyg),

d
ry = cw'ag — W' + 28 (Hgug + poua),
T

0
(TU)4 = Tllznl + T/QIQnQ, 7“/1/2 = + agw” + 2—(,u3u1 + MQUg),

0xo

0
rhy = cof + b0 — 2(%1 (H3ur + poug);

8U1 8UQ aU3 aU4
0 =divu = — 0" =divd' = — + —
8%1 83?2 ’ 81‘1 8%2 ’
8UQ 8U1 aU4 8U3
/ / " "
Ww=rotu = ———, w =roty =—— —.
81’1 81‘2 ’ 81‘1 8.%‘2
Let us now consider the vectors:
1 2 1 2
(:) 7'(7“/11; 7“/1/1>T7 (:) 7'<7"§2>7°§/2)T7 T= (7') + (T)’ (4)

(1)
n = (Télargl)Tv 77(2) = (712,12
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After lengty but elementary calculations we obtain

m  ©

T=7+7 =202FE - A— B)Re®(2), (6)
=9 W 04— B—2B)ma(2), (7)
G i = 2Bz (2) + 200 (2)), (8)

here ®(z) = ¢/(z), ¥(z) = ¢'(2); det(2E — A — B) > 0, [4].

Now we consider the right orthogonal coordinate system (nS). By n
we denote the outer normal vector to L at point t = ¢; + ite, and by
S the tangent vector. Suppose that n = (n1,nm2)?7 = (cosa,sina)? and
S = (—n2,m)! = (—sina,cosa)l, where a = «(t) is size of the angle
made by the outer normal n and the ox; axis.

Next we construct the vectors:

L 2
op = (Egg%;gi 1 EgZ;iZi) — (7-) cosZ o + (7—) sin? a4+ psinacosa,  (9)

o — ((TU)in - (Tu)1n2> - }<(72_) _ (1))

. 1 1
(TU)4Tl1 — (TU)3n2 - 2 T )Sin 2& + 57] COS 20é — 76*7 (10)

2
* 1 *
o, =05+ 3¢ (11)
/ / / / T
oy = [ro1n1 — ryne, ThHni — 7'12”2]TS _
- 1! ! ! 1! -
[rg1n1 — T{1n2, T9n1 — rionalt S

1 2
= (T sin® a + (7') cos? ov — msin av cos o (12)

From (8)—(12) and (6)—(8) we obtain on L

ontor=7+% —22E - A— B)Red(t)

on —ios = (2E — A)®(t) — BO(t) + (BI®'(t) 4 2u¥(t))e**®,  (14)

and with elementary calculation we get on L

oU, Un)

5 T +i[os - 2#(% - %)} —20(t),  (15)

2u

where 1/pg is the curvature of the curve L at the point ¢ = t; — ito,
U, — (uml - ugnz) U= (uQm - um2> ‘ (16)
ugnNg + uan2 U4N1 — U3N2

(2), (3), (6), (8) and (13)-(15) represent analogues to Kolosov-Muskhelishvili
formulas in the theory of elastic mixtures.
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20, In the present work we consider the similar problem which have
been investigated in the plane theory of elasticity by R. Bantsuri and Sh.
Mzhavanadze in [1].

Let a middle surface of an elastic isotropic of the mixture occupy on the
plane z = 1 + iz the (n + 1) connected domain whose outer boundary is
formed by straight lines x1 = +29 and x5 = 429, and inner boundary is a
union of simple closed smooth contours (a rectangle with holes).

Suppose that on the outer boundary of the domain D the value of the
vector (10) is equal to zero, i.e. o5 = 0, the vector U, (see (161)) on the
rectangle sides take constant values, and the inner boundary the value of
the vector (9) i.e. o, = p = const.

Consider the problem: Find a stressed state of the plate, a form and
mutual location of the hole contours so as the vector (12), i.e. oy, on them
to take constant value.

For solving of the problem we use method given in [1].

In the case under consideration we assume that the domain D is sym-
metric with respect to the oxi-axis. This allows us to consider a part of
the domain D lying in the upper half-plane. We denote it by D;.

Owing to the symmetry, for the domain D; we have the same boundary
conditions as for D. The mathematical ground of this fact can be found in
[4] and [7].

Thus for the domain D; we obtain the following boundary conditions:

os=0,; U= UO(t) on Ly + Lo, (17)

os=0, o,=P, o :KO, on Ly,
where Up(t) is the given piecewise constant vector-function, where P =
(P1, P)T is the given and K = (K9, K9)T is an unknown constant. The
value K° will be defined later in solving the problem. Lg is a union of
unknown arcs, L; and Lo are the unions of segments which are parallel
with respect to the ox; and oxs-axes.

n+2
Ly = U AspAaksr, L2 = A142 U AsnisAonts,

n
0 0,0
Lo= U Askr1Azera, Ao = Amys = izy, Ay =27+,
0 0 0,0
Ay = —xy, Aopiz =17, Aopia =] +ixs.

The points and their affixes are denoted by one and the same symbols.
By virtue of (13)-(15) and the conditions (17) the stressed state of

the body is described by two analytic vector-functions ¢(z) = (¢1, ¢2)"

and U(¢) = (¢1,%2)T which on the boundary of the domain satisfy the

122



The mixed problem of the ... AMIM Vol.13 No.1, 2008

conditions
1
Re®(t) = 5(QE—A—J_f,?)—l(KOJrP), t € Lo, (18)
Im®(t) =0, t€ L+ Lo, (19)

(Bt®'(t) + 2p0(t))e?*® = P+ BO(t) + (A — 2E)®(t), te€ Lo, (20)

where «(t) is the angle between the outer normal to the boundary of the
domain D; at the point ¢ and the ox;-axis. In our case a(t) = 0 or a(t) =,
if t € Ly, at) = 5 or a(t) = =%, if t € Ly and «(t) is unknown if ¢ € Lq.

The functions ®;(z) and ¥;(2), j = 1,2, satisfy in neighborhoods of the
points Ax, k = 1,2n + 4 the following conditions:

|®;(2)] <const |z — | %, |¥;(z)|<const|z —c|°, j=1,2, 0<5<1.

(21)

Let the functions z = w(¢{) map conformally the upper half-plane of the

complex variable { = £+1i&s onto the domain D;. Here we use the following

notation: w1 (Ag) = ag, k =0,2n + 5, w™ (L) = Iy, k = 0,1,2. We may
assume that ag = —00, agp45 = +00, az = —1 and agyy3 = 1.

Since the contours of the hole are smooth, the function w(z) in the

neighborhoods of the points (k = 1,2n + 4) is representable in the form [1]

w(Q) = (€= )" Pwo(¢) +wle), (22)

where w(¢) is the function, holomorphic in the neighborhood of the point,
and w(c) # 0 (c denotes any of the points k = 1,2n + 4). In the neighbor-
hood of the point { = co we have

C1 (&)

w(C)=co+ —+ =

( ) C CQ

where ¢ (k=0,1,2,...) are the constants.
The change of the variable ( = w(() results in

+o (23)

e = —u/(&) /' (&). (24)

Taking into account the fact that z = w(¢) and also the condition (17),
from (18) and (19) we easily obtain

Im®(§1) =0, on Iy +1l; Re®o(§1)=H, on lp; (25)

where ®(2) = ®(w(z)), H = 3(2E — A — B)"Y(K° +p), &9 = (P01, Po2).

Taking into consideration (21)-(23), we establish that ¢o({) is bounded
as ( — oo and in the neighborhood of the points ay, k = 1,2n + 4, satisfies
the conditions

1
|0j (Q)] < comst|¢ — ¢, 0<6< 5 i=12
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Consider the vector-function F'(¢) = ®o(¢{)— H. To define F((), in view
of (25), we get

ImF(&)=0 on [31+1l, ReF(§&4)=0 on I. (26)

F(¢) has the same estimates as ®y(().

(26) is, in fact, the homogeneous Keldysh-Sedov’s problem for the half-
plane and under the above conditions this problem has only a trivial solu-
tion F'(z) = 0. Therefore

Do(¢) = H. (27)

Tasking into account (27) and (24), the boundary condition (20) takes
the form

hw'(§1) +w'(§1)Wo(€1) =0 on o, (28)
and by virtue of (17) we have (see (14))
ImUy(€) =0 on Iy + 1o (29)
-
where Wo(¢) = ¥(w(0)), h = E-(P = K°), %o = (Yor, o)
Obviously,

Rew(&1) = A(&) on lp; Imw(&) = B(&) on Iy, (30)
where A(&1) and B(&) are the piecewise constant vector-functions, in
particular, A(¢;) = af, for & € (agny3,aon44), A(&1) = —af, for £ €

(al,CLQ), B(él) = 1'8, fOI', 51 € (_Ooaal) U (a2n+47oo)7 B(§1> = 07 for

n+1
&1 € U (az, agp).

Introduce the notation

W(Q) = 5/ (OWo(0) + 1), Q)= 5o/ (O(To(c) ~ ). (31)
It is not difficult to state that |(| — oo, as
W) =0(C?), Q) =0() (32)

and in the neighborhood of the points a, k = 1,2n + 4, satisfy the condi-
tions

[W5(Q)] < const|¢—c| ™, |;(Q)] <const|¢—c[, 0<6<5, j=1,2. (33)

N

Taking into account (28)-(33), to find W ({) and Q(¢), we obtain the
boundary problem: Find the W (({) and Q(¢), analytic in the upper half-
plane (Im ¢ > 0), which on the axis {s = 0 satisfy the boundary conditions

ReW (&) =0 on lp+1ly, ImW(&)=0 on I, (34)
ImQ(&)=0 on lp+1l, ReQ&)=0 on I, (35)
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and also the conditions (32) and (33) in the neighborhoods of the point
(=ocand a; (k=1,2n+4).

The problems (32)-(35) are, in fact, the homogeneous Keldysh-Sedov’s
problem for a half-plane. The solution of the problems is given by the
formulas ([5])

W(C) = hx1(Q)Pa(z), Q(C) = hx2(¢)Do, (36)
where

2n-+4 ,%
xao—[ll@—uw] , -

x2(0) = (€ = a1)(¢ = a2)(¢ — a2043)(C — aznsa)] s

N

n 1
P.(¢) = kzo()’k(k, h = EM*I(P — K%); Dy, Co,C4,...,C, are the real

constants, under x1(¢) and x2(¢) are understood one-valued branches sat-
isfying the conditions yx(¢) < 0, k = 1,2, when & = 0 and & > agp44.
From (31) and (36) we find

¢
M@=l&ﬁﬂﬂ&—%m@W&ﬂmw (38)

Taking into account the fact that ¥o(¢) = ¥(w(()) = ¥(w(¢)) and
D4(¢) = P(w(¢)) = ¢'(w(Q)) from (31), (36) and (27) we obtain

ww«»:hlim@ﬂw@+Dmxmma+w@» (39)

p(w(C) = Hw(C) + C, (40)

where (g is an arbitrary point of the domain Imz > 0, C' is a constant to
be defined and H = {(2E — A— B)"}(P + KY).
The above-formulated problem we can solve by the formulas (38)-(40).

References

1. Bantsuri R., Mzhavanadze Sh., The mixed problem of the theory of
elasticity for a rectangle weakened by unknown Equiv-strong holes.
Proc. A. Razmadze Math. Inst. Vol. 145 (2007), 28-33.

2. Basheleishvili M., Analogues of the Kolosov-Muskhelishvili general
representation formulas and Cauchy-Riemann conditions in the the-
ory of elastic mixtures. Georgian Math. J. 4 (1997), No. 3, 223-242.

125



AMIM Vol.13 No.1, 2008 K. Svanadze

3. Basheleishvili M., Svanadze K., A new method of solving the basic
plane boundary value problems of statics of the elastic mixtures the-
ory. Georgian Math. J. 8 (2001), No. 3, 427-446.

4. Basheleishvili M., Application of analogues of general Kolosov-Muskhelishvili
representations in the theory of elastic mixtures. Georgian Math. J.
6 (1999), No. 1, 1-18.

5. Muskhelishvili N. 1., Singular integral equations. Nauka, Moscow
(1968) (in Russian).

6. Natroshvili D. G., Jagmaidze A. Ya., Svanadze M. Zh., Some prob-
lems in the linear theory of elastic mixtures. Tbilisi Cos. Univ. Tbilisi

(1986).

7. Obolashvili E. I., On one generalization of the Riemann-Schwarz sym-
metry principle, and its application. Dokl. Acad. Nauk., SSSR 157
(1964), No. 5, 1051-1053.

126



