ON THE SOLVABILITY OF ONE BOUNDARY VALUE PROBLEM
GEOMETRICALLY NONLINEAR THEORY OF PLATES

M. Mosia
1. Vekua Institute of Applied Mathematics,
Iv. Javakhishvili Thilisi State University
0143 University Street 2, Thilisi, Georgia

(Received: 24.04.07; accepted: 08.10.07)
Abstract

In the present paper a geometrical non-linear plates is considered. One problem
of stretch-press of plate is solved by the method of I. Vekua. For solving this problem
is used the small parameter method and complex variable functions theory.
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In the present paper a boundary value problem of plates is considered.
This three-dimensional problem is reduced to two-dimensional problem by
I. Vekua’s method [1],[2]. Then we consider the case of geometrically non-
linear plate for approximation N = 0. Our aim is to solve concrete problem
using these theories.

The three-dimensional equilibrium equation has following form:

—0j(0ij + okj0ku;) = fi, (1)

where o;; - are the components of the stress tensor, u = (u1,u2,us) - is
the vector of displacement, f; - is the given density per unit volume of the
applied body forces.

Under repeating indexes we mean summation, the Latin letters taking
the values 1, 2, 3 and the Greek one - 1, 2.

The tensors stresses and strains are related as follows

0ij = AEpp(u)d;; + 2uE;5(u),

where )
E; (ll) = 5 (BZU] + 8jui + 81'118]'11) R

A, p - are the Lame’s constants, d;; - is Kroneker symbol.
The equilibrium equation (1) may be written as follows

—(0aTia + 03T33) = fi,
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where components T;; are connected with o;; by the following form
Tij = Ukj(éik + 8kui) =05 + Ukjakui.

The three-dimensional system will be reduced to two-dimensional one
by I. Vekua’s method on the midsurface of the plate [1], [2].

This method in case of geometrically and physically nonlinear theory of
plates and shells was studied by T. Meunargia [3].

The obtained system for approximate N = 0 we rewrite in complex
form and use method of Signorini [4]. We assume that volume forces and

components of stress tensor are analytical functions of small parameter €.
Therefore, we can find solution in the form of the asymptotic series as

follows
1‘1,1’2 Z u 8

'Lj $1,$2 E T@]

The system of equilibrium equatlons has the form

5 [ (n) W) (n)
5 | T11— To+i(Ti2+ To1)

s [ (n) () (n) (n)
taz [T+ To+i(Ta—Ti2)| + Fy =0,

(n) (n)
8T5+ + 8T5+ + (};1)3 — 0

where z = z1 + iz9 is a complex variable

g _ 1 0 o) 0 _ 1

9z = 2\ 821 025 ) 927 2 8901—1_7’8332)7
(n) m () (n) (n) ()
Fy=Fi1+1Fo, T31+=1T3 +1tT32.

(n)
Complex combinations of T';; and (g),-j are related as follows

(n) (n) (n) (n) (n) (n) (n)
Tin—To+i| T2+ To|l=(0c1n1—00+2t012)+

w oy (wm w \ods
—I—Z 011—022+2'La12 T-I— 011+ 022 0z |

(n) (n) () (n) (n) (n)
Tu+Toe+1|\Ta—Ti2)=0c1n+ o2+

n—1 (n k) (n—k)
(k) 0 (k) (k) (k) 0 u
—l—Z (011+022) 5% ++(011—022—21012>az+ ;

=1
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T3+= 04
= W w oy o w
+ <U11—022+21012) ) +(011+U22
k=1 o
k) —— (=) ]
(n) k) 0 u's (k)0 u '3
T+3—U++Z T+, T+ )
n— n—~k —k 1
) (n) ! (k) 2"y )3 O )3
Ta33= 033+ O4—F—+ 04 - )
0z 0z
k=1 | |
where

(Z)+ _ (Z)1 4 (3)27

(3)+ _ (3)13 4 (3)23.

)

0

(n—

u

0z

k)
3

|

For the complex combination of (g)ij we get the following expressions

n

(k) (n—Fk)

(k) (n—k)

(g)ll - (3)22 + 2 (3)12 = 4M 9 U+ a U 4 0 /lf?, 0 Zf 3
0z 0z
n (k) (n—k)
) (n) (n) 0% o"a.
on + 022—2()\—{—,u 9+kzl s o
k n—k n—k
+ 8(u)+ 8( u )+ 8(u)38( u )3
w o, 0
+ = 24 82 9
n k n—k n—k n—k
W <g>+Z o® ., omM 9 oM, a(u>38<u>3
33 - — 0z 0z 0z 0z 92 0z
(z) 8(Z)+ a(Z)Jr
0z 0z
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The boundary conditions can be written as follows

(n) (n) 1 [ (n) (n) (n)
Tuy+iTasy =59 T11+ Ta+i(Ta— Ti2)-

(n) (n) (n) (n) 5
—[T1—Ta+i(Ti2+ Ta)l (%)2} ;
(n) ) 4z
Ty =—Im| Ta+q: )

where 1 - is a unit vector of the tangential normal of the middle surface

I xs=es.

For the first approximation of small parameter we get linear system of

equations for the plane elastic theory, we obtain (’Z,) after solving n recurrent

problems. The right hand side are nonlinear combinations of the solutions
(1) (2 (n-1)
u .

u, u,...,

We consider stretch problem of infinite plate with circular hole, when
there put rigid body [6]. It means that in the bound is given the following
conditions

U =0, Trg=0, ug =0, (z=re", |z|=R).
and at infinity we have
T =ep1, Ty =epa, p1 = const, pa = const,
TS =157 =157 =T55 =0.
For this problem approximate n = 1 has the form:

(1) 2%
pA U ¢+ (2A+ ) SE =0,

02
020z

This is a well-known case of the linear plate for which we have [5]

(1)
,uAu 3:0, A=4

! ) M, )

(u)+ =2 P(z) —2¥ ' (2) — ¥ (2),
(1) —
uz = g(z) + g(2),

(1) (1)
where & = ’\/\13: , ¥ (%), ¥ (2) and g(z) are analytic functions of complex

variable z

1), as (1)/ ’ a, CL/
w(@:%+;,¢(@=%+ﬁ+ﬁ,
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g = PLEP2 azzﬁi'u(m—m)RQ
0 8u Ap(2X + 5p) ’
R is radius of hole.
CL;) — _1171(4—M]?27 ) CLIQ Zﬁl;-_i—p;j) R2
’ o 3 A
ay = (5§+§Z>R

Consider the approximate n = 2. In this case we have:

@
/‘LA(U)++2()‘+/‘L)80 _F+7 (2)
wA (u)g, =0,
where
A9 1 Ay A5\ 1
F = <A12+2>Z4+<A3+ 4+zj>z3
A7 Ag)\ 1 A1o A 1
* (A6+ +>z3 (Ag 22 +z4)z5’
3(A2 + 4\ + 3u?) 9 19
A = — R
1 22+ 50) (p1 —p2)° R,
BA+31) , 9 o9 a
Ay = ——— " (p] —p5)R
_ (p= N+ A+ 3p7) 2 2
A Ty e
A2 4+ 6+ 9u? 9 9\ ud
Ay = — — R
! AN + 1) (21 + 5p) P =) R
6(A+ 3u)(3A+ 4p) 216
SR o W R O
6AZ + 19Au + 1947 5 5 )
Ag = — —pR
6 4/‘(/\_‘_#)(2)\4'5#) (pl p2) )
(A + 1) (3N + 13A\u + 16p2) 9 (A+3p)
A7 = —
7 22 (2N + 5y1)2 (p1 —p2)° + 00 (p1 +p2)°,
3(A+3p) p
Ag = — RS,
i AT ) (2X + 5y )(p P3)
37ut 4+ 55 3 + 16202 — 3X3u — \? 9
Ag = _ R
9 2ﬂ2(/\+ﬂ)(2)\+5/1«)2 (Pl p2) )
3(A+3p) 9 oG
Ay = — — 3R
1 20t p@r o) P PR
9(A+ 3p) 98
Al = ———=(p1 — R®.
11 2(2)\ + 5M)2(p1 p2)
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The boundary conditions are take as

(2) (2)

UT:O, Tr9:07 (3)

(2)
u 3= 0,

the stresses are bounded at the infinity

., @, @, @ @ @
TNN=Txp=Tp=T3=T3=T3=0.

The general solution of system (15) has the form

(2) (2) f2) (2) N
2 =0 B() - 25 (2) —(2) + 8
2

i = 0,

where @ is the particular solution of the non-homogeneous equation

~ B\ 1 B3\ 1 B, B
i = (3022+;>3+<Bgz+3>2+<;+j>z+
z z V4 z V4 z
B;  Bg\1 By B\ 1
+ <B6+Z2+Z4>Z+<B9+52+Z4>Z3.
2115 — 25 0% — 260213 — 220342 — 9\t — NP
By H éﬁ . H H H (p1 — 202)2]%27
32p3 (A + p)2(A +20) (2A + 5p)
(A +3p)(3A + 4p) 2 126
B — p2)2RY,
! IO T 20 (20 + 5 P P2
3ut — 2203 — 100202 — 603 — M4
By, = K . K H H (p1—p2)2R2,
3203\ + 1) (N + 2) () + 5p1)
A+3up 2 2\ pd
By = — — p2)RY,
s 1670 1 1) (27 + 5y 21~ P2)
622 + 19\ + 1942
B, = (5} — )R,

320(A + 1) (A +20) (2X + 5p)
37ut 4 5503 + 160202 — 323 — M\
B, = oW ' M u2 M (p1 — po)?RY,
3202\ 4 1) (N + 20)2(2)\ + 5p)

62 4+ 190 + 192

Be — — 2_ p2\R2
6 320N + 1) (A +20) (2X + 5p) (o1 = p2)
R* (A + 1) (3A 4+ 13\ + 1642) )
B = _
7 16(\ + 27 { 122X + 5p1)2 (1 =p2)
A+ 3u 2]
= (p1 +
2()\ +:U’)2 (pl p?)
3u(A+3
By = 1( 1) (p% _p%>R67

T 16(A + 1)2(X + 20) (2 + By
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37u* + 55 3 + 16022 — 3X\3pu — \*

By = — 0)?RY,
9 9612\ + 1) (X + 2) (2X + 5p)2 (p1 — p2)
A+ 3 s o
Big = - )RS,
10 16(A + 1) (A + 21) (2X + 5p) (p1 — p3)
3(A+3p) -
Bu = —p2)°R®.
11 32()\‘1‘2#)(2)\4‘5#)2(]91 P2)

2), (2,
Let us introduced following (90) (z) and v (z) by series
2), e . F >~ &
)= arz T () =) B
k=0 k=0

coefficients o and [y are defined from the conditions at infinity

() (2) (2 (2) o 2), 2,
Ti1+ To2+i| Toa— Tr2 = dp| ¢ (2)+ ¢ (2)
+do(r) + dy (1)e? 4 do(r)e™ 20 + d3(r)e*? + d4(r)e_4w] =0,

where

Br 2B 3311> 242

do(r) = —4(\+p) (7“4+ G 8 )\+Mao

4N + A p + Tp?) aj
A+ p ré

By—Bs 2B3 Bg+3Bjo
di(r) = 2(/\+M)( R )

ay (/203 ay\ | 8p(n—A) agas
+ 2(A+3u)r2<a0 7n2+T4>+ P

B,—B 2B B B
) = e (BB 2 D300

r r6

r 76

a. . 2ay  a, 8u (b5 + A) apag
oA+ 3u) 2 [y — 2224 U
+ 200+ M)T‘Q (ao 72 +7’4>+ Adp r27

Bo— By Bs— 3B
ds(r) = 2(A+p) <2 2 + = )

2a2

! 2
a / a
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4

Bo— B, Bs—3B
du(r) = 2(A+u)<2 0 2,5 9>

72 r

2asa, aya a2
+ 2(A+3p) <— :2 P+ 0) + 2e0(p — )\)—i,

B 1 3u A+ 3u 9
ap = 64M2[)\+ (p1+p2)? + p (1 —p2)°| -

(2) (2) (2 (2) e (2),,
T — Too+i| The + T21 = |—4plz¥ ()‘1‘1/1()

—|—Co(’l°)€2i9 + cl(r)e‘”g + co(r) + 03(7’)6620 + C4(T‘)€_2i9]

where

b = -3? R (jﬁf% T
a(r) = —4up -2754 15s —|—3e< 4“°a2 2‘;04“4 " aﬁ;)] ’

ca(r) = —4p -if 2B10 + e (2&0@6 2a2a2>] ’

cs(r) = —4p -350 155 +ae< 2“% “2%)]7

o = o[f-r2]

5, = E01—P3)
0 16pu2

In virtue of boundary conditions we have

(20‘03+21_nml T e 9)

n=2 n=2

00
_§ : n e zn@_ﬂoRe ZzG_ﬁORGQzG
Rn—1
n=0

o0

_ Gin-2)0 _ _ Ba =2y
; Rn 1 7122(1_71)]%71—16
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_ 2B1  2B; 2By (By+ Bg n Bs + Bio 438 Bs 021
~ RY R3 RT R R? R”3

By+Bs Bgs+Bio B3\ _aip By+Bs  Bs+ Bg\ 4
_<R+R5 wm) T w Tm )Y

Bo+Bs  Bs+Bg\ _up
_< R T m )¢ 0

(o] o0
2:”0% inf Zﬁn i(n—2)6 Z”an —inf Zﬁn —i(n—2)8

n=0 ne0
= (E1(R) — E2(R))e*® + (Ey(R) — Fo(R))e %9 +
(E3(R) — E4(R))e*? + (E4(R) — E3(R))e 4.

where

En(r) = —C”(T);Md”(r), n=0, 4.

(2) (2)
Therefore, functions ¥ (z) and 1 (z) have the following forms

Y (z)=a0+ %+,

v (2)=Bo+ B+ 8+ 5

).

@z = _Sael—i— 1 (250 — E»(R) + E1(R)R? — 3(B4 + Bg) — 3(&5};310) gg
= 5ae3+3((35+39)+(5(BO+BQ)R2+(E4(R) — E4(R))RY,
Pr = 3ae3+1(232+2(34+36)R2+(ae—1)R450_|_
+ (e +1)RY(E(R) — Ey(R)) + 2<BsR+sz>> |
B = 5365+3(12(B5+BQ)R2+12<B0+BQ)R4+(38+3)(E4(R)—E;»,(R)RG),

In case of the second approximation of small parameters components of
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the stress tensor and displacement vector can be written as follows:

_ a,2 4ag / a;
T = 2u (2@0 + 2 (7“2 —ag — 7“4> 00520> €

E Ei(r)+ E
+ 2u{2ao _o B <_g0 _ Eu(r) + Ba(r)
T 2 2
4 E E
+ %* ﬁj>60829+ (%%M) 60849}527
T r r r 5

2

4 E —F
+ (6514 — ’873 + M) S’L?’L49} 62,

T r 2

Too = 2u <2ag + a% + (ag + ai) cos29> €
T T
2

+ {411040 + /;52 + 4pEo(r) + do(r)

2%+ 20y + i (1) + da(r) + p(Ea(r) + Eg(r))] 0520

200 IO )+ dalr) + () + E4<r>>) 60849} e

B s a; (14=)ay
U = {(ae— 1)a0r+7+ <3r3 - T cos20 » €

By By DB [
-1 2Ly 2r, 2l P2
(EE )Oéo’r'—i— 7“5 + 7“3 + ’1"7 + r

1 B By + B B B
(2 + )a2+3 3+ﬂ4+ st 6+ 8+ 10)00520

r2 3r3 r rd

3—a By+ By Bs+ By [ 2
~3,3 oy + . + 3 +5? cos4l  e°,

x—1 — 3B B, — B, Bs — B .
( g + Bor + B1 3 3 + 4 6 + 8 5 10> sin20
r 3r r T

®—3 4 By—DBy DBs—DBy [\ . 2
53 a” 4+ " + 3 +ﬁ sindl ; e°.

e—1 a; )
ug = (aor + " as + 37“3> sin20s
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The obtained solutions are compared to the results obtained by two-
dimensional linear theory of elasticity. In case of small parameter is equal

h
to R

the solution of nonlinear problem depends on both the thickness of

the plate and on the radius, while linear problem it is depends only radius
of the hole.
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