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Abstract

By means of the Laplace transformation and the potential and the singular integral

equation theories the uniqueness and existence theorems are proved.
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This paper is dedicated to the investigation of dynamic boundary-
contact problems of the linear theory of a mixture of two isotropic elas-
tic materials. As a model problem we investigate here the so-called basic
contact problem whose investigation is fraught with difficulties typical of
other problems. Note that the basic boundary value problems of dynamics,
statics and oscillations are investigated in [2].

Let R3 be a three-dimensional Euclidean space and let D1 ⊂ R3 be the
domain D2 = R3 \R1, Di = Di ∪ S, i = 1, 2, bounded by a smooth surface
S. It is assumed that S ∈ Lk(γ), k ≥ 1, γ ∈ ]0, 1[ .

In the theory of mixtures of two isotropic elastic bodies we consider two
displacement vectors u′ = (u′1, u

′
2, u

′
3) and u′′ = (u′′1, u

′′
2, u

′′
3) at each point

of the domain filled with the mixture.

Dynamic equations in terms of displacement vectors have the form

a1∆u′ + b1 grad div u′ + c∆u′′ + d grad div u′′ − ρ1
∂2u′

∂t2
= −ρ1F

′, (1)

c∆u′ + d grad div u′ + a2∆u′′ + b2 grad div u′′ − ρ2
∂2u′′

∂t2
= −ρ2F

′′, (2)
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where ∆ is the Laplace operator,

ρ = ρ1 + ρ2, λ3 − λ4 = α2,

a1 = µ1 − λ5, b1 = µ1 + λ5 + λ1 − ρ1

ρ
α2,

a2 = µ2 − λ5, c = µ3 + λ5, b2 = µ2 + λ2 + λ5 +
ρ1

ρ
α2,

d = µ3 + λ3 − λ5 − ρ1

ρ
α2 = µ3 + λ4 − λ5 +

ρ2

ρ
α2,

(3)

F ′ = (F ′
1, F

′
2, F

′
3) and F ′′ = (F ′′

1 , F ′′
2 , F ′′

3 ) are mass forces.
If we introduce the differential matrix operator [2]

A(D) =
∥∥∥∥
A(1)(D) A(2)(D)
A(3)(D) A(4)(D)

∥∥∥∥
6×6

, (4)

where

A(j)(D) = ‖A(j)
kp ‖3×3 j = 1, 4, k, p = 1, 3,

A
(1)
kp (ξ) = a1|ξ|2δkp + b1ξkξp,

A
(2)
kp (ξ) = A

(3)
kp (ξ) = c|ξ|2δkp + dξkξp, ξ = (ξ1, ξ2, ξ3),

A
(4)
kp (ξ) = a2|ξ|2δkp + b2ξkξp

and denote U = (u′, u′′), then (1), (2) can be written in the matrix form as
follows:

A(D)U − ED2
t U = F, (5)

where

E =
∥∥∥∥
ρ1J 0
0 ρ2J

∥∥∥∥
6×6

, J = ‖δkj‖3×3, F = (F ′, F ′′), D2
t =

∂2

∂t2
.

We have

W (U, V ) =
[(

λ1 − ρ2

ρ
α2

)
δrsδij + µ1(δriδsj + δsiδrj)

]
ε′rse

′
ij+

+
[(

λ2 +
ρ1

ρ
α2

)
δrsδij + µ2(δriδij + δsiδrj)

]
ε′′rse

′′
ij+

+
[(

λ4 +
ρ2

ρ
α2

)
δrsδij + µ3(δriδsj + δsiδrj)

]
ε′rse

′′
ij+

+
[(

λ3 − ρ1

ρ
α2

)
δrsδij + µ3(δriδsj + δsiδrj)

]
ε′′rse

′
ij−

− 2λ5hijh
∗
ij , (6)
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where V = (v′, v′′), ε′ij , ε′′ij , hij and e′ij , e′′ij , h∗ij are the partial rotations
corresponding to the vectors (u′, u′′) and (v′, v′′). In general, W (U, V ) =
W (V , U). From (6) it obviously follows that if U and V are real vectors,
then

W (U, V ) = W (V, U). (7)

The generalized stress operator has the form [2]

P =
∥∥∥∥
P(1) P(2)

P(3) P(4)

∥∥∥∥
6×6

, P(k) = ‖P(k)
ij ‖, k = 1, k,

where

P(1)
ij (D,n) = (µ1 − λ5)δij

∂

∂n
+ (µ1 + λ5)njDi+

+
(

λ1 − ρ2

ρ
α2

)
niDj ,

P(2)
ij (D,n) = (µ3 + λ5)δij

∂

∂n
+ (µ3 − λ5)njDi+

+
(

λ3 − ρ1

ρ
α2

)
niDj ,

P(3)
ij (D,n) = (µ3 + λ5)δij

∂

∂n
+ (µ3 − λ5)njDi+

+
(

λ4 +
ρ2

ρ
α2

)
niDj ,

P(4)
ij (D,n) = (µ2 − λ5)δij

∂

∂n
+ (µ2 + λ5)njDi+

+
(

λ2 +
ρ1

ρ
α2

)
niDj ,

(8)

where n is the outward normal unit vector with respect to D1, ∂/∂n is the
operator of differentiation along the normal, Dk = ∂/∂xk.

From (8) it obviously follows that P(2)
ij = P(3)

ij , P 6= P ′ and P(ξ, ξ) =
A(ξ).

The Green formula has the form [2]
∫

D1

[
A(D)U · V + W (U, V )

]
dx =

∫

S

P(D, n)U · V ds. (9)

Analogously, for U and V we have
∫

D1

[
A(D)V · U + W (V , U)

]
dx =

∫

S

P(D,n)V · U ds. (10)
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From (9) and (10) we obtain
∫

D1

{
A(D)U · V − U ·A(D)

}
dx =

=
∫

S

{
P(D, n)U · V − U · P(D, n) · V

}
ds. (11)

If, in addition to the smoothness conditions, U and V satisfy, in the neigh-
borhood of the point at infinity, the conditions

∣∣DαUj(x)
∣∣ +

∣∣DαVj(x)
∣∣ < C|x|−1+|α0|, |α0| = 0, 1, 2, j = 1, 6,

then we obtain∫

D2

[
A(D)U · V + W (U, V )

]
dx = −

∫

S

P(D, n)U · V ds,

∫

D2

[
A(D)U · V − U ·A(D)V

]
dx =

= −
∫

S

[P(D,n)U · V − U · PV
]
ds.

(12)

Statement of the problem. Find a solution of the equations

(l)

A(Dk)
(l)

U (x, t)−ED2
t U(x, t) =

(l)

Φ∗(x, t),
(x, t) ∈ Dl × I, I = [0,∞[ ,

(l)

U ∈ C1(Dl × I) ∩ C2(Dl × I), l = 1, 2,

(13)

that satisfies the initial conditions

∀x ∈ Dl :
(l)

U (x, 0) = 0,
∂

(l)

U (x, t)
∂t

∣∣∣∣∣∣∣
t=0

= 0, l = 1, 2, (14)

and the contact conditions

∀ (z, t) ∈ Sl × I :

[
(1)

U (z, t)

]+

−
[

(2)

U (z, t)

]−
= f∗(z, t),

[
(1)

P (Dz, n)
(1)

U (z, t)

]+

−
[

(2)

P (Dz, n)
(2)

U (z, t)

]−
=

= F ∗(z, t)

(15)
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and for |x| → ∞:

(2)

U j(x, t) = O(|x|−1),
∂

(2)

U j(x, t)
∂xi

= o(|x|−1).

For the problem posed, the following uniqueness theorem is valid.

Theorem 1 The homogeneous problem (13)–(15) (
(l)

Φ = f∗ = F ∗ = 0,
` = 1, 2) has only a trivial solution in the class of regular vectors.

Proof. Let us assume that the homogeneous problem has a nontrivial

solution. We write the Green formula for the vectors
(l)

U and ∂
(l)

U/∂t in the
domains D1 and D2:

∫

D1

∂
(1)

U (x, t)
∂t

(1)

A (Dx)
(1)

U (x, t) dx =

=
∫

S


∂

(1)

U (z, t)
∂t




+ (
(1)

P (Dz, n)
(1)

U (z, t)

)+

dzS−

−
∫

D1

(1)

W


∂

(1)

U (x, t)
∂t

,
(1)

U (x, t)


 dx, (16)

∫

D2

∂
(2)

U (x, t)
∂t

(2)

A (Dx)
(2)

U (x, t) dx =

= −
∫

S


∂

(2)

U (z, t)
∂t




−(
(2)

P (Dz, n)
(2)

U (z, t)

)−
dzS−

−
∫

D2

(2)

W


∂

(2)

U (x, t)
∂t

,
(2)

U (x, t)


 dx. (17)

Since

2W

(
∂U

∂t
, U

)
=

∂

∂t
W (U,U) = W

(
∂U

∂t
, U

)
+ W

(
U,

∂U

∂t

)
,

∂U

∂t
A(D)U = E

∂2U

∂t2
· U =

1
2

∂

∂t

(
ρ1|u̇ ′|2 + ρ2|u̇ ′′|2

)
,
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where

u̇ ′ =
∂u

∂t
, u̇ ′′ =

∂2u

∂t2
,

we have

∂

∂t
W (U,U) = W (U̇ , U) + W (U, U̇),

∂

∂t

∫

D1

[
ρ1

∣∣(1)

u̇ ′∣∣2 + ρ2

∣∣(1)

u̇ ′′∣∣2 +
(1)

W (
(1)

U ,
(1)

U )

]
dx =

=
∫

S


∂

(1)

U

∂t




+

((1)

P
(1)

U
)+

dzS, (18)

∂

∂t

∫

D1

[
ρ1

∣∣(2)

u̇ ′∣∣2 + ρ2

∣∣(2)

u̇ ′′∣∣2 +
(2)

W (
(2)

U ,
(2)

U )

]
dx =

= −
∫

S


∂

(2)

U

∂t




−
((2)

P
(2)

U
)−

dzS. (19)

Adding (18) and (19) and taking into account that the surface integral
vanishes, we obtain by virtue of the homogeneity of the contact conditions

2∑

l=1





∫

Dl

ρ1

∣∣∣∣∣∣
∂

(l)
u ′

∂t

∣∣∣∣∣∣

2

+ ρ2

∣∣∣∣∣∣
∂

(l)
u ′′

∂t

∣∣∣∣∣∣

2

+
(l)

W (
(l)

U,
(l)

U )





dx = const .

But at the initial moment this constant is equal to zero and therefore we

obtain
(l)

U (x, t) ≡ 0, (x, t) ∈ Dl × I, l = 1, 2, which contradicts the as-
sumption that the homogeneous problem has a nontrivial solution. This
contradiction proves the theorem.

Now let us consider the following elliptic problem of pseudo-oscillation:

Find the regular solution
(l)

V (x, τ) = (
(l)
v ′(x, τ),

(l)
v ′′(x, τ)) of the equations

∀x ∈ Dl :
(l)

A(Dx)
(l)

V (x, τ)− rlτ
2
(l)

V (x, τ) =
(l)

Φ(x, τ), l = 1, 2, (20)
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which satisfies the contact conditions

∀ z ∈ S :

[
(1)

V (z, τ)

]+

−
[

(2)

V (z, τ)

]+

= f(z, τ),

[
(1)

P (Dz, n)
(1)

V (z, τ)

]+

−
[

(2)

P (Dz, n)
(2)

V (z, τ)

]−
=

= F (z, τ),

(21)

where

(l)

Φ(x, τ) =

∞∫

0

e−τt
(l)

Φ∗(x, t) dt, l = 1, 2,

f(z, τ) =

∞∫

0

e−τtf∗(z, t) dt,

F (z, τ) =

∞∫

0

e−τtF ∗(z, t) dt,

τ = σ + iω, σ ≥ σ′0 > σ0. This half-plane is denoted by πσ0 .
Problem (20)–(21) is obtained from problem (13)–(15) by the formal

Laplace transformation:

(l)

V (x, τ) =

∞∫

0

e−τt
(l)

U (x, t) dt, l = 1, 2,

(l)

V ∈ C1(Dl) ∩ C2(Dl),
(2)

V j = O(|x|−1),

∂
(2)

V j

∂xj
= o(|x|−1) (|x| → ∞).

The following uniqueness theorem is true.

Theorem 2 The homogeneous problem (20)–(21) (
(l)

Φ = f = F = 0) has
only a trivial solution.

Green tensor. Denote by G(y, x; η0) the Green tensor of problem
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(20)–(21) which is defined as follows:

G(y, x; η0) =





(1)

G(y, x; η0), y ∈ D1, x ∈ D1 ∪D2, x 6= y,
(2)

G(y, x; η0), y ∈ D2, x ∈ D1 ∪D2, x 6= y,

,

(l)

G(y, x; η0) =
(l)

Ψ(y − x; η0) +
(l)

ψ(y, x; η0), l = 1, 2,

(22)

where
(l)

ψ is a regular solution of the equation

(l)

A(D)
(l)

ψ(y, ; η0)− rlη
2
0

(l)

ψ(y, x; η0) = 0,
y ∈ Dl, x ∈ D1 ∪D2, l = 1, 2, η0 > 0

(23)

and
(l)

Ψ(y, x; η0) is the matrix of fundamental solutions of the same equation
[2].

Besides equation (23),
(l)

ψ(y, x; η0) also satisfies the conditions

(
(1)

ψ (z, x; η0)

)+

−
(

(2)

ψ (z, x; η0)

)−
=

(2)

Ψ(z − x; η0)−
(1)

Ψ(z − x; η0),

[
(1)

P (Dz, n)
(1)

ψ (z, x; η0)

]+

−
[

(2)

P (Dz, n)
(2)

ψ (z, x; η0)

]−
=

=
(2)

P (Dz, n)
(2)

Ψ(z − x; η0)−
(1)

P (Dz, n)
(1)

Ψ(z − x; η0).

(24)

Problem (23)–(24) has a unique solution which is to be sought for in
the form of single-layer potentials

(1)

ψ (y, x; η0) =
∫

S

(1)

Ψ(y − ξ; η0)
(1)
g (ξ) dξS, y ∈ D1, x ∈ D1 ∪D2, (25)

(2)

ψ (y, x; η0) =
∫

S

(2)

Ψ(y − ξ; η0)
(2)
g (ξ) dξS, y ∈ D2, x ∈ D1 ∪D2. (26)

Taking into account the properties of single-layer potentials from (24), (25),
(26), we obtain

∫

S

(1)

Ψ(z − ξ; η0)
(1)
g (ξ) dξS −

∫

S

(2)

Ψ(z − ξ; η0)
(2)
g (ξ) dξS =
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=
(2)

Ψ(z − x; η0)−
(1)

Ψ(z − x; η0), (27)

(1)
g (z) +

∫

S

[
(1)

P (Dz, n)
(1)

Ψ(z − ξ; η0)

]
(1)
g (ξ) dξS+

+
(2)
g (ξ)−

∫

S

[
(2)

P (Dz, n)
(2)

Ψ(z − ξ; η0)

]
(2)
g (ξ) dξS =

=

[
(2)

P (Dz, n)
(2)

Ψ(z − x; η0)−
(1)

P (Dz, n)
(1)

Ψ(z − x; η0)

]
=

= Φ(z − x, η0). (28)

We introduce the notation [2]

∀ z ∈ S :
(l)

Hϕ(z) =
∫

S

(l)

Ψ(z − y; η0)ϕ(y) dyS,

(l)

Kϕ(z) =
∫

S

[
(l)

P(Dz, n)
(l)

Ψ(z − y; η0)

]
ϕ(y) dyS,

(l)

K∗ϕ(z) =
∫

S

[
(l)

P(Dz, n)
(l)

Ψ(z − y; η0)

]∗
ϕ(y) dyS,

(l)

L±ϕ(z) = lim
D1

2
3x→z∈S

[
(l)

P(Dz, n)
(l)

V (x; ϕ)

]
=

=

[
(l)

P(Dz, n)
(l)

V (z; ϕ)

]±
,

(29)

where
(l)

V (x; ϕ) =
∫

S

[
(l)

P(Dz, n)
(l)

Ψ(x− y; η0)

]∗
ϕ(y) dyS.

In view of notation (29), equations (27), (28) take the form

(1)

H(1)
g (z)−

(2)

H(2)
g (z) = Ψ(z − x; η0), (30)

(J +
(1)

K)(1)
g (z)− (− J +

(2)

K)(2)
g (z) = Φ(z − x; η0). (31)

Applying the operation
(1)

B =
(1)

L +(−J +
(1)

K ) to both parts of equation (30),
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we obtain




(1)

B
(1)

H(1)
g (z)−

(2)

B
(2)

H(2)
g (z) =

(1)

BΨ(z − x; η0),
(J +

(1)

K)(1)
g (z)− (− J +

(2)

K)(2)
g (z) = Φ(z − x; η0)

(32)

or, taking into account that
(l)

L
(l)

H = −J +
(l)

K2, we rewrite system (32) in the
form





(− J +
(1)

K 2
)(1)

g (z) +
(− J +

(1)

K 2
)(1)

H(1)
g (z)−

(1)

B
(2)

H(2)
g (z) =

=
(1)

BΨ(z − x; η0),
(J +

(1)

K)(1)
g (z)− (− J +

(2)

K)(2)
g (z) = Φ(z − x; η0).

(33)

System (33) is a system of singular integral equations of normal type,
with the index equal to zero, while the corresponding homogeneous system
has only a trivial solution and therefore the nonhomogeneous system is
solvable for an arbitrary right-hand part, i.e. problem (23), (24) has a
unique solution representable in form (25), (26). The existence of the Green
tensor is thereby proved.

Let us rewrite system (33) in the form

Ag +Kg = F, (34)

where

Ag =
∥∥∥∥
−J 0
0 J

∥∥∥∥

∥∥∥∥∥∥

(1)
g
(2)
g

∥∥∥∥∥∥
,

Kg =

∥∥∥∥∥∥

(1)

K 2 +
(− J +

(1)

K)(1)

H −
(1)

B
(2)

H
(1)

K −
(2)

K

∥∥∥∥∥∥

∥∥∥∥∥∥

(1)
g
(2)
g

∥∥∥∥∥∥
,

F =
∥∥∥∥
F1

F2

∥∥∥∥ , F1 =
(1)

BΨ, F2 = Φ.

From (34) we have
g + A−1Kg = A−1F. (35)

Since this system is of normal type, there exists its regularizing operator
K∗. Applying the operation K∗ to both parts of the system and denoting
by R the resolvent of the obtained equation, we obtain

g = (A + K∗)F + R(J + K∗)F. (36)
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Further, we obtain the estimates of the Green tensor

G(x, y; η0) <
ce−δ|x−y|

|x− y| ,
∂

∂y
G(x, y; η0) <

ce−δ|x−y|

|x− y|2 ,

where
(x, y) ∈ (D1 ∪D2)× (D1 ∪D2), δ > 0, c > 0

and
G(x, y; η0) =

[
G(x, y; η0)

]∗
,

where [ ]∗ – transposition, i.e.

Gpq(x, y; η0) = Gqp(x, y; η0).

A solution of problem (20), (21) is represented as a sum of two problems

(l)

V (x, τ) =
(l)

V (0)(x, τ) +
(l)

V (0)(x, τ), x ∈ Dl, l = 1, 2,

where
(l)

V (0) is a solution of the problem with a homogeneous equation and

nonhomogeneous contact conditions and, vice versa,
(l)

V (1) is a solution of
the problem with a nonhomogeneous equation and homogeneous contact
conditions. The former problem has a unique solution representable in the
form

(1)

V (0) =
∫

S

(1)

Ψ(x− y)
(1)
g (y, τ) dyS, x ∈ D1, (37)

(2)

V (0) =
∫

S

(2)

Ψ(x− y)
(2)
g (y, τ) dyS, x ∈ D2 (38)

while the latter problem is equivalent to the integral equation

2V(1)(x, τ) + rτ2

∫

D

G(x, y)V(1)(y, τ) dy =

= −
∫

D

G(x, y)H(y, τ) dy, x ∈ D = D1 ∪D2, (39)

where

V(1) =





(1)

V (1), x ∈ D1,
(2)

V (1), x ∈ D1,

H =





(1)

H =
(1)

Φ + r1τ
2
(1)

V (0), x ∈ D1,
(2)

H =
(2)

Φ + r2τ
2
(2)

V (0), x ∈ D2,
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G =





(1)

G, x ∈ D1,
(2)

G, x ∈ D2,

r =

{
r1, x ∈ D1,

r2, x ∈ D2.

If S∈L2(α), f ∈C2,β(S), F ∈C1,β(S),
(1)
g ,

(2)
g ∈C1,β(S), 0<β <α≤1, then

we obtain the following estimates with respect to the complex parameter
τ :

∣∣(l)V (x, τ)
∣∣ ≤ C

|τ |4 ,

∣∣∣∣∣∣∣
∂

(l)

V (x, τ)
∂xi

∣∣∣∣∣∣∣
≤ C

|τ |2 2
5

, x ∈ Dl, l = 1, 2,

∣∣∣∣∣∣∣
∂2

(l)

V (x, τ)
∂xkxi

∣∣∣∣∣∣∣
≤ C(d)

|τ |1 7
40

, x ∈ D
∗
l ⊂ Dl, l = 1, 2.

(40)

Together with the above-given arguments, estimates (40) prove the the-
orem of the existence of a solution of the initial dynamic problem.

Theorem 3 If S ∈ L2(α) and the conditions

∀ t ∈ I :
∂p

∂tp
f∗(· , t) ∈ C2(S), p = 0, 7,

∀ z ∈ S : f∗(z, ·) ∈ C7(I),

∀ t ∈ I :
∂p

∂tp
F ∗(· , t) ∈ C1(S), p = 0, 7,

∀ z ∈ S : F ∗(z, ·) ∈ C7(I)

(41)

and

∀x ∈ Dl :
∂m

(l)

Φ
∂tm

= 0, m = 0, 3, l = 1, 2,

∀ z ∈ S :
∂mf∗(z, 0)

∂tm
= 0, m = 0, 5,

∀ z ∈ S :
∂mF ∗(z, 0)

∂tm
= 0, m = 0, 5

(42)

are fulfilled, then problem (13)–(15) has a unique regular solution of the
form

(l)

U (x, t) =
1

2πi

σ+i∞∫

σ−i∞
eτt

(l)

V (x, τ) dτ,

where
(l)

V (x, τ) is a solution of the pseudo-oscillation problem (20)–(21).
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