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Abstract

The displacement vectors are represented in the form of combinations of special
potentials and singular integral equations of the normal type with zero index are ob-
tained for the first and second boundary value problem of the steady oscillations in
the theory of elastic mixtures. It is proved that the corresponding homogenous sin-
gular integral equations in the case of positive frequencies have only the trivial solution.

Key words and phrases: Mixed boundary value problems, Elastic mixtures, Sin-
gular integral equation.

AMS subject classification: 73G35.

19. The homogeneous equations of steady state oscillations in the linear
theory of an isotropic mixture of two elastic solids in the matrix form can
be written as [1]

A(dz,0)u = A(dz)u + 0*E(p)u = 0, (1.1)
where
AN (0z) AP (9x)
AP (9z) A®(oz) |, | (1.2)
AP (9z) = [AD (02)],,0. P=1,2,3,
0? 0?
A%) (63}) = aléij + blm, Ag) (ax) = C(Sij + daxkf)x] ,
o 52 L k= (1.3)
A (0r) = agdp; A + bo———, Opj =1 ’
iy (0%) = 020k *Oxpdx; {0, k=
pr 0 0 O
10 pr O O

0 0 0 po
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w={u u"} T = {u],ul, uf uhy T = {u1,uz,u3, us} ', v and u” are partial

displacements, A is the Laplace operator, z = (z1, x2) € R?;
a1 =p1— X5, Gz =p2— A5, b1=p1+ A+ A5 — paozp !,
by = po+ A+ A5 + pragp™!, as = A3 — Ay,
p=p1+p2 c=pus+As,
d=ps+ A3 — X5 — praop” " = p3 4+ A — As + paop” (1.5)

p, pe2, M3, Ap, p = 1,5, are elastic constants, o > 0 is the frequency
parameter, p; and po are partial densities. We assume that [1]

_ 2
p1 >0, A5 <0, Ay=jps—p3>0, A\ —paasp 1+§/~Ll >0,
(1.6)

2 2
(M — poaop™ + 1) (2 + pragp” ' + 3h2) > (s = praz + §u3)2-

A homogeneous system of equations of statics of the theory of elastic
mixtures is written as

A(Ox)u = 0. (1.7)
By
P02, n(@))ul) = M=+ M=% 4 M (1.8)
z,n(x))u(r) = M1 —— — U )
’ Yon(z) *0s(x) 5
we denote the stress vector, where [2]
(¢ 0 ¢ O
- 0 a 0 Co
Mi=1 0 b 0|
| 0 ¢ O b
i 0 a— 24, 0 co — 243
My = 2u1 —a 0 2us — ¢ 0 7
0 60—2/13 0 b—2,u2 (1 9)
| 2u3 — o 0 200 — b 0 '
[ —blngaim blngaiml —dTLQ% —dngaixl ]
blnla%z _ban% dn1% —dnlﬁixl
M; = ) ) 0 )
—dng 3712 dTLQ Tfl —b2n2 87$2 b2 ng 87$1
dnl% —dnlaiml bgnl% —bznlaixl i
—(%8(:5) = nla%l + ngé%, 7856(91) = —nga%l +n18%27 here n = (n1,n2) is a unit
vector
a=a1+b; >0, b=ay+by>0, cg=c—+d. (1.10)
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The following assertion is true [4]

Theorem 1.1 If u = {v/,u"}" = {uy,us,u3,us}" is solution of equa-
tion (1.1) then

p=1 (1.11)

@ ®w o ® e e e
VZ{V?V} :{va?av?nv;l} 5 p:1747

where
(e) 5 5
V=—ce(A+ks_))(A+Ek3)(A+Ekju, e=1,2 (1.12)
(e+2) )
V' = —cera(A+ KA+ KA+ K Ju, e=1,2
©, (e)  (et2) (e+2)
Vi=AV', V "=A.,V ' e=12 (1.13)
A :p102—ak‘g: cok‘g e =19
¢ cok? p202 — bk2’ ’
c c (1.14)
pro’ —ark?,, ck? iy
Ae+2 = ) = 5 s €= 1,2,
ko pa0? — azky
() () | (ed2)  (ed2)
rot V:=rot V" =0, div V "=div V " =0,
kf =-—njo®, kj=./-njoc>0, n;<0, j=14 (1.15)

N1, N2 and N3, N4 are real numbers and represent roots of the quadratic
equations, respectively:

din® + (apa + bp1)n + pip2 =0, dan® + (a1p2 + azp1)n + pip2 = 0,

(1.16)
d2:a1a2—02>0, dlzab—cg>0,
4
=11k =k)7" G#p p=14 (1.17)
j=1
The coefficients c,, p = 1,4, satisfy the following conditions:
4 4 4 4
D= okp=) ok=0 Y ok=1,
p=1 p=1 p=1 p=1
3 2
D (K —kDej =0, Y (K — kDK — K3)e; =0,
o = (1.18)

c1kak3k? + cok?k3k3 + c3k3kak3 + cakik2ks = —1.

99



AMIM Vol.12 No.1, 2007 K. Svanadze

Let Dt be a bounded domain surrounded by a closed curve S € C%P,
0<B<1,D"'=DtuS, D-=R*\D", D =D~ US. In what follows
we provide u € C%2(DT) N CI(E+), [u € C*(D~) N CY(D )] moreover, in
the case of an unbounded domain D~ we assume that u = {u1, ug, us, U4}T
satisfies the Sommerfeld-Kupradze type radiation conditions:

(p)

ovV(x) . @ _3
8(1‘) _ZkPVZO(‘:d 2)7 (1.19)

(p) 1
Vi(x) = O(lz]"2),

The first and the second exterior BV Py are formulated as follows: find
a regular solution to equation (1.1) in D~ satisfying one of the boundary
conditions:

) w'(z)=  lm _ u(@)=f(z), (Problem D)y (1.20)

2) {T(@=n(z))u(z)}” = F(2), z€8, (Problem (II);,), (121)
where f € {f1, fo, f3, fa} | and F' = {F}, Fy, F3, F4} T are sufficiently smooth
vector-functions. Throughout this paper n(z) denotes the exterior to DT
unit normal vector at the point z € S.

Just in the some way as in the three-dimensional case (which is consid-
ered in [2]) in two-dimensional case we can prove the following

g
Theorem 1.2 The homogeneous boundary value problems (I)y, and

(II)&O have only the trivial solution in the class of reqular vectors.

20, The matrix of fundamental solutions of equation (1.1) has the form [4]

(ﬁ(l’ - Y J)
_ E{Hl k2HY (ksr) — k2 Ho(kyr) B ngQ HY (ksr) — Ho(kyr)
2i k2 — k2 do k2 — k2

4 4 4
—Hj Z cpk‘f)Hél) (kyr) + 0*Hy Z kgcpH(()l) (kpr) + o* Hs Z cpH(()l) (k:pr)},
p=1

p=1 p=1
(2.1)
where r = \x — y\ = \/(l‘l - y1)2 + (22 — ¥2),
er. 0 e O p2 0 0 O
0 e1 0 e 0 p2 0 O
1 es 0 e 0 2 0 0 pi 0 |’ (2:2)
0 €9 0 €3 0 0 0 pP1
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B .92 02 .92 9% T
R] 8733% Rj 0x10x2 J Tgc% J Ox1x2
_0? o & 9%
RJ 0x10x2 RJ Ox2 f)] 0x10x2 PJ 03 .
Havj = P, 92 p,_ 9 Qﬁ QLQ » I=h23
J 922 J 0x10z2 J ox2 J 0z
02 0% 92 9%
| P] 0x101T2 Pj 8;)3% Q] Ox10x9 QJ 613
(2.3)
a C aj
e1=—, ea=——, e3=—, Ri=ey, PL=¢e5 Q1=c¢
d27 d2’ d2’ b ) Q )

Ry =d3, P, =dy, Qa=ds, R3=1v1, P3 =12, Q3 =13

_co(aod — cbz) + b(ed — azb)

_co(agby — cd) + a(cby — asd)

dldg ’ d1d2
_ co(a1b2 —Cd) +b(Cb1 —ald) _ Co(ald—Cbl) +a(cd—a1b1)' (2 4)
dids ’ dids T
ds = d(QC + d) — b1(2a2 + b2)p2 L= cby — agd)pl + (Cb1 — ald)pg
didy ’ didy ’
dr — d(2c + d) - b2(2a1 + bl) - blp% o dp1p2 N bgp%
5 = did P1, Vl—ﬁ, 7dd’y37ﬁ’
142 142 162 142
HSY (ky) = Jo(kr) + iNo (kr), (2.5)

here Hél)(kr), Jo(kr) and Ny(kr) are the first kind Hankel function, Bessel
function and Neumann function of zero order, respectively,

2 o= (—1)° fkry\2s
=25 ()
Jolkr) s ; (sh)? \ 2
2 kr o 2 = (—1)° skr\2sT'(s + 1)
No(kr) = = Jo(kr)In — — 2 <7) T (2.6)
o(kr) WJO( r)ln 2 e (s)2 \ 2 I'(s+1)
I'(s) = / ¥ e dx.
0
It is evident that the matrix ¢(x — y, o) is symmetric.
Moreover, on the basis of the equation
k2
%Hél)(kr) =Inr— Zr2 In7 + const +O(r?), (2.7)

we easily conclude that ¢ has a logarithmic singularity. It can be shown
that columns of the matrices ¢(x —y, o) are solutions to equation (1.1) with
respect to  for any x # y; moreover, ¢(x — y,0) € C®°(R*|{z = y}).
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In what follows we need the fundamental matrix of the operator A(dx)

2] B
6(x — y) = Re(mInop + -n22) (2.8)

4 oy
where 0g = z — (, 00 =%Z—C(, 2=a1 +ix0, ( = y1 + iy, T = 1 — ix0,

¢ =1y1 — 1y2;

mq 0 mo 0 €4 i€4 €5 ie5
m— 0 m 0 mo Cn= 1e4 *.64 i€es *.65 ’ (2.9)
mg 0 mg O es les eg l€g
0 mo 0 mg les —es leg —€g
1
my = e + §€k+3, k= 1, 2, 3. (210)

By simple calculations we conclude that

0)
O(r—1.0) = dla —y.0) — dla—y) = O r).  (211)

In solving boundary value problems by the method of potential theory
not only the fundamental matrix is of a great importance but also some
other matrices of singular solutions to equations (1.7) and (1.1)

T(x —y,n(z)) = T(0x,n(z))d(z —y), (2.12)

[T(y —a,n(y))]" = [T(0y. n(y)ely — )], (2.13)
T(z —y,n(x),0) =T 0x,n(z))d(x —y,0), (2.14)
[T(y —x,n(y),0)]" = [T(dy,n(y)(y — 2,0)]", (2.15)

where the symbol ”"T” denotes the transposition of a matrix.
We have (see [2]):

0 . 1 _0yp
T(z —y,n(x)) =Im 95(2) [(E+iA)Inog + EBCTO]’ (2.16)
0 1 oy _ .
T(y — T=1 1 “n—](m™! 2.1
[Ty~ .n@)] = Im 5 ming + 22 m~ 4 i), (217)
where F is the 4 X 4 unit matrix,
0 1-— A1 0 —A2
A A —1 0 As 0
N 0 —As 0 1—Ag |’
As 0 Ag—1 0

) ) (2.18)
Bl ZBl BQ ZBQ

iBi —B; iBy —DB
Bs iBs By iBs |’
iB; —Bs iB, —By

B:
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Ay =2(pimy + pzma), Az = 2(pime + psms), Az = 2(usmy + pems),
Ay = 2(puzma + pams), Bi = pieq + pzes, Ba = pies + pses,

B3 = pges + uzeq, By = poeg + uses, (2.19)
ms 0 —my 0
1 0 m 0 —m
~1 3 2 2
_ Ay = — 2.2
m Ay | —ms 0 my 0 , 0o =mims —ms3, (2.20)
0 —mo 0 mq
0 2y — M 0 23 + 72 ]
ms 9 0 2y — T2 0
A H1 M3 — A
My = ’ ’ . (2.21)
0 2,&3 + %(2) 0 2/1 — %(1]
L —2[&3 - %ﬁ 0 %é - 2#2 0 ]

It is easy to check, that columns of the matrices (2.13) and (2.15),
respectively, are solutions of equations (1.7) and (1.1) with respect to the
variable = for x # y. It is also clear, that the elements of the matrices
(2.11)-(2.15) are singular kernels in the Cauchy Principal Value sense.

On basis of (2.7) and

aeyq + coes + e1by + ead = 0, ces + beg + ead + boeg = 0,

we obtain

(0)
T (a—y,n(z),0)

=T = pnle). ) T —yon(@) = Olle —yl).
o ' (2.22)
[T (y—2x,n(y),0)]

=[T(y —,n(y),0)]" = [T(y — z,n(y))]" = Ol |z - y]).
Using the method given in [1] (see also [2]) we can also establish

Theorem 2.1 Let S € CP 0 < B <1, and let u = {u1,us, uz,us} ' be
a regular solution of the equation (1.1) in Dt. Then

ua) = 5= [ { I —an@).o) v )

—0(y — 2,0) (T(Dy,n(y))uly))* fdys, (2:23)

where ¢(y — x,0) is the basic fundamental matriz and [T(y — z,n(y),o)]"
is given by (2.15).
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30, Let us introduce single and double layer potentials.
The vector

V@) =+ [ oa—v.0)n)d,s (31)

where ¢(z —y, o) is given by (2.1) and h = {hy, ho, h3, hs} " is a continuous
vector, is called a single layer potential, and

U(r) = - /S Ty — 7,n(y), o) 9(4)d, S (3.2)

™

where [T(y — z,n(y),o)]" is given by (2.15) and g = {g1,92, 93,94} is a
Holder continuous vector, is called a double layer potential.

It is evident that the potentials introduced above are solutions to equa-
tion (1.1) in R?\ S. These potentials have certain continuity and jump
properties when the point x either crosses the surface S or approaches some
point z = (z1,22) € S from DT. Those properties can be obtained very
easily since the kernel-functions of the above potentials are quite. Similar
to the potentials corresponding to the statical case [2], [1].

Therefore we will only formulate results.

Theorem 3.1 A single layer potential defined by (3.1) is continuous on
the whole plane and

[Tz NV = Fh(:) + 1 [ T —pnl2). b)d,s.  (33)

™

Theorem 3.2 Let U(x) be a double layer potential given by (3.2). Then
for only z € S

U=(2) = %g(2) + — / T(y— zn(y), o) gw)dyS,  (34)
T Js
and
(T(92,n(=)U(2)]* = [T(0,n(2))U (2)]" (3.5)

for g € CY(8S).

In the case of unbounded domain D~ it is assumed that potentials (3.1)
and (3.2) satisfy the Sommerfeld-Kupradze type radiation conditions (see
(1.19)).

g
49, To prove the theorems existence of solutions of problems (I )o. 5 and

g
(11)y ; we use the following lemmata.
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Lemma 4.1 The homogeneous problem
A(0x,0)u(x) =0, € DV [T(0zn(2))u(z) +iu(z)]T =0, z€ S, (4.1)
has only the trivial solution in the class of regular vectors.

it Proof. Let a complex vectors u(z) be a regular solution of the problem
(4.1). Note that for a regular solution of system (1.1) we have the Green
formula [2]

/ [T(uaU)—02uE(P)Ude=/u+(T(3y,n(y))U(y))+dy57 (4.2)
D+

S

where T'(u,u) = T(u,u) > 0, oc>uE(p)u > 0.
Using the condition (4.1) we get

7) — oTe(p)(u = —1 ul?
|| 1w ety = =i [ ufa,s

and uT(2) =0, 2 € S. By virtue of u*(z) =0, z € 9, from (4.1) we have
(T(0z,n(2))u(z))t =0,z € S.
Hence, from (2.23) we obtain u(z) =0, x € D*.

Lemma 4.2 The homogenous problem

A0z, 0)u(r) =0, x€ DT, (4.3)
[ ~|—z/l<:0y—z|</k:0 ly — t)T (0%, n(t))u (t)dts>dy5r:o, 28

has only the trivial solution in the class of reqular vectors.
Here ko(x) = %Hél)(ilr) is the Macdonald function.

it Proof. Let a complex vector u(z) be a regular solution of the problem
(4.3). From (4.2) and (4.3) we obtain

/D [T(w,7) = PuB(p)lda

=i [{ [ty [ kaly = ehrnnpuo)ais)as |
«(T@z,n(2))u(z))"d.S

—if ‘ [ kol = (T @z n(@u() .5

2
d,S. (4.4)

105



AMIM Vol.12 No.1, 2007 K. Svanadze

From (4.4) we get

Lhﬂy—mﬂﬁwmwﬁwwﬁ%S—OtGS- (4.5)

Now we will show that (T'(dy,n(y))u(y) = 0, y € S. For this purpose
we consider a simple layer metaharmonic potential

II(z) = /Sko(|x —z))T(0z,n(2))U(2)d,S,

xe DY I = (I, Iy, I3, I1y) T

(4.6)

From (4.5) it is evident, that II(z) satisfies the following conditions

All(z) —(z) =0, z € DT, (I(y)* =0, yeS. (4.7)
In this case Green’s formula reads as
/ (IL,AIL, + | grad IT,|?)dz = /(n @)ﬁ(ﬂ)ﬂi S, p=T,4. (4.8)
pr 7T b s 7 on(y)) V7 ’

Whence for the solution of the problem (4.7) we get

/ (JTI,* + | grad I, |*)dz = 0, p=1,4.
D+
Therefore I,(x) =0, x € DT, p=1,4.
Thus we have
(z) =0, =€ DT (4.9)
Applying the properties of potential (4.6) and equation (4.9) we derive
OIT\ + oIl — n
0=(G2) ~(Gn) —2Tw
and
[T(0z,n(2))U(2)]T =0, z€S8. (4.10)

Substitution of (4.9) and (4.10) into (2.23) leads to u(z) =0, x € D*.

g (2
5Y. The existence theorems of solutions of problems (1), s and (I1)g
we prove by the method given in [3] (see also [1], §10).
g

We look for a solution to the problem (1) ;s in the form

—l —-z,mn o))’ l —Z,0
uw) =+ [ =20 s)d, 5+ - [ o= 2.0)g)d,5. (5.1)

™

where ¢(y — x,0) and [T(y — x,n(y),0)]" are given by (2.1) and (2.15),
respectively, and the vector g is an unknown Hélder continuous vector.
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Due to Theorem 3.1 and 3.2 we get the equation on S
1
() + - / [T(y ~ 2 n(v).0)] Tg(v)ds
/<z> (1)dyS = f(2), =€, (5.2)

where f(z) € C1%(s), s € C*8, 0 < a < 3 < 1is a given vector. If we take
into account in (5.2) the singularities of matrices (2.1), (2.8), (2.15), (2.17)
and the representations (2.11) and (2.22) then by simple manipulations we
can prove that, the index is calculated by the formula

%:;[argm 5 (5.3)
where
0 A -1 0 As
—Ay 0 1— Ay 0
By the direct evaluation, we get
det(E —iAp) = det(E + iAp) = 4A0A1 A3, (5.4)

here AO =mims — m%, Al = U122 — M%, Ag = (2 — Al)(2 — A4) — A2A3.
The positive definiteness of the potential energy implies (see [2]) that
Ag >0, Ay >0 and A§ > 0. Therefore the index (5.3) is equal to zero.
Thus the left-hand side of the equation (5.2) is a singular integral op-
erator of normal type with index equal to zero.
Let us prove that the equation (5.2) is solvable for an arbitrary right-
hand side. To this end, let us consider the corresponding homogeneous
equation (i,e., f =0) (5.2) and show that it has only the trivial solutions.

Let go € C1(S) be an arbitrary solution of the homogeneous equation
(5.3), i.e

—a0(:) + = [ [T = 20w ) o) + = [ (0= 2. o)mlw)d, S = .

(5.5)

Let us consider the vector
Uh(w) = = [ (1 = 20w, a0(o)
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+i[q¢(y —z,0)90(y)dyS, € D*. (5.6)
In this case equation (5.5) corresponds so the boundary condition
(Uo(2))” =0, ze€D". (5.7)
Due to (5.7) we obtain
(T'(0z,n(2))Us(2))” =0, z€S. (5.8)
By virtue (3.3), (3.4), and (5.7), (5.8) we can write
Ui () = 200(2), (T(0%,n(2)Us(2))* = —2igo(2), 2€5.  (5.9)

From (5.9) we have that Up(x) is a solution of the problem (4.1) and
by Lemma 4.1 we get
Us(z) =0, x€ DT, (5.10)

From (5.10) and (5.9), we have go(2) =0, z € S.

Thus, the homogeneous equation (5.2)p has only the trivial solutions.
Consequently the non-homogeneous equation (5.2) has only one solution
geCH(S8),0<a<pf<1.

Let us now consider problem (IUI )(;, - We look for its solutions as
1
w(@) = — [ oz —y,0)h(y)dyS
mJs
i .
2 [ I =enm).o) cwi,s. aeD” ()

where ¢(x — y,0) and [T(y — z,n(y),0)]" are given by (2.1) and (2.15),
respectively

o) = /S ko(Jy — ) /S kol — CDA(Q)dcSd,S, ye5,  (5.12)

ko(z) is the Macdonald function and h is a Holder continuous unknown
vector.
By Theorem (3.1) and (3.2) we get

™

hz)+ - /ST(z —y,n(2),0)h(y)dyS

b dim T@an(@) [ - zn).o)”
% / kolJy — ) / Ko(|r — CDR(C)dcSd-SdyS = F(2), z€8;  (5.13)
S S
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with F given on S, F € C*(S), S e C?>f 0<a< <1,
Rewrite (5.13) by means of the matrices T'(x—y, n(x)), [T (y—z,n(y))]"

(0) (0)
T (y—z),n(z,0) and T (y — x,n(y),o)]", in the form

hz) + & /S T(z — y,n(2))h(y)d,S

™

b [ 1=y b)d,S + L lim_ T(0w.n()
S

T D—>x—z€ES
{ =z [ oy =71y [ holr = chac)desd-sa,s
0 T
T /S [T(y — 2, n(y), 0)] /S Folly — )
« / Fo(ly — (])h({)ngdTdeS} _F(2), z€S  (5.14)
S

0
If we take into consideration the singularities of the matrices T'(x —

0
y,n(x),0), [T(y —z,n(x),0)]", T(x —y,n(x)), [T(y — x),n(y)]" represen-
tation (2.16) and (2.17), and the equation

lim 0 /81n|y $|/k (g — 7))
D—>x—z€S 88( ) S oY

B o 8ln|y—z] Oko( |y—7‘|
x/Skho CHR(C)deSdy SdyS = / /

S

« /S o(lr — Cl)h(C)dCSdTdeS, ey (5.15)
after elementary calculations we get
bE)+ = [ T =) n()h)d,S
/Nzy ))dyS = F(z), z€S, (5.16)

where N(z,y) is Fredholm’s Kernel.

By means of (2.16) and (2.18) we can prove that the equation (5.16),
i.e. (5.14) is singular integral equation of normal type with index equal to
Z€ero.

Now we will show, that (5.16), i.e. (5.14) is solvable for an arbitrary
right-hand side. To this and we have to show that the corresponding ho-
mogeneous integral equation has no nontrivial solution. In fact, let ho, be
some solution to that homogeneous equation (5.14). We have then

(T(0z,n(2))up(z))” =0, z€S, (5.17)
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where ug(x) is given be (5.11) with ho instead of h. Further, (5.17) and

the uniqueness theorem for the problem (I1),, yields
up(z) =0, ze€D". (5.18)
From (5.18) we get
(ug(2))” =0, ze€S. (5.19)
By virtue of (3.1), (3.2), (5.16), and (5.18) we can write

u () = 2igo(2) = Qi/sko(z _ Ty)/sko(h — Dho(€)dcSd,S, =€ S,
(5.20)
(T(0z,n(2))up(2))T = —2ho(z), z€S. (5.21)

From (5.20) and (5.21) it follows that ug(2) is a solution of the problem
(4.3) and by Lemma 4.2 we obtain

up(r) =0, z € DT. (5.22)
From (5.22) and (5.21) it follows that ho(z) =0, z € S.

Thus the homogeneous integral equation corresponding to (5.14) has
no nontrivial solution. Consequently, equation (5.14) has only one solu-
tion h(z) € C1%(s), 0 < a < B < 1, for an arbitrary right-hand side
F e Cbe(s).
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