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Abstract

In the paper there are considered one-parameter families of functions from polyno-
mials and a set of non-linear functions of real variables depended on many parameters.
A general method of determination of unknown parameters values for both equidistant
and non-equidistant values of argument is offered. The method allows to reduce the
interpolation task to solving of system of non linear equations (consisted of one or
two equations) and finding the initial approximations for roots of these equations, for
which the monotonous convergence of the iteration sequence to the unknown root of
the system is guaranteed.
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Introduction

The problem of interpolating of non-linear functions arises at the solution
of the many miscellaneous problems of science and practice. For example,
at restoration of non-linear functional connections under the data which
do not contain accidental errors, at solving of problems by methods of the
spline-analysis, at definition of initial intervals of parameters in problems of
identification of non-linear regressions [1, 2, 3|, etc. Therefore elaboration
of optimum algorithms of interpolation of non-linear functional connections
and their research is an actual problem having a wide practical use.
Below are given algorithms of interpolation of one-parameter families of
functions from polynomials and some non-linear functions, which are most
frequently used at restoration of functional connections in many practical
applications. These algorithms are used by the authors in designed by them
universal application package of processing of the experimental data (SD-
pro) for a PC-compatible personal computers in the section of identification
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of functional dependencies for finding optimum initial intervals for defini-
tion of unknown parameters of these relations [1, 2, 4] and at the solution
of many practical problems connected with the identification of statistical
models of propagation of pollutants in the rivers.

2. One-parameter families of functions from poly-
nomials

Let [z0, 21, ..., 2n] and [wg, w1, ..., wy]| be sequences of complex numbers;
zj #zpatj#k, j,k=0,1,...,N; (v, z,w) is a complex function of three
variables. It is required to determine a polynomial of degree N — 1

N-1
a(z) = Z oy, 2
k=0

and numeric parameter v, for which values of the function 1/}(7, z, a(z)) in
given nodes zg, 21, ..., 2y coincide with numbers wyg, wi, ..., wy, accord-
ingly.

Let us introduce auxiliary functions

0" (€1, &) and AT (61,60, 0 Em)

(m=1,2,..; j,k=1,...,m), defined for a sequence of m complex numbers
&1, &9, ..y & as follows: the values )\§7;)(£1,...,£m) are elements of the
matrix, inverse of the square m x m matrix
Gog g
S A A
1 Em ggl Tﬁ;—l
and
m k—1
0" (&1, &0, s &m) = det (™) = T TG — &)-
k=2 j=1
is a Vandermonde determinant for the numbers &1, &o, ..., & [5].

The theorem 1: If the function ¥(§) = (v, z,£) has inverse function
®(n) = ¢(7, z,n) for any fixed values v and z, then the parameters oy, aq,
..., ay_1 are expressed in terms of the parameter v and initial data of the
problem by relation

N
op_1 = Z)\S}”(Z’l,zg, wa2N) (7, 25, w5), (2.1)
j=1
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and parameter 7y is a solution of the equation

N
> B (v, zrywi) =0, (2:2)

k=0

where
ﬁk = (_1)k : Q(N)(Z()a ceey Bk—15 Rk+15 -+ ZN)-

In particular, at N =2

Bo =2 —21; [1=2z2—2; [2=21— 20

at N =3
Bo= (23 — 21)(23 — 22)(22 — 21); B = —(23 — 22)(23 — 20) (22 — 20);
P2 = (23 — 21)(23 — 20)(21 — 20); B3 = —(22 — 21)(22 — 20)(21 — 20)-
The proof: It is obvious that the parameters v, ag, ..., ay_1 can be

determined as a solution to the system of equations
alzg) = (v, 2k, wg), k=0,1,2,...,N. (2.3)

To prove (2.1) it is sufficient to note, that the system of equations (2.3)
at k = 1,2,..., N is equivalent to the system of linear equations for coeffi-
cients of the polynomial a(z), whose determinant is equal to Vandermonde
determinant for numbers zy, 2o, ..., zy. According to conditions of the
problem, this determinant is equal to zero, whence follows uniqueness of
the solution.

Substituting in equations (2.3) coefficients of the polynomial a(z), de-
fined by the formula (2.1), we receive

N
> B e, 2k, wi) =0,

k=0

where y is an arbitrary nonzero constant and
N
i—1 (N
ﬁk:_ﬁo Zzo ')\g‘k)(zlv'zZ?"'?ZN)v k:1a27"'aN'
j=1

Multiplying these equalities on z,ffl and summarizing on k in the interval
from 1 up to IV, we receive the following system of equations for coefficients

B

N
S Bzt l=0  (L=1,...N).
k=0
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We select the coefficient By so that the following additional relation be

obtained:
N
> Bz = eo,
k=0

where g9 = o™Vt (2,...,2x5). As a result the system of equations for
required coefficients becomes

N
Zﬁkz/l%:QO'(SLN (L=0,..,N).
k=0

where 7y is Kronecker symbol. This system is solvable uniquely

N
Br = 00 - )‘ENIB,(kH)(ZO’Zl’ ey ZN ), k=0,..,N.

Let us compare these parameters to the coefficients
/B]/{; = (_1)k . Q(N)(ZO) ooy Rk—1y Rhk+15-es ZN)-

Allowing that 3}, 41 represents a cofactor of element jix v 11 of the matrix
[ ] NHDXNHD - where gy, = zf:ll, we receive 3 = 3, (k =0,...,N),
whence follows (2.2).

Examples: 1. One-parameter functions from polynomials
a) At interpolation of logarithmic-polynomial relation

N
o =1 m (o)
k=0

parameter v can be determined as the solution of an equation

N
Zﬁk . eWk/Y — 0,

k=0

and the coefficients of the polynomial are equal to

N
Q-1 ZZ)\,(CJJY)(zl,ZQ,...,zN)-ewj/'y, k=1,..,N.
j=1

b) At interpolation of geometric-polynomial relation
N
¢(fya 2, a(z)) =27 Z Qf Zk
k=0
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and exponential-polynomial relations

N
’¢(’Y? 2y a(z)) =e’*- Zak Zk
k=0

, parameter v and coefficients of the polynomial are determined by relation

N
> Brwy -z = 0;
k=0

N
(N) -y
O‘k—lzz)‘k]’ (21,22,...,21\;)-11)]--2]. , k=1,...,N,
i=1

or, accordingly,

N
> Brwy e =0;
k=0

N
N s
ap_1 = E A;j)(ZI,Z27...,ZN)'w‘j'€ % k=1,..,N.
j=1

3. Function a +b-e%

Let it be required to interpolate the function a + be® on three pairs of
numbers {z1,y1}, {x2,y2}, {z3,y3}; in other words, it is required to solve
the system of equations

a+b'€c$1:y1; a+b_ecx2:y2; a+b‘60$3:y3

regarding the parameters a, b, ¢. The conditions x1 # xo # x3 and y; #

Y2 7 y3 are supposed to be satisfied. Let us introduce an auxiliary quantity

s = B2 then s + 1 = L=Y  Parameter ¢ is a nonzero solution of the
Y2—Y1 Y2—y1

equation

(y2 —y3) - € + (y3 —y1) - €2 + (y1 — y2) - €™ = 0.

The parameters a and b are determined by the relation

Yo - e — g e yz e — g e

a )
eCT1L _ pCi2 eCTa _ pCL3
yr—Y2 Y2 — Y3
- eCT1 _ oCT2 - eCr2 _ pcr3’
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Figure 0.1: Plots of the functions y = a-e® +b-e% (bold line), y = a- e,
y = b- e (thin lines) at a < 0, b >0, ¢ > 0, d > 0.

If values of the argument are equidistant from each other, i.e. xo—x1 =
x3 — x9 = Ax, then the initial system of equations has the solution in that
and only in that case, if s > 0; thus ¢ = Ins/Ax.

Let 1 < z9 < x3. The initial system of equations has a solution in
that and only that case, if s > 0. The equation, which should be satisfied
by the parameter ¢, conveniently can be represented in the form f(c) =0,
where

fle)=s—(s+1)- e(r2—m1)c 4 glwg—wi)c

The plot of the function f(c) with an accuracy of parallel shift looks as
introduced in the fig. 0.1. The number

1 T2 — X1
= (z3 — 1 1) -
Co (l‘3 902) n <(S + ) T3 — 1’1)

is a minimum point of the function f(c); the number

c1=(z3—x2) " -In <(S +1) (5”2 - x1)2>

€r3 — X1

is an abscissa of inflection point of the plot of the function f(c); the number
co = (x3 —29) ! In(s + 1)

is an upper bound for c.

As an initial approximation for ¢ at the solution of equation f(c¢) =0
by iteration method of Newton can be taken the number ¢; (at ¢ < 0) or
c2 (at cg > 0).

Let us also note that ¢/co > 1.
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4. Function (a +bx) - e™

Let it be required to interpolate the function (a+bx)-e“* on three pairs of
numbers {z1,y1}, {z2,y2}, {z3,y3}, i.e. to solve the system of equations

(a+bxy) e =y1; (a+bxa) e =y (a+baxg) e =y;3

regarding parameters a, b, c.
The parameter c¢ is a solution to the equation

(xg —x3)-y1-e “+(xg—x1) - y2-e “2+ (r1 —x2)-y3-€ ¥ =0.

The parameters a and b are determined by the relation
1
o — X1

1
b=
Tro9 — T1

—CX —CX .
a= -(xz-y1-e t—xy2-e 2>,

' (—yl ety e_cm)'

If values of the argument are equidistant from each other, i.e. xo —x1 =
x3 — x9 = Az, then the value u = exp(c - Ax) satisfies to the quadratic
equation

y1-u? —2ys - u+ys =0.

Let 1 < z2 < x3. The equation, which should be satisfied by the
parameter ¢, conveniently can be represented in the form f(c) = 0, where

F(e) = Hy - clmsme 4 py oo 4 b,
Hy=y1-(xg—x3); Ha=wyo-(x3—x1); Hz=uy3-(x1— z2).

Depending on signs of the numbers y1, y2 and y3 some cases are possible:
a) y1y2 < 0 and yoy3 < 0. The function f(c) has no zero points.
b) y1y2 < 0 and yoy3 > 0. The function f(c) has unique zero point, as
an initial approximation for which, at the solution of an equation f(c) =0
by iteration method of Newton, the following number can be taken

1 | ( —Hsj ) 1 | ( —Hj )
max -In , -In
T3 — To Hy| + Ho T3 — T1 H, + Ho

(being upper bound for ¢).

¢) y1y2 > 0 and yoy3 < 0. The function f(c) has unique zero point, as
an initial approaching for which one at the solution of an equation f(¢) =0
by iteration method of Newton the following number can be taken

max{ L -ln(H2+H3>, 1 'ln<H2+H3>}

Ty — X —H r3 — X —-H
2 1 1 3 1 1
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(being upper bound for c).
d) y1y2 > 0 and yoy3 > 0. Let us introduce supplementary notations:

co= (22— z1) L In(ya/y1); Ac= (z2—21) ' In <a:3 — :c2> ;

r3 —a

vy = <_I—I3>$2_$1 — ymsfm . y:mfxs _ymfm —_
f(co) — H ! ? s

= (y3/y2)™ " (1 /)"

(co is an extremum point of the function f(c); cop — Ac is an abscissa of
inflection point of this function).

At vy < 1 the function f(c) has two zero points ¢’ and ¢”. Let us assume
for determinacy that ¢ < ¢’; then ¢ < ¢y < ¢’ < ¢y + Ac. The numbers
co — Ac and ¢p + Ac can be utilized as initial approximations, accordingly,
for ¢ and ¢’ at solution of the equation f(c) = 0 by an iteration method of
Newton.

At vg = 1 the function f(c) has unique zero point conterminous with
Co.

At vy > 1 the function f(c) have no zero points.

5. Function h + (a + bx) - e

Let it be required to interpolate the function h+ (a + bz) - €“* on four pairs
of numbers {x1,y1}, {2, 92}, {x3,y3}, {x4,ys}, i.e., to solve the system of
equations

h+ (a+bxy) e =y1; h+ (a+bxa) e =y
h+ (a+bxs)- e =ys; h+ (a+bxy) e =y,

regarding parameters h, a, b, c.
The parameter ¢ is a nonzero solution of the equation f(c) = 0, where

fle) =
(ys — a) - (w2 — 1) - €2 4 () — ) - (w1 — @3) - e (T1HT) 4
+(y2 — y3) - (x4 — 21) - e“@FT) () —yy) - (23 — a9) - @ @2FT) 4
Hy1 — y3) - (x2 — 24) - 2T 4 (y1 — o) - (wg — wg) - e~ (@ FT0),

The number 0 always is zero point of functions f(c) and f(c).
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The parameters h, a and b are determined by the relation

a = %(yl . (33‘2 .efT2 _ x3 - eca:g) + Y- (1'3 . efT3 _ x1 - ecx1)+
+ysz - (@1 € —xg - em));
b= _%<y1 X (ecxz _ eca:3) + s - (ecxg _ ecx1)+

]
h = B(?h (25— 29) - ec(@2+es) 4 g (21 — 3) - eclas+a) |
+ys3 - (arg _ 551) 'ec(:p1+12)>’
where
D = (z3 — ) - @21 1 (g — z3) - @40 4 (g5 — gy - ecl@1F2),

If values of the argument are equidistant from each other, i.e. xo —x1 =
xr3 — x9 = x4 — 3 = Az, then the value u = exp(c- Ax) satisfies to the
quadratic equation

(y2 — 1) -u® +2(y2 —y3) - u+ (ya — y3) = 0.

Let us allow, that the ratios of differences of any given values of the
argument are equal to some rational numbers. Then values of the argument
can be represented by the way xy = X, + r - Az, where r, (k= 1,2,3)
are some integers; X., Ax = const. In this case the value u = exp(c - Ax)
is the radical of the algebraic equation

Tas - (y2 _ y1) 'UT21+2T32+T43 +92. (7“32 + 7“43) X (y1 _ y3) X uT’21+7’32+T43+

732 (ya — y1) - w72 4 (roy + rsg + 1a3) - (y3 — y2) - w4
+(ro1 +732) - (y2 — ya) - w2 47121 - (ya — y3) = 0,

where rj, =1, — 113 j,k=1,2,3.

6. Function az¢- (1 —bx)?

Let it be required to interpolate the function a z¢- (1 — bx)? on four pairs
of numbers {z1,y1}, {z2,y2}, {z3,y3}, {z4,v4}, i.e., to solve a system of
equations

am§~(1—bx1)d=y1; a$§~(1—bx2)d:y2;

axg-(l—bxg)d:yg; axj-(l—bx4)d:y4
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regarding parameters a, b, ¢, d. Let us denote
Zy. = Inxy Wi=Iny,, k=1,23,4.
The parameter b is a nonzero solution of the equation f(b) = 0, where

f(b)=Hy-In(1 —bxy)+ Hy-In(1 — bxe)+
+ Hj - 111(1 - bajg) + Hy - ln(l - bx4);

Hl:WQ-(Z4—Zg)+W3'(ZQ—Z4)—|—W4 (Zg—Zg);
HQ:W1~(Zg—Z4)+W3'(Z4—Z1)+W4 (Zl—Zg);
Hs =Wy (Z4—ZQ)+W2'(Zl—Z4)+W4 (ZQ—Zl);
Hy =Wy (Zy— Z3) + Wa - (Zs — Z1) + W3 - (Z1 — Za).

The number 0 always is zero point of the function f(b).
The parameters a, ¢ d are determined by relations

Ina="T""1 (WyZs — WsZs) - In(1 — bxy)+
+T71 - (W3Zy — Wi Z3) -In(1 —bag) + T~ - (Wi Zy — WaZy) - In(1 — bas);
c=T"1 (Wy—Ws) -In(1 —baxy)+
+T7 (W —Wa)-In(1 —bag) +T71- (Wy — W) - In(1 — bas);
d= T—1<W1 (Zs — Zo) + Wy - (Z1 — Z3) + Wy - (Zo — Zl)),

where

T = (Zg —ZQ) ln(l —bxl) + (Zl — Zg) 11’1(1 —b.ilfg) + (ZQ —Zl) ln(l —bib'g).

7. Function ae® + bet®

Let it be required to interpolate the function a e + be® on four pairs of
numbers {z1,y1}, {x2,y2}, {x3,y3}, {z4,y4}, ie., to solve the system of
equations

a e +hedt =g, a e +hed® = g

a e 4 bed® =y a e 4 hett =y,
regarding parameters a, b, ¢, d.
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The pair of numbers [c, d] can be determined as a solution of any pair
from the following four equations

. (ecaﬁg+dm3 . 6023+dmg) + Yo - (ecw3+d9:1 cx1+da:3)+

y1 —e
+ys - (ecxl—I—dxg - ecx2+dx1) =0;

Yo - (eczg+dx4 . eCI4+dCCg) + Y3 - (ecx4+dx2 _ ecx2+dx4)+

+yy - (6cmz+dx3 . 6cm3+d:r2) _ 0;

Y1 - (eca:2+dm4 _ ec:c4+da:2) + Y - (ecz4+dx1 _ ecz1+dx4)+

4 - (eclerd:L”Q _ ecx2+da:1) _ 0;

. (ecms—l-d.ul _ €C$4+d$3) (ecz4+d331 _ ecz1+d:v4)+

+ys3-
(ec:tl—i-d:r;g

W
+y4 . _ ecxg—i—drl) — O
at additional condition ¢ # d.
The parameters a and b are determined by relations
yr-et —yy-e —y1 e —yy e
- ectitdrs _ pcxatdry’ - ectitdrs _ pcratdry ’

dzxq

and in these formulas two pairs of variables [z1,y1] and [x4,y4] can be
replaced by any other pairs [z, y;] and [z, yx] provided that j # k.

If values of the argument are equidistant from each other, i.e. xo—2x1 =
x3—x9 = x4—2x3 = Ax, then the values u = exp(c-Ax) and v = exp(d-Ax)
are radicals of the quadratic equation

(¥3 —y1y3) - €+ (y1ya — vays) - €+ (¥ — yaya) = 0.

The initial system of equations has the solution in that and only in that
case, if this quadratic equation has two real, positive and not conterminous
with each another radicals.

8. Function h + a e + he®

Let it be required to interpolate the function h + a e + b e on five pairs
of numbers {zg,yr} (k=1,...,5), i.e. to solve the system of equations

h+ae™ 4+ be®™ =y, k=1,..5

regarding the parameters h, a, b, c, d.
The pair of numbers [c, d| can be determined as a radical of the system
of equations at additional ¢ # d, cd # 0. One of the equations of this
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system looks as
Y1 - (ecx3—|—dm2 . ecx2+dm3 + ecx2+dm4 . ecx4+dm2 + ecx4—|—dm3 . ecm3+da:4)+
+y2 . (ec:cl—i-darg _ ec:cg—i—da:l + ec:c3+dar4 _ ec:c4+da:3 + ec:c4+da:1 _ ec:c1+da:4)_|_
+y3 . (ecngrdxl . eclerdxg + ecx1+dx4 . ecx4+dx1 + ecx4+d:r2 . eczg+dx4)+
+y4 . (eca:1+dx2 _ eca:2+dz1 + eca:2+dx3 _ ecx3+dx2 + +ec:tg+d:r;1 . ecx1+d:r;3> — 07
and the second equation can be obtained from the first by replacement the
q y rep

arbitrary pair of numbers [z;,y;] (j =1,...,4) with [x5, ys].
The parameters h, a, b are determined by the relation

a = % <y1 ) (edxz _ edxg) Yy (edxg _ edocl) Fys - (edxl _ edx2)>;
b— % <y1 (65— e2) 4 gy (€51 — €9 Ly - (2 — ecxl));
b % <y1 (esrtdns _ gersbdea) |y, (gerabde _ et |
Ty - (ec;tl-l—dzg . ec;tg-l—dxl));
where

D= ec:cﬁ-dwg + ecx2+dx3 + ec:c3+d$1_

_ecngrd:):l o ecngrd:L‘Q . ecx1+d:1:3’
and in these formulas three pairs of variables [z1,y1], [z2, y2] and [z3,ys]
can be replaced by any other pairs [z;,y;], [k, yx] and [x7,y] provided
that j # k # L.

If values of the argument are equidistant from each other, i.e. xo—x1 =
T3 — Tg = x4 — T3 = T5 — x4 = Ax, then the values u = exp(c - Azx) and
v = exp(d - Ax) are the radicals of the quadratic equation

£2+p§+q:07

where
(Y3 — y2)(y3 — ya) + (y1 — y2) (Y1 — ¥s5)

(y3 — y2)? + (y1 — y2) (Y4 — y3)
o= W3y + (s — 1) (va — y5) (8.4)
(y3 —y2)? + (y1 — y2) (ya — y3)
The initial system of equations has a solution in that and only in that case,
when this quadratic equation has two real, positive and not conterminous
with one another radicals.

p:
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9. Function e* - (A cos(wz) + B sin(wz))

Let it be required to interpolate the considered function on four pairs of
numbers {z1,y1}, {z2,y2}, {x3,y3}, {z4,y4}, i.e. to solve the system of
equations

e - (A cos(wry) + B sin(wxg)) = yp, k=1,...,4

regarding parameters A, B, s, w.
This interpolation is equivalent to interpolation of the function

a e + BelT,

1
azi(A—iB); ﬁzi(A—i-iB); A=s+iw; p=s—iw; (9.5)

Thus can be utilized the formulas given in the section 7..
The pair of numbers [s,w] can be determined as a solution of any pair
from the following four equations

yp - e % sin(wrg — wxs) + Yo - € %2 sin(wrg — wxy)+
+ys - e ¥ sin(wx) — wxg) = 0;
Yo - € %% sin(wrg — wxy) + y3 - € %3 sin(wry — wrg)+

+yg - e ¥ sin(wxy — waxs) = 0;

y1 - e % sin(wzg — wxy) + Yo - € %2 sin(wry — wxy )+
+yg - € ¥ sin(wx] — wxg) = 0;

yp - e % sin(wrg — wxy) + y3 - e 7 sin(wry — wxy )+
+ys - e ¥ sin(wzg —wwzg) =0

at additional w # 0.
The parameters A and B are determined by the relation

y1 - e T sin(wxy) — yq - €5 sin(wry)
Y

A:

sin(wzq — wxy)

g U e cos(wry) + yg - €574 cos(wmy)
B sin(wzy — wxy) ’

and in these formulas two pairs of variables [x1,y1] and [z4,y4] can be
replaced by any other pairs [z;,y;] and [z, yx] provided that j # k.

If values of the argument are equidistant from each other, i.e. xo —
T, = x3 — T9 = x4 — 23 = Az, the values & = exp((s + iw) - Ax) and
& = exp((s —iw) - A:z:) are the radicals of the quadratic equation

& +pl+q=0, (9.6)
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where )
_ Y1ya—Y2ys, g= B
Y5 —yiys Y5~ Y1ys
The initial system of equations has a solution in that and only in that
case, when the given quadratic equation has two complex conjugate radicals
(with nonzero imaginary parts). Thus

1 1
—E'lnfﬂ—m'lﬂq, (9.7)

and it is possible to represent the set of every possible values w by the
unions of members of two sequences [w}] and [w}], where

S

W =wo+k-Aw; wi=-wo+ (k+1) Aw; Aw =2r/|Azl;

Aw 1 —1/2
= v + @ . arctan(p- (4q —p2) / ) (9.8)

arg 1
Ax

wo =

10. Function h + e - (A cos(wz) + B sin(wz))

Let it be required to interpolate the considered function on five pairs of
numbers {zy,yx} (k=1,...,5), i.e. to solve the system of equations

h+ e - (A cos(wzy) + B sin(way)) = yk, k=1,..5

regarding parameters h, A, B, s, w.
This interpolation is equivalent to interpolation of the function

h+ae® + Bel?,

where a and [ are determined on relation (9.5), thus can be utilized the
formulas, introduced in the section 8..

The pair of numbers [s, w| can be determined as a radical of the system
of equations at additional condition w # 0. One of the equations of this
system looks like

Y1 - (es (z3+22) sin(wzg — wxy) + €° (z2t24) sin(wzg — wxg)+
+€S (334+333) . Sln(wx4 — wa))_‘_

w3+4) -sin(wzs — wrg)+

Yo - (65 (z1+23) | Sjn(wwl — w.’E3> + 65(
+e8 (zata1) | sjn(wx4 - le))+

s(zo+ax1) | x1+x4)

Y3 - (e ( sin(wwy — wzy) + e -sin(wry — wrg)+
+e° (Pat2) L gin(way — wx2))+
ys - (€° (@1422) . gin(wry — wrg) + ® @2+ L gin(way — wrs)+

+€s (Id‘f‘ﬂ?l) . Sin(waj?) — wxl)) — 07
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and the second one can be obtained from the first by replacement of an
arbitrary pair of numbers [z;,y;] (j =1,...,4) with [x5,ys].
The parameters h, A and B are determined by the relations

1 .
A= (= y) - € sin(wrg) + (g2 — o) - ™ sinfwn)+

+(ys —y1) - %2 sm(wxg))
B =5 (52— 1) €7 cos(wns) + (s — ) € cos(wri) +
+(y1 — y3) - €72 cos(wza));
h = % (y1 - ¢€° @2423) sin(wry — wrg) + y - €T3 sin(was — wry)+
+ys - €* 1722) gin(way — wa)),
where

D = ¢* @17%2) gin(way — wa) + €® *2173) sin(way — wag)+

+¢° @371 gin(wrg — way),

and in these formulas three pairs of variables [z1,y1], [x2,y2] and [z3,y3]
can be replaced by any other pairs [z;,y;|, [zk,yx] and [z;,y;], provided
that j # k # 1.

If values of the argument are equidistant from each other, i.e. xo—x1 =
T3 — Tg = T4 — X3 = T5 — T4 = Az, the values & = exp((s + iw) - A:E)
and & = exp((s —w) - Ax) are the radicals of the quadratic equation
(9.6), where p and ¢ are determined by the relation (8.4). The initial
system of equations has a solution in that and only in that case, when the
given quadratic equation has two complex conjugate radicals (with nonzero
imaginary parts). Thus s is calculated according to (9.7), and the set of
every possible values w is possible to represent by unions of members of
two sequences [wy] and [w}], where w}, w}, wp and Aw are determined on
the relation (9.8).

The above described algorithms are realized by the way of programs on
the programming language of Delphi for IBM-compatible personal comput-
ers and are used in the universal application package of processing of the
experimental information in the section of restoration of functional depen-
dencies at finding of optimum initial intervals at definition of unknowns
parameters [6].

o1
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