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Abstract

In the present work sequential type decomposition schemes of the third order of
accuracy for the solution of two and multidimensional evolution problems are con-
structed and investigated. For the considered scheme the explicit a priori estimations
are obtained.
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1. Introduction

One of the most effective methods to solve multi-dimensional evolution
problems is the decomposition method. Decomposition schemes with first
and second order accuracy were constructed in the sixties of the XX cen-
tury (see [7], [11] and references therein). Q. Sheng has proved that in
the real number field there do not exist automatically stable decomposition
schemes with an accuracy order higher than two (see [12]). Decomposition
schemes are called automatically stable if a sum of the absolute values of
its split coefficients (coefficients of exponentials’ products) equals to one,
and the real parts of exponential powers are positive. In the work [1] there
is constructed decomposition schemes with the higher order accuracy, but
their corresponding decomposition formulas are not automatically stable.
In the works [2]-[5] introducing the complex parameter, we have constructed
automatically stable sequential-parallel type decomposition schemes with
third order accuracy for two- and multi-dimensional evolution problems and
with fourth order accuracy for two-dimensional evolution problem (evolu-
tion problem with the operator A is called m-dimensional, if it can be
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represented as a sum of m summands A = A; + ... + 4, ). The new idea
is an introduction of a complex parameter, which allows us to break the
order 2 barrier.

In the present work symmetrized sequential type decomposition schemes
of the third order of accuracy for the solution of two and multidimensional
evolution problems are offered. For the considered scheme the explicit a
priori estimations are obtained.

2. Statement of the Problem and Decomposition
Scheme for Two Dimensional Case

Let us consider the Cauchy abstract problem for an evolution equation in
the Banach space X:

du(t)
dt
where A is a linear closed operator with a definition domain D(A) , which
is everywhere dense in X, ¢ is a given element from D (A).
Suppose that the operator (—A) generates a strongly continuous semi-
group {exp(—tA)},~,- Then the solution of problem (2.1) is given by the
following formula [8,9]:

+Au(t) =0, t>0, u(0)=¢y, (2.1)

u(t) =U(t, A)p, (2.2)

where U(t, A) = exp(—tA) is a strongly continuous semigroup.

Let A = A; + Ay, where A; (i =1,2) are closed operators, densely
defined in X.

Let us introduce a grid set:

wr ={ty =kr,k=1,2,...,7 > 0}.

Together with problem (2.1), on each interval [t;_1, 1], we consider a
sequence of the following problems:

o7 + §A1vk (t) = 0, vlgl) (th1) = s (th1)
dv,(gz ®) . adw®@®) = 0, v (ter) = oD (80),
dv;iZ (t) 4 %Awg”) © = 0, o (1) =0 (1),
Ch}’(“z(t) + aAQUI(;l) ) = o, vgx) (tho1) = UI(;;) (te) |
d ;(gz ®) %Aw;(f) © = 0, o (tr) = o® (1),
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where a is a complex number with the positive real part, Re(a) > 0;
up(0) = ¢. Suppose that the operators (—A4;),(—ad;),(—a4d;), j=1,2
generate strongly continuous semigroups.

up(t), k=1,2,.., is defined on each interval [t;_1,tx] as follows:

ur(t) = o\ (1) (2.3)

We declare function ug(t) as an approximated solution of problem (2.1) on
each interval [t;_1,tx].

3. Estimate of Error of the Approximated Solu-
tion

We need the natural powers (A%, s = 2,3,4) of the operator A = A;+ As.
They are usually defined as follows:

A% = (AT 4 A3) + (A1As + ArAy),

AP = (A} + A3) + (ATAg + ..+ AJA)) + (A1A2Ar + A2 A1 Ay)

At = (AT+ A9) + (AT Ay + ..+ AJAY) + (ATA2 AL + ..+ AJA1 Ay)
+ (A1A241 A2 + A2 A1 A2 Ay),

It is obvious that the definition domain D (A®) of the operator A® represents
an intersection of definition domains of its addends.
Let us introduce the following notations:

lella = llArell +[[A2ell, @€ D(A);
ol = [|ATo|| + || A3 + | A1 A2
+ [|[42419|, @€ D(4%),

where ||-|] is a norm in X. [|¢||4s, (s =3,4) is defined analogously.
Theorem 3.1. Let the following conditions be fulfilled:

_1 - 1 s .

(a) a0 = s tiss (i=+v-1) ;
(b) Operators (—vA;j), v =1, o, @ (j=1,2) and (—A) generate
strongly continuous semigroups, for which the following estimates are true:
1U (. 7vA;)
1U(t, A)

H < eu.)t7

| < Me*t, M = const > 0;
(c) U(s,A)p € D (A*) for each fized s > 0.

Then the following estimate holds:

lu(tr) = wg(t)|| < cetyr® sup |[U (s, A) @] 4a ,
s€[0,tx]
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where ¢ and wy are positive constants.
Proof. According to the following formula (see [8], p. 603):

A/ (s,A)ds=U (r,A) -U(t,A), 0<r<t,

we can obtain the expansion:

T
L

Ut,A) = (—1)"ZAZ‘ + Ry(t, A), (3.1)

I
o

where
S1

/ / (s, A)dsdsp_1...dsy. (3.2)
0

Ri(t, A) = (A

o\&

From formula (2.2) we obtain:
uk(ty) = VE (1) ¢, (33)

where
1 _
V(r)=U (T, %/h) U(r,aAy)U <7‘, 2A1> U (r,a@As) U (7‘, ;A1> .

Remark 3.1. Stability of the considered scheme on each finite time
interval follows from the first inequality of the condition (b) of the Theorem
3.1. In this case, for the solving operator, the following estimate holds:

HV"‘ (7‘)H < et (3.4)

where wy 1s a positive constant.

We introduce the following notations for combinations (sum, product)
of semigroups. Let T'(7) be a combination (sum, product) of the semi-
groups, which are generated by the operators (—vA;) (i =1,2). Let us
decompose every semigroup included in operator T (1) according to for-
mula (3.1), multiply these decompositions on each other, add the similar
members and, in the decomposition thus obtained, denote coefficients of the
members (—7A;), (TQAZ'A]') and (—T3AiAjAk) (1,7, k = 1,2) respectively
by [T (7)];, [T (T>]” and [T (T)]”k

If we decompose all the semigroups included in the operator V(7) ac-
cording to formula (3.1) from left to right in such a way that each residual
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term appears of the fourth order, we will obtain the following formula:

2 2
S WA+ Y V(L Ak
>

V(r) = I—-71

V(7)) 0 AiAj Ak + R (7). (3.5)

According to the first inequality of the condition (b) of the Theorem
3.1, for RELZ) (1), the following estimate holds:

|EZ @) ¢]| < ceomrtlelas, @ D(AY), (3.6)

where ¢ and wq are positive constants.

Let us calculate the coefficients [V'(7)], corresponding to the first order
members in formula (3.5). It is obvious that the members, corresponding to
these coeflicients, are obtained from the decomposition of only those factors
(semigroups) of the operator V (7), which are generated by the operators
(—vA;), and from the decomposition of other semigroups only first addends
(the members with identical operators) will participate.

On the whole, we have two cases: ¢ =1 and ¢ = 2. Let us consider the
case ¢ = 1. We obviously have:

V()] =1U(r Al = L. (3.7)
Analogously for ¢ = 2 we have:
V(7)], = [U (7, A2)], = 1. (3.8)
By combining formulas (3.7) and (3.8), we will obtain:
VOL=1 i=12 (3.9)

Let us calculate the coefficients [V (7)]; ; (i, = 1,2) corresponding to
the second order members included in formula (3.5). On the whole we
have two cases: (i,7) = (1,1), (1,2), (2,1), (2,2). Let us consider the case
(1,7) = (1,1). We obviously have:

Vs = U (r Al = 5. (310)
Analogously for (i,7) = (2,2) we have:
Vr)as = U (7, A2)]z = 5. (3.11)
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Let us consider the case (i,j) = (1,2), we obviously have:

a
VOl = [U(n541)] U (e,
a
+ {U (7’, §A1)} X U (1,aA2)]y
1
+ [U (7’, 2A1)] U (1,@A2)],y
1
o« a1 ala+a)+a 1
= §a+§a+a§ 5 = (3.12)
For (i,j) = (2,1) we have
1
Vil = 0 (maddl [0 (7341)]
1
+[U (7, ads)], [U (T, ;‘A1>]
1
+[U (,@As)], [U 7, 3641)]
1
1 a _a atd(ata@) 1
ag +ag +ag = > - (3.13)
Here we used the identity o + @ = 1.
By combining formulas (3.10) - (3.13), we will obtain:
1
[V(T)]i,j =5 =12 (3.14)

Let us calculate the coefficients [V/(7)]; ;. (4,j,k = 1,2) correspond-
ing to the third order members in formula (3.5). On the whole we have
eight cases: (i,7,k) = (1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1), (2,1,2),
(2,2,1), (2,2,2). Let us consider the case (i,7,k) = (1,1,1). We obviously
have:

1
[V(T)]Lm =[U(m, Al)]1,1,1 6 (3.15)
Analogously for (i,7) = (2,2,2) we have:
1
[V(T)]2,2,2 =[U(m, A2)]2,2,2 % (3.16)
Thus Let us calculate the case (7,7, k) = (1,1,2). We have:

V() = [U (T, %Al)} LU mad),

[ (2], W tra)

7
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o (a+a)+200+a o +aa+aa+a

8

alat+a)taa+a  (a+a)t+aa 1

8

For (i,7,k) = (2,2,1) we have:

=5 (317

V(D)o = [U(rads)), [U <T,;A1>]

Here we used the identities a +a =1, «
Thus let us calculate the case (i, j, k)

[V(T)]l,Q,z = [U (T,gz‘h

o (640 (6%
22 2
a(az—i-&

%and o> +a’=

1,2,2). We have:

I Sl

— |l
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1 2 @ o o
_ setsetall-o) (et@-od 1 g4
1 4 6

For (i,7,k) = (2,1,1) we have:

V(D11 = [U(r,049)], [U <T’ ;Alﬂ "
+[U (r,ady)], :U

+[U (1,aA2)], -U

i
+[U (r,aA)], |U <7-,

a+a? (a+a) + 200

8
_ ataleta)+oa ata-z 1
_ - -—F == (3.20)
Here we used the identities a + @ =1, aa = % and o + a2 = %
Thus let us calculate the case (,7, k) = (1,2,1). We have:
«o 1
VOl = [U(m54)] U (rads), [U <T, 2A1>} 1
o} [}
+|U (n54)] U ads), [U <T, 2A2>] 1
e} @
+|\U (7‘, th)} X U (1,aA2)]y [U <7‘, 2A2>] 1
1 2]
+ |U <T, —A; ] U (1,@A2)], [U <T,A2)]
L 2 1 2 1
22 22 22 22
(0*+2a%) +aa(a+a) 1
= 1 =5 (3.21)
For (i,7,k) = (2,1,2) we have:
1 _
Vs = Wnataly [0 (rgm)] e,
1
- a%& _ % (3.22)
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Here we used the identities a +a =1, aa = % and o? + a2 = %

By combining formulas (3.15) - (3.22), we will obtain:

=~

[V(T)]i,j,k; = ) ivja k — 1) 2. (323)

From equality (3.5), taking into account formulas (3.9), (3.14) and
(3.23), we will obtain:

2 2 2
1 1
V() = T-73 Ait g Y Aidj— o 3 A+ RY ()

i=1 ij=1 ivj k=1
2 2
— _TZA + T <ZAZ> -7 <ZAZ> +RY ()
S 57 242 3A3 +RY (7). (3.24)
According to formula (3.1) we have:
U(r,A)=1—-7A+ Lo Lasgs g, (1,A). (3.25)

2 6

According to condition (b) of the second inequality of the Theorem
3.1, for Rf) (1), the following estimate holds:

1Ry (7, A) | < ce 7 [lip]] ga - (3.26)
According to equalities (3.24) and (3.25):
U(r,A) =V (r) = Ry (1, A) — R ().

From here, taking into account (3.2) and (3.26), we will obtain the following
estimate:

I (7, 4) = V ()] oll < ce“2T7 [|op]| g - (3.27)

From equalities (2.2) and (3.3), taking into account inequalities (3.4)
and (3.27), we will obtain:

hu(te) = wnt)| = || [0t A T]¢H=H[U’“(T,A) vE@)] ¢
= zk:V U(r,A) =V (n)]U((i —1)T, A)
i=1

k
< Y WVEOIFIU (1, 4) =V (DIU (i - 1) 7, A) ol
=1

80
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k
3" et eeeam U (i - 1) 7, A) @ 4a
i=1

k

et N U (- 1) 7, A) @] 4a
i=1

kee™ 3 sup ||U (s, A) @]l 4
s€lo,ty]

ce®0lk 3 sup U (s, A) ]| 44 |
s€lo,tg]

IN

IN

IN

IN

4. Decomposition Scheme for Multidimensional
Case

Let us consider multidimensional case of the problem (2.1). Let A = A; +
wo + Ay (m > 2), where A; (i=1,..,m) are closed operators, densely
defined in X. Together with problem (2.1), on each interval [tx_1,tx], we
consider a sequence of the following problems:

do'V (¢
det() + %Alv}j) &) = 0, v (te-1) = w1 (tr1) |
dv'? (¢ .
o1 Sawd () = 0, o (b)) =0 (1),
dt 2
i = 2,...m—1,
do'™ (t _
det ®) + aAmv,gm) (t) = 0, v ) (tp—1) = v,im b (tr),
d (2m_z) t m—1 m—1 m—1
U O Sy = 0 o () = o ().
i = m-—1,...,2,
™ V@) 1 - . -
T ©, SA @ = 0, o () = (1),
d (2m—2+1) ¢ — o 2 S
’l)k; = ()‘{’ZAZU’E? 2+)(t) _ 0’ U](f 2+)(t 3 )_U(2 3+)(t )’
i = 2,..,.m—1,
d (3m—2) " B ~ B
vy . ()+aAmv,(€3m D) = 0, o™ () = 0¥ (1),
(4m—2—1)
d t o o o
U} ()+*AZ,(€4m2Z)(t) — 0, Ul(€4m21)(t,)zvl(€4m3l)(t),
dt 2
i = m-—1,...,1,
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where « is a same complex number as for two dimensional case. Suppose
that the operators (—A;), (—ad;),(—a@A;), j = 1,...,m generate strongly
continuous semigroups.

up(t), k=1,2,.., is defined on each interval [t;_1,tx] as follows:

ur(t) = o (1), (4.1)

We declare function ug(t) as an approximated solution of problem (2.1) on
each interval [tg_1, tx].

5. Estimate of Error of the Approximated Solu-
tion for Multidimensional Case

Natural powers (A°, s=2,3,4) of the operator A = A; + ... + A,, are
defined analogously as for two dimensional case.

Theorem 5.1. Let the conditions of Theorem8.1 be satisfied, where
j =1,....,m. Then estimation of Theorem3.1 is true, where ug(ty) is defined

by formula (4.1).
Proof. From formula (4.1) we obtain:

ur(tk) = VE (1) ¢, (5.1)
where

Vir) = U (7‘, %Al) LU (7‘, %Amfl) U (1,aAn)

<O (r.§Anr) 0 (r g A2) U (30 )

xU <7’, C;A2> U (T, ;Am_l) U(r,a@Ap)

a a
Ay ) U (7,241 ).
xU <T, 5 1) U <7‘ 9 1>

Let us define [T'(7)];, [T'(7)]; ;
gously as for two dimensional case.

If we decompose all the semigroups included in the operator V(7) ac-
cording to formula (3.1) from left to right in such a way that each residual
term appears of the fourth order, we will obtain the following formula:

and [T'(7)]; ;4 (i,5,k = 1,...,m) analo-

Vir) = I-7Y [V@OLA+7 ) V(1) A4
=1

4,j=1

—7° Z [V (7)), .k AiAjAr + Rflm) (7). (5.2)
i,5,k=1
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According to the first inequality of the condition (b) of the Theorem
5.1, for Rflm) (1), the following estimate holds:

| )| < ceomrtlellae, w e D(aY), (53)

where ¢ and wqg are positive constants.

Let us compute coefficients [V (7)];. Obviously, we get the correspond-
ing members of these coefficients from decomposition of only those multi-
pliers (semigroups) of the operator V' (7) which are generated by operators
(—vA;). From decomposition of other semigroups only first addends (iden-
tical operators) will be used. So we have:

Let us compute coefficients [V (7)] ;.;- Obviously, we get the correspond-
ing members of these coefficients from decomposition of only those multi-
pliers (semigroups) of the operator V; (1) which are generated by operators
(—yA;)and (—vA;) . From decomposition of other semigroups only first
addends (identical operators) will be used. So we have:

V(r)],, = [U (7540 ) U (r.ady) U <T, ;Ah) U (r,aAs,) U <T, ‘;‘Aﬂ]

where (i1,12) is a pair of 7 and j indices, arranged in an increasing order.
According to the Theorem 3.1 we have:

o 1 _ [ 1
[U (7’, §Ail> U(r,ad;,)U (7’, 2Ai1> U(r,aA;,)U (T, 2Ail)]ij =3

So we have
V() = % ij=1,2,..m.

Let us compute coefficients [V(7)]; ;. Obviously, we get the corre-
sponding members of these coefficients from decomposition of only those
multipliers (semigroups) of the operator V' (7), which are generated by op-
erators (—vA4;),(—vA4;) and (—vA). From decomposition of other semi-
groups only first addends (identical operators) will be used. So we have:

« « « 1
[V(T>]i,j,k = U (7—7 5"4%1) U (Ta 5"422) o <T7 aAig) U (7’, 51412) U (Tv 2Ai1>
X U<T,(;Ai2>U(T,OéA1'3)U<T, gAb)U(T’gAh) R

where (i1,19,73) is a triple of 7,j and k indices, arranged in an increasing
order.
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First let us consider the case when ¢ = j = k, we have:

1
[V(T)]i,j,k = [U (r, Al)]zzz = 6
Now let us consider the case when only two of ¢, j, k indices are different.
In this case we have:

« 1 _ [
V()lijr= {U (T?iA’il) U(r,adi,)U <7', 2Ai1> U(r,ad,)U <7', 21411)} ;
ik

where (i1,142) is pair of different indices of i, j and k triple, arranged in an
increasing order. According to the Theorem 3.1 we have:

leY 1 @ 1
U7, 54, ) U(1,a4;,)U <7’, —A; ) U(r,ad;,) U <T, — A, ﬂ =,
[ ( 2 1> 2 PR 2 27" )ik 6

So we have )
[V(T)]l,],k — 67 Z’,j,k: 1,2,...,m.
Now let us consider the case when ¢, j, k indices are different. We have
six variants. Let us consider each one separately:
Case 1. If i < j < k, then

V(e = {U (7’, gAi) U (T, %A]) U (T, aAk)] '

_|_
=)
VS VS
R R
N~ N|Q NR NR

Case 2. If i < k < j, then
[V(T)]M-Jg = [U (7’, %Ai) U(r,ad;)U (7’, %Ak)]i,j,k
n [U (r.54:) U (r.ady) U <T, E‘Akﬂ

84
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+|U (T, %Al) U (r,0d;) U <T, 2Ak>ij
+|U (T, %AZ> U (r, @A) U <T, (;Akﬂm
+|U (T, 1AZ> U(r,ad;)U (7', aAk)}
i 2 2 ik
a a o a1 «
= 2a<2+2 +—(a+a)§+§a§
a2 +aon+a® 1
-4 T E

Case 3. If j <i < k, then

« 1
[V(T)]i,j,k = {U (7'7 §Az> U (T, 2Aj> U (r, aAk)}
al 1
——Q .
22 6
Case 4. If j < k < i, then

Vi = [U (r, A U (77 La\u (T, a Ak)}
g 2 2 -
1 a
+ {U (r,aA)) U <T, Aj> U <T, Ak>}
9 2 ik
= A e
T Y9 T Ty

1,5,k
n U(T, AZ>U(T,04AJ~)U 72,
2 1,5,k
H U (7,54 ) U (rad) U (7,2 4,
2 2 2,7,k
_ g }—Fg( +*)§+ g+§ *g
T oY TpleTds T T Y



AMIM Vol.10 No.1, 2005 J.Rogava, M. Tsiklauri

o +oa+a?
T =
Case 6. If £ < j < i, then

[

Vs = [U(rad)v (nGa,)v (TﬂlA’f)L
U

)
+|U (1,a4;) U | T, gAj U, gAk
2 2 Lijk
+ U (1,aA)) U (T, gAj U, gAk
2 2 Jigk
+ U (rad)U (7,24, ) U (1,5 A,
2 2 Lijk
— gl + g + g g + ( + ) gg
T Y9 T \2Tg) 2 T Yy
_ o*4oa+a® 1
B 4 6
Finally, for any triple (4, j, k) we have:
1
[V(T)]i,j,k = 6
Inserting in (5.2) the obtained coefficients, we will get:
Vi(r) = I—TZA1+§T2 Z AiAj — ETB,Z AiAjAk—FRé(l )(7-)
i=1 i,j=1 i,j.k=1
— 4 Z2 23 , (m)
= I—T;AH—QT (;AJ i (;AJ + R, (1)
L 5 L 343 (m)
= I—TA+§TA—67'A + Ry (7). (5.4)

According to the second inequality of the condition b)) of the Theorem
5.1 the following estimation is true for Rflm) (1):

|RE™ )¢ < cemrt ol e (5.5)
According to (5.4) and (3.25) we have:
U(r,A) =V (1) = Ry (1, A) — R™ (7).
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Hence using (3.2) and (5.5) we can get the following estimation:
I (7, 4) =V ()] @ll < ce2T7 [|op]| g - (5.6)

From equalities (2.2) and (5.1), taking into account inequalities (3.4) and
(5.6), we will obtain sought estimation W
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