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Abstract

In the present work symmetrized sequential-parallel type decomposition difference
scheme of the fourth degree precision for the solution of Cauchy abstract problem is

offered. The fourth degree precision is reached by introducing the complex parameter
1

2V3

proximation. For the considered scheme the explicit a priori estimation is obtained.

a = % +14 and by the approximation of the semigroup through the rational ap-
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Introduction

One of the most effective methods to solve multi-dimensional evolution
problems is a decomposition method. Decomposition schemes with first
and second order accuracy were constructed in the sixties of the XX cen-
tury (see [7], [11] and references therein). Q. Sheng has proved that in
the real number field there do not exist automatically stable decomposition
schemes with an accuracy order higher than two (see [12]). Decomposition
schemes are called automatically stable if a sum of the absolute values of
its split coefficients (coefficients of exponentials’ products) equals to one,
and the real parts of exponential powers are positive. In the work [1] there
is constructed decomposition schemes with the higher order accuracy, but
their corresponding decomposition formulas are not automatically stable.
In the works [2]-[5] introducing the complex parameter, we have constructed
automatically stable decomposition schemes with third order accuracy for
two- and multi-dimensional evolution problems and with fourth order ac-
curacy for two-dimensional evolution problem (evolution problem with the
operator A is called m-dimensional, if it can be represented as a sum of
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m summands A = Aj + ... + 4, ). The new idea is an introduction of a
complex parameter, which allows us to break the order 2 barrier.

Decomposition formulas constructed in the above mentioned works rep-
resent formulas of exponential splitting. Exponential splitting is called a
splitting which approximates a semigroup by a combination of semigroups
generated by the summands of the operator generating the given semigroup.
In view of numerical computations, it is important a rational splitting of
the multi-dimensional problem (We call rational splitting such a splitting
of the evolution problem that is obtained from the exponential splitting by
replacing the semigroups generated by the summands of its main opera-
tors with the corresponding rational approximations). Hence, if we have
an exponential splitting with some order precision and the same order ra-
tional approximation of a semigroup, we can construct a rational splitting
of the evolution problem. In the work [6] we have constructed the rational
splitting with the third order precision.

In the present work, we have constructed the fourth order precision
rational splitting for an evolution problem. We say that the rational ap-
proximation of the semigroup used in the work is of Kranc-Nickolson type,
as if we replace the parameter o with 1, we obtain the classic approximation
of Kranc-Nickolson type. In addition, let us note that in the scalar case, the
considered rational approximation represents a Pade classic approximation
(see [14]). For the rational approximation constructed in the work, there is
obtained the explicit a priori estimate.

1. Statement of the problem and main result

Let us consider the Cauchy abstract problem in the Banach space X :

du(t)
dt

+Au(t) = f(t), t>0, u(0)=ep, (1.1)

where A is a closed linear operator with the definition domain D [A],
which is everywhere dense in X, ¢ is a given element from X, f(t) €
C* ([0;00) ; X).

Let the operator (—A) generate the strongly continuous semigroup
{exp(—tA)},~(, then the solution of the problem (1.1) is given by the fol-
lowing formula ([8],[10]):

u(t) =U(t,A)p + / U(t—s,A)f(s)ds, (1.2)
0

where U(t, A) = exp (—tA) is a strongly continuous semigroup.

63



AMIM Vol.9 No.2, 2004 J.Rogava, M. Tsiklauri

Let A = Ay + Ay, where A; (j = 1,2) are compactly defined, closed,
linear operators in X.

As it is well-known, the essence of decomposition method consists in
splitting the semigroup U (¢, A) by means of the semigroups U (¢, 4;) (5 = 1,2).
In [5] there is constructed the following decomposition formula with the lo-
cal precision of Fifth order:

T(r) = SME+T0], (13)
Tv(r) = U (7’, %Al) U (T, ;A2> U(r,ad)U <T, ;A2> U (T, %Al) ,
To(r) = U (7’, %Ag) U (T, ;A1> U(r,ady)U <7’, ;A1> U (7’, %Ag)

14 .1 .
Whereaziizm (z:\/—l).
In the above-mentioned work it is shown that:

U(r,A) =T (1) =0, (7'5) ,

where O, (7’5) is the operator, norm of which is of the fifth order with re-
spect to 7 (more precisely, in the case of the unbounded operator HOP (75) (pH =
0O (7'5) for any ¢ from the definition domain of O, (7'5)). In the present
work (see Section 2) we construct the semigroup approximations with the
local precision of the fifth order using the following rational approximation:

_ ~1 _ 1
W (7, A) = (I - gTA) I+%4) (1-%a4 (I + gTA) . (1.4)
2 2 2 2
The approximation defined by formula (1.4) in the scalar case represent the
Pade approximations for exponential functions [14].

On the basis of formulas (1.3) and (1.4) we can construct the following
decomposition formula:

Vi) = SIAm+ V), (15)
Vi(r) = W (7‘, %Al) w (7’, ;A2> W (r,aA;)) W (7’, ;Az) w (7', %Al) ,
Vo(r) = W (7’, %Ag) w <7’, ;Al) W (r,aA2) W <7’, ;Al) w (7’, %Ag)

Below we shall show that this formula has the precision of the fifth
order:
U(r, 4) = V(1) = 0, (7°).
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In the present work, on the basis of formula (1.5), a decomposition
scheme with the fourth order precision will be constructed for the solution
of problem (1.1).

Let us introduce the following net domain:

wr ={ty =kr,k=0,1,...,7 > 0}.

According to formula (1.2), we have:

123

u(ty) = U(m, A)u (tg—1) + / Uty — s, A) f(s)ds.

te—1

Let us use Simpson’s formula and rewrite this formula in the following
form:

wt) = UnA)ulto) + 3 (F(0)+4U (5.4) F (beoyo)
+U (1, A) f (tp-1)) + Rs . (1) , (1.6)
u(ty)) = ¢, k=1,2,....

For the sufficiently smooth function f the following estimate is true

(see. Lemma 2.3):
| Ry (T)] = O (%) . (1.7)

On the basis of formula (1.6) let us construct the following scheme:

ur = V(T) Uk—1
o (FE)+av (5) F ) +V (O F ), (1)
u = @, k=1,2,.....

Let us perform the computation of the scheme (1.8) by the following algo-

rithm:
27

3
where uy, ¢ is calculated by the scheme:

-
Up = Uk, + — Uk,1 + gf (tr),
« (0]
Vg—a50 = W (7'7 §A1) (ug—1  Wyp_gs50 =W (T, §A2> Up—1,
T
Tttt ) ,
+6f( k—1)
1 1
Vk-3/5,0 = W, §A2 Vk—4/5,00 Wk-3/50 = Wi, 5141 Wg—4/5,0
Vg—a/50 = WI(T,@A1)vp_3/50, Wr-250= W (T,@A2) wy_3/50,
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1 1
Vp—1/50 = W (7-3 2A2> Ugp—2/50,  Wg—1/50 =W (7-7 2A1> Wk—2/5,05

(6] «
vgo = W (T, 5141) Vk-1/50, Wko =W (T, 5142) Wk—1/5,05
1

-
Upo = i[vk,o +wro), uo =+ gf 0), (1.9)

and uy 1 - by the scheme:

Uk—4/51 = (; %Al) ftoorye), Wpeays =W (z, QAQ) f(tr-1y2) s
Ug-3/51 = W <;, ;A2) Uk—2/31, Wr-3/5 =W <2 2A1> Wi—4/5,15
Vg—2/51 = W (;az‘h) Vk—1/31,  Wg—25=W (%,@42) Wg—3/5,1
k151 = W (72—, ;Az) Vk—1/31, We—15 =W (T, ;fh) Wg—2/5,1,
v = W (%7 %fh) Ug-1/31, wp=W (; ZAQ) Wg—1/5,1,
U1 = %[Um + wy 1], (1.10)

To estimate an error of approximate solution we need the natural powers
(A%, s=2,3,4,5) of the operator A = A; + Ay. They are usually defined
as follows:

A2 = (A% + A%) + (A14s + A2Ay),
AP = (AT + AY) + (ATAs + ...+ AJA)) + (A1 4241 + As A1 Ay),

Analogously are defined A%, s =4,5.

It is obvious that the definition domain D (A?®) of the operator A° rep-
resents an intersection of definition domains of its addends.

Let us introduce the following notations:

lella = [lAwpll +[|A2ll, @ € D(A);
lollae = [ ATl + |A30] + |41 A2gl + | A2Arg]l, @ € D (A?),
where ||-|| is a norm in X. [j¢| 4., (s=3,4,5) is defined analogously.

The following theorem takes place:

Theorem. Let the following conditions be satisfied:

(a) There exists such g > 0 that for any 0 < 7 < 79 there exist operators
(I—i—T)\fij)_l, j=12 ~v=1aa A= aa and they are bounded.
Bestides, the following inequalities are true:

W (T,7A))|| <", w = const > 0;
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(b) The operator (—A) generates the strongly continuous semigroup
U (t,A) = exp (—tA), for which the following inequality is true:

(U, A)|| < Me*t, M,w = const > 0;

(c) U(s,A)p € D (A5) for any s > 0;

(@) 70) € CU0.00x X): 1(0) € DIAY). [0 € DAY, ') <
D (A?), f"(t) € D(A) and U (s, A) f (t) € D (A*) for any fized t and
s (t,s>0).

Then the following estimate holds:

llu(ty) — ug| < ce“otit 0 ( sup [|U(s, A)p|| 45

s€[0,tx]
+te sup  [|U(s,A)f (O)]las + sup [[f(t)] 4a
s tE[O tk] tE[O,tk]
+ suwp |[f'(0)][ 4o+ sup [|f(1)]] 4o
te[0,ty] te(0,t
+ sup [|f(0)] 4+ sup Hf<W><t>H>, (1.11)
te[0,t] te[0,t]

where ¢ and wy are positive constants.

2. Auxiliary Lemmas

Let us prove the auxiliary lemmas on which the proof of the Theorem 1.1

is based.
Lemma 2.1. If the condition (a) of the Theorem 1.1 is satisfied, then
for the operator W (t, A) the following decomposition is true:

g
—_

S
W(t,A) = (-1) EAH—RWJf (t,A), k=1,..,5, (2.1)

i

I
o

where, for the residual member, the following estimate holds:

IR (b A)pll - < o't || ¥

cp, wg = const > 0.

, peD (Ak) , (2.2)

proof. We obviously have:

(IT4+7A4)" = T—T+ (I +~7A) ' =T — (T +~yA) T +~A-1)
= T—yAI+A)!
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From this for any natural £ we can get the following expansion:

k—1
(T+7A) = (1) A AP AR (T +74) 7T (2.3)
i=0

Let us rewrite W (7, A) in the following form:

1 1
W (r,A) =S (r,A) — §TAS (1, A) + ET2A2S (1, A)

where .
@ B o -1
S (7, A) = (1 + 2TA> (I + 5TA) .

Let us decompose S (7, A) by means of the formula (2.3), we obtain the
following recurrent relation:

« « -1«
S(r,A)=1—5rA (1 + §TA) — STAS (1, A). (2.4)

Let us decompose the rational approximation W (1, A) according to the
formula (2.4) up to the first order, we obtain:

W (r,A) =1— Rw,(1,4), (2.5)

where

Ry (m, A) — TA< (r+5r A)l—o‘;ls(T,A))

22
—1—127' A°S (1, A).

Since (I 4+ A7A)~! is bounded according to the condition (a) of the
Theorem 1.1, therefore:

[Bw,1 (1, A)pll < coe”" 7 [[Apll, ¢ € D(A). (2.6)

Let us decompose the rational approximation W (7, A) according to the
formula (2.4) up to the second order:

2 -1 1+a
W(r,A) = I—TA(C;I—ZTA(I—I—C;TA) + ;al

o+ aa a -1 a4a?
-2 TA<I+§TA) " TAS(T,A)>

L 9,0
—1—127' A*S (1, A)

= I—TA—i—RWQ(T,A)
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where

2 a -1
Rwa (1, 4) = %JO‘O‘TA (I i %TA)
+—3a+i’g‘ o a

1 1
a—5toa+ s -1
= A (14 5ra)
3@+ 37— 1+1

12
— 22 (% o N
— 124 (2(I+27A) +25(7’,A)>.

S(r,A)

According to the condition (a) of the Theorem 1.1 we have:
[Rwa(T, Al < coe*T7% [|A%p||, e D(A%). (2.7)

Let us decompose the rational approximation W (7, A) according to the
formula (2.4) up to the third order:

2

g 242 ()& o N
W(rA) = [—-7A+724A (21 4TA<I+27A)
[ o o -1 @
+5 (I - SrA (I + TA) - STAS(r, A)>>
1
= I—TA+§TQA2+RW73(T,A), (2.8)
where
1+ 3a? a -1 a2
343 e -
Rys(r,A) = —1°A < D <I+27'A> + 4R(7‘,A)>

Y LSS A
— A (4<I+27A) + 4R(T,A)>.
According to the condition (@) of the Theorem 1.1 we have:
| Rw.3(T, A)p| < coe0" 3 HA3<,0H , w€eD (A?’) . (2.9)

Let us decompose the rational approximation W (7, A) according to the
formula (2.4) up to the fourth order:

1 2 -1
W(rA) = I-rA+ 724?48 (ZI - SrA(1+574)
o> « « -1«
+ <1 - STA (1 + 57,4) — STAS(r, A)))
1 1
= I—-TA+ 57'2/12 — 6T3A3 + Rwa(r, A), (2.10)

69



AMIM Vol.9 No.2, 2004 J.Rogava, M. Tsiklauri

where

a? + o

8

= st (12 (I+ —rA) + 0;35(7, A))

According to the condition (a) of the Theorem 1.1 we have:

-1 =3
Rwa(r, A) = T4A4< (1+%TA) +%5(7, A)>

| Rwa(r, A)g|| < coe"r ||A%p||, @€ D(AY). (2.11)

Let us decompose the rational approximation W (7, A) according to the
formula (2.4) up to the fifth order:

1 1
W(r,A) = I—TA—|-§7'2A2—67'3A3
2
A ® @ o
TFA (12 247‘A<I+2TA>
3

o o o -1«
+2 (I - o74 (I + 5TA) - STAS(r. A)>>

-1

8
= I—-7A+ 172142 - 173143
2 6
1
—ﬂT4A4 + Ry s(7, A), (2.12)
where
20% + 3a° -
Rws(r,A) = r°4° <O‘ 1+ %TA) + 165(7 A))
—4
— 545 a
— 4 <24 (1+ TA) + 165(7,14)>

According to the condition (a) of the Theorem 1.1 we have:
| Rw5(T, A)p| < coe0" 10 HA5<,0H , w€D (A5) [ | (2.13)

Lemma 2.2. If the conditions (a), (b) and (c) of the Theorem 1.1 are
satisfied, then the following estimate holds:

|[UF () = vE )] | < ettt sup UG, A)plls,  (214)

SE[O,tk]

where ¢ and wo are positive constants.
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Proof. The following formula is true (see Kato. T. [9], p. 603):
t
A/U(S,A)ds:U(r,A)—U(t,A), 0<r<t. (2.15)

Hence we get the following expansion:

Ed
—_

Ut,A) = (—1)1'in + Ry(t, A), (2.16)

%

I
o

where
S1 Sk—1

Rk(t,A):(—A)k//... / Ul(s, A)dsdsy_1...dsy. (2.17)
0 0 0

Let us decompose W operators in the expression of V(7) according to
the formula (2.1) from right to left, so that each residual member be of the
fifth order. We shall have:

1 1 1
V(r)=1-7A+7°A% - —7%4% + —

4 44
T A + EV T 2.1
2 6 24 15( )? ( 8)

where for the residual member according to the condition (a) of the Theo-
rem 1.1 we have the following estimate:

1Ry (1) @ll < ce™° gl 4, @ € D (A%). (2.19)
From the (2.16) and (2.18) it follows:
U(r,A) =V (1) =Rs(1,A) — Rys (7).

From here according to inequalities (2.17) and (2.19) we obtain the
following estimate:

U (1, 4) =V ()] @ll < ce™7° [lpll 4, 0 € D (A%). (2.20)

The following representation is obvious:

k
(U (r, 4) = VE(lp = Y _VFHN)U(T, A) = V(OIU™H (7, A)g.
i=1
Hence, according to the conditions (a), (b), (c) of the Theorem 1.1 and

inequality (2.20), we have the sought estimate B
Lemma 2.3. Let the following conditions be satisfied:
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(a) The operator A satisfies the conditions of the Theorem 1.1;

(b) f(t) € C*([0,00); X), and f(t) € D (AY), t, f®(t) € D(A*F)
(k=1,2,3) for every fixed t > 0.

Then the following estimate holds

| Rs.i (T)]| < ce“oTr 52 max

se tk 1, tk]

(2.21)

79 (s)|

Ad—i’

where
Rsp (1) = / Uty —s,A) f(s)ds
—% (f (tr) +4U (;fl) [ (te=1/2)
+ U (1, A) f(tk-1)) (2.22)

and where ¢ and wy are positive constants, and f©O (s) = f (s).
Proof. By means of cvladTa gardagmna, the integral in the equality
(2.22) takes the following form:

tk T

/U(tkS,A)f(S)dS:/U(TS,A)f(tk_1+8)d5.

te—1 0

If we decompose the function f (tx_1 + s) into the Taylor series, and
expand the semigroup U (7 — s, A) according to formula (2.16), we obtain:

U(r—5,A) f (te—1 + ) = P (s) + Ry (7, 5), (2.23)
where

(r—s)?

Py (s) = <1_(T—3)A+ AT A3>f(tk1)

2
+s (I —(T—s)A+ (7_28)142> f (te_1)

_l’_

o | %,

&3
(I = (1 —s)A) f" (tp—1) + Efm (th—1),

S

Ryp(r,s) = éU(T - S,A)/(s — &3 UV (tp_q + &) de
0
+Ry (17— 5, A) f(tr—1)
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+ (1t —8) AR3 (1 — 5, A) f (tp_1)

(T — 3)2 2 "
+ 5 ARy (1 — 8, A) f7 (tg—1)

3
+(T_63)A3R1 (r— 5, A) f" (tr_1) .

Hence according condition b) and d) of the Theorem 1.1 we obtain the
following estimate:

Ryy (1,8) < ce®Tr 4 E max
Se[tk 1,tk)

19 s)]

e (2.24)

From equality (2.22) with account of formula (2.23), we have:

T

Rsp (1) = /U (1 —s8,A) f(tg_1 +s)ds

0

_% (f (te) +4U (%’A> f(trope) +U (T, A)f(t’“—l)>
= /P3,k (s)ds+/1§4,k (7, 5)ds
0 0
_% (pgk( ) + 4P (2) +P3k(0)>
—*R4k(7' 0)+4R4k<7 *>+R4k( ), (2.25)

radgan simpsonis formula zustia mesame rigis polinomisaT'vis, amitom R j, (7)-
sTvis gvaqvs:

Ry (r /RM Ts)ds—8<R4k(TO)+4R4k< 2)+_§4,k(7,7)).

hence according to inequality (2.23), we have:

[R5 (T)| < ce®Tr 52 jax

sE tk 1,tk]

m (2.26)

19 s)]

Ad—i

3. Proof of the theorem

Let us return to the proof of the Theorem 1.1.
Let us write formula (1.6) in the following form:

73



AMIM Vol.9 No.2, 2004 J.Rogava, M. Tsiklauri

k
u(ty) = UK(r, Ao+ 3 UF(7, A) (F}” + Ry (T)) RNERY
=1

T

F,gl) =5 (f (tr) +4U (%7/1) fthery2) +U (1, A) f (tk—1)> . (3.2

Analogously let us present u as follows:
k .
up = V() + Y VEi(n) EP), (3.3)
i=1

where

FD = 2 (£ () +4V (5,4) £ (eap) +V (LA f (o). (34)
From equalities (3.1) and (3.3) it follows:

u(ty) —up = [U’“(T,A)—V’C(T)} o

()

+i [Uk—i(T’ A)F’Z(l) _ Vk—z(T)F(Q)]
=0
+ zk: UR=i(r, A) Ry 5 (7)
=0
k
_ Bz, A) — V(7 k=it A) — vE=i(r)) EOV
(U (7, 4) - V¥ >}¢+;[(U (r, 4) = VEi(n)) F,

k
+VE(7) (sz(l) - Fz‘@)ﬂ + > UM (r, AR5 (7). (3.5)
=0

From formulas (3.2) and (3.4) we have:
HO- D = 500 () )
+ U (1, 4) =V (1, 4)) [ (k1)) (3.6)

From here, according to inequality (2.18) and Lemma 2.1 we obtain the
following estimate:

|FY = B2 < cemr® sup 15 (3.7)
tE[tp—1,tk]
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According to the Lemma 2.1 we have:

k
Z <Uk‘—i(7_’ A) o Vk:—z(,r)) FZ(I)
1=1
< ce it sup [[U(s, A)f (8)] 5 - (3.8)

s,te [O,tk]

From equality (3.5) according to inequalities (3.7), (3.8), (2.21) and the
condition (b) of the Theorem 1.1 we obtain sought estimation W

Remark 1. The operator V¥ (1) is the solution operator of the above-
considered decomposed problem. It is obvious that, according to the con-
dition of the Theorem 1.1 (||W(t,vA;)|| < '), the norm of the operator
Vk (1) is less than or equal to e“°%. From this follows the stability of the
above-stated decomposition scheme on each finite time interval.

Remark 2. In the case of the Hilbert space, when A1, Ao and A +
As are self-adjoint non negative operators, in estimate (1.10) wy will be
replaced by 0. Alongside with this, for the transition operator of the split
problem, the estimate HV’“ (7')” <1 will be true.

Remark 3. In the case of the Hilbert space, when A1, Ao and Ay + As
are self-adjoint, positive definite operators, in estimate (1.10) wy will be
replaced by —aq, ag > 0. Alongside with this, for the transition operator of
the split problem, the estimate ||[V* (7)|| < e ay > 0 will be true.

Remark 4. According to the classical theorem of Hille-Philips-losida
(see [13]), if the operator (—A) generates a strongly continuous semigroup,
then the inequality in the condition (b) of the Theorem 1.1 is automatically
satisfied. The proof of this inequality is based on the uniform boundedness
principle, according to which the constants M and w exist, but generally can
not be explicitly constructed (according to the method of the proof). That
is why we demand satisfying of the inequality in the condition (b) of the
Theorem 1.1.

4. Conclusion

In the case when the operators Ay, Ao are matrices, it is obvious that the
conditions of the Theorem 1.1 are automatically satisfied. The conditions
of Theorem 1.1 are also satisfied if Ay, As and A are self-adjoint, positive
definite operators. Moreover, the conditions of the Theorem 1.1 are au-
tomatically satisfied if the operators A;, As and A are normal operators.
However, in this case, certain restrictions are imposed on the spectrums
of this operators: the spectrum of the operator A have to be included in
the right half-plane and the spectrums of the operators A; and As have
to be included in the sector with angle of 120°, in order the spectrums of
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the operators Ay and As to remain in the right half-plane after turning by
+30° (this is caused by multiplication of the operators A; and As on the
parameters « and @).

The fourth order precision is reached by introducing a complex param-
eter. For this reason, each equation of the given decomposed system is re-
placed by a pair of real equations, unlike the lower order precision schemes.
To solve the specific problem, (for example) the matrix factorization may
be used, where the coefficients are the matrices of the second order, unlike
the lower order precision schemes, where the common factorization may be
used.

It must be noted that, unlike the high order precision decomposition
schemes considered in [1], the sum of absolute values of coefficients of the
addends of the transition operator V (7) equals to one. Hence the consid-
ered scheme is stable for any bounded operators A, As.

References

1. M. Schatzman Higher order alternate directions methods. Comput. Meth-
ods Appl. Mech. Engineering., 116 (1992), No 1-4, pp. 219-225, ICOSA-
HOM’92 (Montpiller, 1992).

2. Z. G. Gegechkori, J. L. Rogava, M. A. Tsiklauri, High-degree precision de-
composition method for an evolution problem, Thilisi, Reports of Enlarged
Session of the Seminar of I. Vekua Institute of Applied Mathematics, 14
(1999), No. 3, pp. 45-48.

3. Z. G. Gegechkori, J. L. Rogava, M. A. Tsiklauri, Sequention-Parallel method
of high degree precision for Cauchy abstract problem solution , Minsk, Com-
put. Methods in Appl. Math., 1 (2001), No. 2, pp. 173-187.

4. 7. G. Gegechkori, J. L. Rogava, M. A. Tsiklauri, High degree precision de-
composition method for the evolution problem with an operator under a split
form, Paris, M2AN Math. Model. Numer. Anal., 36 (2002), No. 4, pp.
693-704.

5. Z. G. Gegechkori, J. L. Rogava, M. A. Tsiklauri, The Fourth Order Accu-
racy Decomposition Scheme for an Evolution Problem, Paris, M2AN Math.
Model. Numer. Anal., 38 (2004), No. 4, pp. 707-722.

6. Z. G. Gegechkori, J. L. Rogava, M. A. Tsiklauri, High degree precision de-
composition formulas of semigroup approrimation, Thilisi, Reports of En-
larged Session of the Seminar of I. Vekua Institute of Applied Mathematics,
16 (2001), No. 1-3, pp. 89-92.

76



High order of accuracy decomposition of ... AMIM Vol.9 No.2, 2004

7. N. N. Ianenko, Fractional steps method of solving for multidimensional prob-
lems of mathematical physics, Novosibirsk, Nauka, 1967.

8. T. Kato, The theory of perturbations of linear operators, M.:Mir, 1972.
9. S. G. Krein, Linear equations in Banach space, M.: Nauka, 1971.
10. G. I. Marchuk, Split methods, M.: Nauka, 1988.

11. Q. Sheng, Solving linear partial differential equation by exponential spliting,
IMA J. Numerical Anal., 9 1989, pp. 199-212.

12. M. Reed, B. Simon Methods of modern mathematical physics. II. Fourier
analysis, self-adjointness, New York-London, Academic Press [Harcourt
Brace Jovanovich, Publishers], 1975.

13. G. A. Baker Jr, P. Graves-Morris, Pade Approzimations, M.: Mir, 1986.

7



