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Abstract

The present paper is devoted to the construction and investigation of one-dimensio-
nal hierarchical model of elastic rod with variable non-rectangular cross-sections. The
three-dimensional static boundary value problem is reduced to a sequence of one-
dimensional ones and the existence and uniqueness of their solutions in suitable spaces
are proved. Under the conditions of solvability of the original problem the convergence
of the sequence of vector functions of three variables restored from the solutions of
the constructed one-dimensional problems is proved and the rate of convergence is
estimated.
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In recent years heirarchical modeling is widely used while constructing
and investigating various lower-dimensional models in the theory of elas-
ticity and mathematical physics [1-8]. One of the methods of constructing
the hierarchical two-dimensional models for linearly elastic prismatic shells
was suggested by I. Vekua in [1]. This method is based on approxima-
tion of the components of the displacement vector function by partial sums
of the orthogonal Fourier-Legendre series with respect to the variable of
plate thickness. The classical Kirchhoff-Love and Reissner-Mindlin mod-
els can be incorporated into the hierarchy obtained by I. Vekua so that it
may be viewed as an extension of the mentioned plate models. It must
be pointed out that in [1] initial boundary value problems were consid-
ered only in the classical spaces of regular functions and the convergence
of the sequence of approximate solutions to the exact solution of the orig-
inal three-dimensional problem was not investigated. For static boundary
value problem the existence and uniqueness of solution of the reduced two-
dimensional problem obtained by I. Vekua [1] in Sobolev spaces first were
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investigated by D. Gordeziani in [9]. The rate of approximation of the ex-
act solution of the original problem by vector functions of three variables
restored from the solutions of the reduced problems in C* spaces was esti-
mated in [10]. Later on, the hierarchical models constructed by I. Vekua’s
method and its generalizations were studied in [11-15].

In the present paper we construct and investigate a hierarchy of one-
dimensional problems for static boundary value problem for nonhomoge-
neous anisotropic linearly elastic rod. Hierarchical models of elastic rods
with variable rectangular cross-sections were obtained in [13-15] and the
existence and uniqueness of solutions of the reduced one-dimensional prob-
lems and the relation of the models to the original problem were investi-
gated in [14, 15]. In this work we consider boundary value problem for
linearly elastic rod with variable cross-sections, which, in general, aren’t
rectangular, and generalizing I. Vekua’s approach we construct a hierar-
chy of one-dimensional models. For the obtained boundary value problems
we investigate the existence and uniqueness of their solutions in suitable
functional spaces. In addition, we prove that the sequence of vector func-
tions constructed by means of the solutions of the reduced one-dimensional
problems converges to the solution of the three-dimensional problem and
under certain conditions we obtain a priori error estimate of the rate of
convergence.

Throughout this paper we assume that the subscripts and superscripts
i, 7, D, q take their values in the set {1, 2,3} and the partial derivative 0/0x;
with respect to the variable x; we denote by 0;. For each real s > 0, H*(Q)
and H*(T) denote the usual Sobolev spaces of real-valued functions based
on HY(Q) = L?*(Q) and HO(I') = L*(I"), respectively, where Q C R™,
n € N, is a bounded Lipschitz domain (i.e., connected open set with a
Lipschitz-continuous boundary, the set {2 being locally on one side of its
boundary) and I" is an element of a Lipschitz dissection of the boundary
I' = 0Q [16]. H{(Q) denotes the closure of the set ©(£2) of infinitely
differentiable functions with compact support in € in the space H*(f2).
The corresponding spaces of vector-valued functions we denote by H*(2) =
Q) Hy(2) = [H(Q)], H¥(T) = [H¥(D), s > 0.

Let us consider an elastic body with initial configuration €2, where Q C
R? is a Lipschitz domain with boundary I' = Q. The body € consists
of nonhomogeneous and anisotropic linearly elastic material for which the
stress tensor (o;;) linearly depends on the strain tensor (epq(u)), oi; =

3 [E—

Y. Gijpgepe(u), 1,5 = 1,3, where epq(u) = 1/2(0puq + Oqup), u = (u;) is
p,q=1
the displacement vector function, a;j,q are the elastic coefficients depending

on x = (x1,x2,x3) € Q [17].
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We assume that the part I'g of the boundary I' of 2 is clamped, i.e.,

u = 0 on I'y, and a surface force is acting on the remaining part I'y = I'\I'g

of the boundary, where 92 = I'o UT'g; UT'; is a Lipschitz dissection of 02

[16]. The applied body force density we denote by f = (fi) and the density
3

of the surface force which act on I'y we denote by g = (gi), i = Y 0i;v;,
j=1

where v = (v;) is the outward normal to I'y. The variational formulation of
the corresponding static three-dimensional problem of linearized elasticity
is of the following form: Find a vector function u = (u;) € V() = {v =
(v;) € HY(Q); trr(v) = 0 on g} such that for all v € V(Q),

3
> [ asml@lenmwes o)ds = (F.0)a+ g.tre, )y, (1)
4,5,0,9=1 ¢

where trp denotes the trace operator from H'(Q) into H/2(I") and trp, (v)
is the restriction of trp(v) on Ty for all v € HY(Q), f = (i) e H1(Q), g =
(g:) € H™Y/2(T'}), H 1(Q) and H~Y/2(I';) are the dual spaces of H(Q) and
H'/2(I';) [16], respectively, and (.,.)q, {.,.)r, denote the duality relations
between the corresponding spaces. The bilinear form in the left-hand side of
the equation (1) we denote by A(wu,v) and the linear form in the right-hand
side by L(v).

The three-dimensional problem (1) possesses a unique solution, when
Qijpg € (), i, j,p,q = 1,3, and the elasticity tensor (a;jp) satisfies the
following ellipticity and symmetry conditions for almost all x € Q and for
all €ij € R, €ij = Ejis

3 3

D aip(@)cijepg = @Y cijeijs Gijpg(T) = Qjipg () = apgij(),  (2)
,3,0,q=1 i,j=1

where a = const > 0, i,7,p,q = 1,3. In addition, the solution u of the
problem (1) is also a unique solution of the following minimization problem:
Find u € V() such that

. 1
J(u) = vEI\I/IfQ) J(v), J(v)= §A(v,v) — L(v), YveV(Q).

We consider the particular case of the three-dimensional problem (1),
when €2 is a rod with variable cross-sections

Q={x = (z1,29,23) € R3: hi (z2,23) < 21 < hi"(xg,xg),
hy (r3) < 2 < hy (v3), x3 € I},

3
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where I = (hg,hi), hd > hy, hi € R, hi € COU(@)NCH(w), w = {(22,23) €
RQ; hQ_(.Z‘g) < x2 < h;(l‘:g), T3 € I}, hl_(.1‘27$3) < hf(l’g,xg), for all
(22,73) € w and z3 = hf, hi € CO(T) N CY(I), hy (v3) < hJ (x3), for all
hy < w3 < h;. We assume that the clamped part of the body €2 coincides
with the upper face Iy = {x € dQ;x3 = hj} of the rod. Note that the
cross-sections of the rod with planes which are parallel to the plane x3 =0
depend on 3 and, in general, may be non-rectangular; the thickness or
width of the rod may vanish on the lower part of the rod for x3 = h3 .

To construct one-dimensional hierarchical model of the problem (1)
let us consider the subspaces VNin2(€2) C V (©), N* = (N{, N, NS') €
[NU {0}]3, a = 1,2, of vector functions the i-th components of which are
polynomials of degree NZ-1 with respect to the variable x; and of degree Nf
with respect to the variable zo, i.e.,

VN1N2( ) = {’UN1N2 = (vninzi) € H'(Q); vninz = Onone (Tninz) =

r2
= E E ’UN1N2 33'1 IEQ ,t’l"F(’UNlN2) =0 on FO,UN1N2 = ( leNQi)7
ri=0r?=0
[ 2]

NNz € Hpo((hy 3 hi]), 0 <r¥ < N&, a=1,2, i=1,2,3},

where H! ((h3;h3])is the space of functions which belong to H l(ﬁg ; E;),

hy < 7L§ < Tz; < h;. On the subspace Viyin2(€2) from the original three-

dimensional problem (1) we obtain the following variational problem: Find

the unknown vector function wninz = (wninzi) € Vinz(Q), wniNz; =
v [rir?] r2

Z Z WNINZ; 551 Ty , i = 1,3, which satisfies the equation

7"1 =0 7"2 =0

14(’1.[)N11\]27 ’lJN1N2) = L('UNlN2>7 Vonin? € VNINZ (Q) (3)

Note that the elements of the space H.} ((hs;h3]) are continuous on the

segment (hz;h3] and ||. g2 () defines the norm ||.||, of vector functions
[ 1 2] 3

dnine = (0ininz) in the space [HL ((hyshi])]Nizs, N2, = SS(NE+
i=1

1)(N? +1), such that |oninz]l, = H’UN1N2HH1(Q) , where vninz = (UNIN2;)

loc

corresponds to UninN2, UNIN2; = Pninzi(UNin2), ¢ = 1, 3. Indeed, if the

norm ||UninN2||, equals to zero, then the corresponding vninz = 0 and
NI N2 [N} NZ]
hence 0,70, vniNz; = v ninzi= 0, ¢ = 1,3. Similarly we obtain that
[rir?]

8 8 UNINZ = U NINZi= O, forr +r? = N!+ N?—1, then for r} +r? =
N} + N? — 2 and so on for r} +r? = N} + N} k, k= 3,4,...,1\@1 + Nf,
i=1,2,3.
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1,2
Since in the problem (3) the unknown functions are wy1n2; the prob-

lem (3) is equivalent to the following one: Find a vector function wninz €

- . [rir?]
Vane (1) = {nine = ( vone:) € [H((hg s h3DY 123, s loninz|l, < oo,
1,.2
[szl\]TlNz =0 for 23 = h3, @ =0,N% a=1,2,i=1,3} such that
Anine (Bnine, Tnine) = Iaone (Tine), Voniwe € Ve (D), (4)

where Aninz(Unin2, Uninz) and Lyinz (Uninz) denote the restrictions
A(uninz, vninz) and L(vninz) of the forms A(.,.) and L(.) on the sub-
space Vnin2(£2) C V() which are considered as the forms with respect
to the vector functions @iz and vUnin2 of one variable corresponding to
unin2 and vnin2, respectively.

So, we have constructed the hierarchy of one-dimensional models of
linearly elastic rod with variable, in general, non-rectangular cross-sections.
In the following theorem we prove the well-posedness of the corresponding
boundary value problem (4).

Theorem 1. Suppose the elasticity tensor (aijpq) satisfies the con-
ditions (2) and aijpg € L2(Q), @, j, p, ¢ = 1,3. If f € H(Q) and
g € HY2(I'y), then the reduced one-dimensional problem (4) possesses a
unique solution wninz, which is also a solution of the following minimiza-
tion problem: Find Tninz € Vanz(I) such that

JN1N2 (leNZ) = ll'lf JNINQ (QTNINZ),
Tnin2 €EVnin2z (1)

JN1N2 (UNlNQ) — iANlNZ (UNlNQ, 17N1N2) — LN1N2 (6N1N2)‘

Proof. We first prove that the space Vyinz(I) is complete. Let
{17(1?11\12}?21 be a Cauchy sequence in Vyinz(I), ie.,

(1)
H 1(\11N2 N1N2|| — 0 as l m — OQ.
Then it follows from the definition of the norm ||.||, that {UN1N2 b2, is a

(0 o) oD _
NINZ — ( N1N2) UNIN2; —

(1 ] .
<I>N1Nzi(v1(\l)1N2), 1 = 1,3. Hence, there exists a vector function vpninz =

Cauchy sequence in the space H'(€2), where v

(vnin2;) € HY(Q) such that vl(\lr)lNQ — vninez in HY(Q) as [ — oo.
Note that for any subdomain Q* of ) the sequence of restrictions

{vl*\gllNQ}l , of {leNQ}l L on Q* converges to the restriction vy of
vninz on ©F in the space H!(Q*) as | — oco. Let us consider the subdo-
main 2* which is of the same geometric form as €2, i.e.,

Q" ={z = (r1,29,23) € R3: h?i(l‘g,l‘g) <z < h’f’Jr(xg,:z:g),
h;,i(xgi) < T2 < h;7+(x3)a T3 € I*}a

5
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where I* = (hy™,h), hi > hy™, hy™ € R, h}™ ¢ L), w =
{(1'2,1‘3) € RZ; h;’_(.%'g) < T < h;’+( ) xr3 € I*} h S Cl(l*),

Ryt > hP” on w* and A5t > hy” on T*. The restriction v «() of v

NINZ; NINZ;
on * belongs to H'(Q*) and can be represented as follows
N} )
*(1 ~ 1 i x(1 T (1 )
1\§1)N? = Zh*(ril_'—Q) 1\§1)N2 P1(Zl) Ul\gl)NQ EHl( )i =1,3,
7‘1-1:0 1

where z¥ = (21 — hy)/ht, by = (BT +hP7)/2, b = (AT — h17)/2 and
+(1)

P, denotes the Legendre polynomial of order r € NU {0}. Since vgin2; —

vninNz; i HY(2*) as | — oo, we have that for all r € NU {0},

*(1 *(1 *
e = [ o e —
-
h

_>51*\I1N2i = / vNinz Pr(21)dxy in Hl(w*) as | — 00,1 =1, 3, (5)

and therefore 0 {in2; = 0, for 7} > N}, i =1,3. Thus the vector function
Ul*\llNgi is of the following form

1
r

k3 1 1 Tzl Zl .
UNINZ; = Z h,{<r,}+2> NIN2; Pl( 1)y UNINZ; € H'(w*),i=
rilz(]

@
—
w

ri 1
From (5) it follows that the coefficient bl*\gll)Ngi of x;’ in the expression
! )
of v;(i)NQ. tends to the corresponding coefficient b {1p2; Of x’f In vz
1
1 = 1,2, 3. Consequently, since bl\gll)Ng ,r =0, 1 i =1,3, are polynomials

with respect to the variable x5, we have

1 N2 [7" r?] N2 1 1 rir?
b* NIN2; Z N1N2 i = Z }T; <T12 + 2> bN('l)NQ P2(22)
T3 2—0 rsz
! A 1\ i ,
—bNINZ = Z hx (T + 2) bainz Dr2(23) in H' (W) as | — oo,
7”1-2:0 2



On a Hierarchical Model of Elastic Rods ... AMIM Vol.9 No.1, 2004

—x * ¥, — * *,— rir2
where 25 = mh;ghz, E; = %, 5 = W%, ;111;%6 HY(I*), and
rir} 1,2
blﬁll)NQi_)bliTzll\lTQi in HY(I*) as | — o0, r®* =0, N&, a = 1,2, i = 1, 3. Hence
i

bz, (#3) = 0 for 3 = hi, because b0, (z3) = 0 for z5 = hi,

r® = 0,N*, a =1,2,i = 1,3. So, the components vNin2; Of the vector
function vy are polynomials with respect to the variables z; and z3
with coefficients from the space H'(I*) which equal to zero for x5 = h3.
Since vnin2; equals to viipz; on 2 and for arbitrary € > 0 there
exists subdomain Q* such that the measure of the set Q\Q* is less than
e, we have that vninz € Vainz(€2) and the corresponding vector function

Tninz € Viinz(I) s a limit of the sequence {17(14)1N2}f§1,

170 — Tl = [0 — onine () — 0 as 1 — oo

Thus, VN1 nz (1) is a Hilbert space with respect to the scalar product defined
by the norm |||, .

The conditions of the theorem imply that the bilinear form A(.,.) is
V(Q)-elliptic [17], i.e. A(v,v) > CA”’UH%/(Q), for all v € V(). Since
Vainz (£2) is a subspace of V(Q2) the form A(., .) is symmetric and Viginz(€2)-
elliptic and, hence, the bilinear form Aninz(., .) is symmetric and Viginz (I)-
elliptic,

Aninz (Uninz, Oniwe) = A(vninez, oning) Zcallonine H%{l(n) =cal| TNz ||§ )

for all ’17N1N2 S VNLNQ(I)7 UNIN2 = (UN1N2'L)7 UNIN2; — (I)NlNQi(UNlN?)a
i = 1,3. From f eH (), g cH /2(T'y) it follows that the linear form
L(.) is continuous and hence the form Lyin2(.) is continuous too,

Lyinz(0nine) = L(vweine) < e H’UNIN2”H1(Q) = cr [|onine |, -

So, the assumptions of the Lax-Milgram lemma in its symmetric version are
satisfied and, consequently, the problem (4) has one and only one solution,
which may be equivalently characterized as the solution of the minimization
problem stated in the theorem. O

One of the ways to justify the use of the constructed one-dimensional
models consists in estimating the difference between the exact solution of
the original three-dimensional problem and the vector function wyin2 €
Vainz2 (£2) which corresponds to the solution wyin2 of the reduced problem
(4). The next theorem gives the results on the relation of the obtained
hierarchy and the three-dimensional problem, but before we formulate it

7
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let us introduce the following anisotropic weighted Sobolev spaces when hf
and h] are independent of the variable z2,

HY22(0) = {v € H(Q); ok € HX(Q), (hE) 0102050 € LA(9),
1,2 _
0<k<s—2, (hX)ofveL?(Q),1<k<s, a=1,2},

where s > 2, s € N, (hE)’ denote derivatives of the functions ht, a = 1,2,
and this space is equipped with the norm H”Hsi2 @ defined as follows
h

1,2

2 s—2 _ ~
HUH;siﬂ(m => 1> <\|5§UH%{2(Q) +[[(hd) 210205012y +
b2 a=1 \j—p
+H(h;)/81826§UH%,2(Q)) +) (H(hi)lagvH%ﬂ(Q) + \I(h;)’aév!!i2(g>)> :
k=1

Note that H2i2(Q) is a Hilbert space. Indeed, if {vy}n>1 is a Cauchy
1,2

sequence in H2i2(ﬂ), then {v,}n,>1 is a Cauchy sequence in the space
1,2

H}(Q) and, consequently, v,, — v in H?(2) as n — oco. Therefore 8§vn —
Okv in H2(Q) as n — 00, k=0,s—2, @ =1,2. Since hi, h;tE CH(I) we
have that h hi € C'(I}), where I; is any subinterval of I, I; C I, and
hence
(ha) Ovn — (hy) 04w, . 2
- - L2(Q a=1,2 (6
(Y0000, — (Yo oy, L) asn—00.a (©)
where k =1, s, k = 0, s — 2, € is any subdomain of §2, 1 C Q. The conver-
gence of the sequences {(h)'0%v,}n>1 and {(hE) 010205 v, }n>1 in L2(9)
and (6) together imply that (hE) kv, — (hE)0%v and (hE) 0,000k v,, —
(hE) 01020%v in L2(Q2) as n — oo, a = 1,2, and so the space H2i2(ﬂ) is
1,2

complete.

Theorem 2. Assume that the components of the elasticity temsor
aijpg € L®(Q) and the conditions (2) are satisfied (i, j, p, ¢ = 1,3). If
fe ﬁ_l(Q), g € HV2(I')), then the vector function wninz = (WN1N2;),
wninzg = Pninei(Wninz), ¢ = 1,3, which corresponds to the solution
Wninz € Vannz (1) of the one-dimensional problem (4) tends to the solution
w of the three-dimensional problem (1) in the space HY(Q) as min{N', N2}
— 00, N* = min {N?}, a =1,2. If, in addition, h{c e C%I)NnCYI) and

1<i<3
u € HZiQ(Q), s€eN, s> 2, then
1,2
2 1 1 + ;+ 1 2
”u_wN1N2HH1 Q < 1\25 + 2125 0(Q7F07h1 7h2 ;NN )v (7)
@ =\ (hH= (N2
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where 3 = min{(s — 1)/2,1}(s — 1) and o(Q,To,hi, h3, N N?) — 0 as
min{ N!, N?} — oo.

Proof. The conditions of the theorem ensure the existence and unique-
ness of solutions of the problems (1) and (4), which also minimize the
corresponding energy functionals J(.) and Jyin2(.) on the spaces V()
and Vainz (1), respectively. Therefore

1 " - —
514‘N1N2 (wN1N27wN1N2) - LN1N2 ('U)NlNQ) <

1 . . . N .
< §AN1N2 (’UNlN27 ’UN1N2) — LN1N2 (’UN1N2), VUN1N2 S VN1N2 (I) (8)

By the definition of the forms Anin2(.,.) and Lyinz2(.) we have that
AN1N2 (UNlNQa 27N1N2) = A(’UN1N2, ’UN1N2) and LN1N2 (UNlNQ) = L(’leNz),
for all Uiz € VN1N2 (I),where vninz = (UniN2i)s UNIN2G = PNinz (Onine),
i =1,3. Since A(u,vninz) = L(vninz), for all vnine € Vainz (), from
(8) we obtain that for all vnin2 € Viinz(92),

A(U — WNIN2, U — leNQ) < A(u — UNIN2, U — 'UNIN2). (9)

Applying the latter inequality we prove the convergence result of the
theorem. By trace theorems for Sobolev spaces [16] for any v € HY(Q),
trr(v) = 0 on Iy there exists a continuation v* € H} (1) of v, where
is a Lipschitz domain such that 21 D Q, 901 NI = I'y. Let us consider
the subdomain Q** of Q1, Q C O** C 4, of the following form

O = {z € R% h}" " (22,23) < 21 < hi" " (22,23),
hy™ (w3) < w2 < hy* " (x3), @3 € I},

where Bi*F € O (™), w** = {(x9, 23) € RZ; h;* (w3) < 22 < hy" +( 3),
x3 € I}, h**ieCOO(T) “T < hy <h <h**+onwh <
hy < hf < AT on I, B™ < h**+ on W, h;* < h**+ on T.
Since the set [D(€2;)]? is dense in HO(Ql) we have, that the set of in-
finitely differentiable vector functions [01953* (2**)]® which vanish on T§* =

*
1
*,

{z € T* = 9Q";23 = hi} D T is dense in the space of vector func-
tions v** € Hl(Q**) trp**( **) = 0 on I'{*. For any vector function
€ [C’li’%* (2**)]3 the sequence of vector functlons v = (VN1

NI

k3

Kk 1 1 1 Tll**
lei:Zh’l‘* Tz+§ Pl( ),

where 21 = (21 — By ) By = (07 + b7 j2,050 = (b —hy™7) /2,

9
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o+
hl

i
VN1 = / v;}kliPT} (27%)dzxy, i = 1,2, 3, belongs to | 1&’%’*(9**)]3 and con-
B

verges to v** in the space H!(Q**) as lrilj??){Nil} — 00. The functions v
_Z_

Nl
1
are polynomials with respect to the variable x1 and the coefficient of x;i,
Ty .
which we denote by bn1;, belongs to C®(w™), byi;= 0 for z3 = hj,
ril =0, Nil7 1 = 1,3. As in the case of three-dimensional domain we obtain
1
s
that for each function pn1; the sequence of functions

rl Ny 1\ rle?

. _ 2 b *k

bNINZ= E e <7“z' + 2) bninz P2 (227),
7"1.2:0 2

where 25* = (9 —hy )/h5*, hy = (35T +h557) /2, h5* = (hy" T —h3"7) /2,

h;*»-‘-
rip? ! rly2
bNINZ; = b NINZi Priz(z;*)dxg, is a subset of C®°(w*), bNiNZi=
he

rl

0 for 23 = hj, and converges to bn1; in the space H'(w**) as N? —
,,,1

oo, 1t = 0,N}, i = 1,3. Since bninz; is a polynomial with respect to
the variable xso, there exists a sequence of polynomials with respect to
the variables z1 and xo with coefficients from H!(I), vanishing for z3 =
hi, which converges to vector function v** € [ Tsx (2**)]? in the space

H'(Q*) as 1111j£13{N}, N2} — oo. The restrictions of these polynomials on
i<

Q are elements of the subspaces Vain2(£2) and, consequently, the union
U Vainz(Q) of the subspaces Vyinz(2) for all N} N2 € NuU {0},

N1,N2>0

i =1,3, is dense in V(). So it follows from V (Q2)-ellipticity of the bilinear

form A(.,.) and the inequality (9) that the sequence of vector functions

{wninz} converges to the solution w of the original problem in the space

H'(Q) as 112123{]\[}’ N?} — o0.

Let us now suppose that the functions hf: are independent of x, hic €
CO(I) N CY(I) and the solution u satisfies the following condition u €

HZEQ(Q), s € N, s > 2. We assume that s > 3, because in the case of s = 2
1,2

the estimate of the theorem is proved in [15]. In order to obtain the estimate
(7) we consider the Fourier-Legendre expansions of the components u; of u
with respect to the variables x1, x2, and then construct the modified partial

10



On a Hierarchical Model of Elastic Rods ... AMIM Vol.9 No.1, 2004

sums upninz; of the Fourier—Legendre series which has the following form

]\/1 ]\/'2
1\ rlp2
~ 2 [
UNTN2; E ~ 25 ~ h1h2 < ) <Ti + 2> U; PT,Z_I (Zl)Pnz(Zg)—i-

i 1 1 rlr2
+Z Z Z 2% (Tf‘ + 2) O3—a; Prg(za)Pr:;_a_l(ZS_a)+
o 7

i i 1 ril—i—l,r?—l rl-l—l,r?—f—l ril—i—l,r?—i-l
+ > ) 1002w + 010yui — 10 )Pa(21)Pra(22),

r}:Nilfl r?:fol
where 24 = (To — ha)/has ha = (b +h3)/2, ha = (hE — h3)/2, a = 1,2,
R hY
and = //vP 1(21) P2 (22)dz1dxs, for all v € L2(Q), v, r? € NU{0}.
hi hy
Let us prove that the constructed vector function uninz = ( UninNZ;)

belongs to the subspace Vyinz(€2). The Legendre polynomials and their
derivatives satisfy the following recurrence relations

1
27"7—1—1( i1 (t) — Pry (1)), r>1,

tP(t) = Py (t) — (r + 1) Pr(t), r>0,

from which it follows that for all 7!,72 € Nand i = 1,2, 3,

Br(t) = (10)

1.2 hl 1—1,7"2 r1+1,r2 h2 7’1,72—1 7"1,7"2+1
ruz 27‘ +1( 61uz- — aluz- ): m( 8211,1‘ — (92’LLZ‘ ), (11)

1

2 1 Lo rla?yl
—|—h2 82u1 —|—h2 <h27‘2 T’U,: + Oyu; .

1 1,2 rlp2 rlp2 1 1.2 ri41r2?
h1hoO3 (hlhg Tu: > 83u1 -I—hl aluz +h1 hfrl TUZ + Ohu; +

Applying the latter formulas we obtain expressions for derivatives of
the functions uninz; (1 = 1,3)

NalNBQ

8UN1N2 1 ) 1 7‘17“2
=) (24 P.(21)P,
0z, Z Z hiho ( > (rz T5 Dat o1 (21) P2 (22)+

‘3‘03040

Ne—1 N34

1 1 7“17‘2
+ Z Z 2ha (T + > 3182/11/2 T (Za)PT?_Q—l(ZS—a);O[ — 1’2’

&OSaNSCx

11
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ON Nl N2 1 1 1 rlp2
UNINZ; 172
% = Z Z hih <’I"21 + 2) <’r‘12 + 2) O3; Pril(zl)Pri?(ZQ)‘F
3 ril_Or?:O 12
2 Nd e 1T2

T
Oatt; Pro(2a) P 3-a(23-a)+

rl

+2 Z Z h1h2< 1) <T§+;)

a=1 3 a_gri= NO‘
9 N,3 “—2 N&41

+ Z Z Z th_a (r?_a 1) (83(9&“7, +h aaaauz) r?-l(za)x

1
Y > ;| 9i0e0sus R 9i010aui — B O
rilzNilflT?:fol
ril,rinrl 7“1717“ +1 1 ri+l,ri271 ry+1,r;
—618182ui —|—h2 316262’&2 hgl hf Olﬁgui —813232’[% PT1(Z1)X
2 T

1 2
N; N <7" +1,72-1 ri+1r2—1 < 1 ri—1,r2+1

Al 2r} + 1 W {t1
><P2 2’2 Z Z 0203u; P, 1(2’1)P 2(22)+
Ty —N1 17‘2 N2 1

2 NPTOH1 1,2

+Z Z ZZ: 2T + )8faguz r (Za)PT.?—afl(Zg_a)—{—

13@N3a,naNa

Nl N h1(2’l“ +1) 7] +1r+1r 1r+2r
+ Z Z o 7 Owui +g 10vu; | Pa(z1)Pa(z2)+
rl=N}—1r2=0 2 !
N1 N2 2 1,2
i i h/2r1+1 7,, —|—1rz’r+1 17‘ 7‘+2
n Z Z 2 (2}11 ) T Do —|— BaOnu; P (zl)PTiz(zg).
r%:Orf:NE—l

Hence, from the conditions wu;, d;ju;, 0;0gu;, 010203u;, 0a0a0pu; € L*(Q)
and hi@aui, (hi)’@aaﬁui, (hﬁ)’&ﬁg@aui S LQ(Q), a,f=1,2,4,5=1,3,
it follows that tninz; € HY(Q), i = 1,3. Since u € V() we have that
trr(u) =0 on I'y. So, trp(uninz) =0 on Ty and uninz € Vinz ().

Applying the orthogonality of the Legendre polynomials, the expres-
sions for uninzi, 0j(uninNzi) (i,j = 1,3) and the Parseval relation for the
remainder term eninz = (ENIN2i), ENINZ = Ui — UNINZ ¢ = 1,2,3, we
obtain

H5N1N2i‘|%2( Z Z /Hh (7" + >(T%Lz?)2dx3—|—

ri=Nl4+1 r2=N2417

12
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2 Na 2 N3o¢ 2

+Z Z Z / s (;fgr a+11)) ((93 au) dxs+

oelr"‘_()iiaN;a

ad hy —FLri-l ri-Lrf+l o rl4leiel

- Z Z / 27“ +1 alaQui + ala2ui — 818271@ )2d£L’3,

38 IN2 S 00 2 1 1 n
ol S [ (e )
Yoo NL2@)  esne s-aiys-a ) g1 0
Ne_1 N37Q+1 ir?
i t hg,a(QT‘ +]~) 'q
N i O10u;) drs, a=1,2,
; _Z ) /4ha(27“3_a )( 10ou;)“dx3
r&*=0 .3 ‘)‘:Ni3 “r !
Oe s > 1 1\ n
H aN1N2Z <9 Z Vi Z /Hh (T?+2> (83Ui)2d$3+
x3 L?(Q) rl=N}41 r2=N2417 B=1 h

Ty Y [ (1 2 (124 1) e

alro‘NQBQO

2 Na+1 N3 a

PIPIPD /4h3 (2rg H))(aga i+ O o uz) dzs+

a= 17‘0‘_]\/0‘ 3 a_

2 ! N3 a h 1 2
3—a
+ Z Z Z / 4h 27"3 a )(a aQU ) d.’IJ3+
N
S S hih ritlri-1 rl1r2-1
+ Z Z / 4 27’ + 11 227« 4 1) (616283uz +h1 8181821%
Ty =N _1TL— i —1 I 1

1 ri =L+l i+l —1,r2+1 1 ri+1r2-1
_h1 E 8182’&1 — 61(91821% +h2 8182821% }72 61821” _
ri+Lr? Vi h 2T +1 7"1.1,7"1-2-&-1
— 010000, d 2 OO )2d
102 2Uz>> T3 + ZN; 1 2%; /4h1 22 1 1) ( 203 ;)" d3+

a N3a . .

2h a o 1 TiTg
+Z Z Z /2h 2r 3_ )<n +2) (0102u;)?dz3+

0417‘0‘ NO‘SQ

2 2
i 2 2 1 17 —‘rl 1“ 1 +2r
T Z Z / (hl) hl( ritl) <7“ i Oy += 0181%) dxs+

13
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N} N? 12 Lr2 2
- : (ho')?ho(2r} +1) (17 41 7pritt 1 Toret
Oou; +5 0200u; | d )
+ Z Z / M2+ 1) h2 bui +5 020xui | drs

o o0
where Z vV Z denotes the sum with respect to the variables k' and
El=N1 k2=N2
k? for all pairs (k',k%) € Nx N, k! > N or k2 > N2. Application of the
formula (11) to vector function v = (v;) € HZﬁz(Q), n €N, n> 2 gives
1,2

us the following estimates

) Clh%n kl4n Enikz ,
( Vi ) < (kl)gn Z ( 1’[)2‘) ’

Boklon ikl k2 >0, kL R2EN,  (12)

where c1, c9 are positive constants independent of hf, h;ﬁ and k', k2. Using
(12) for enin2 We obtain

2 < 1 1
leninzill720) < (ND)Z6-D) + (N2)26-D)

1 1
|’8J€N1N2iH%2(Q) < ((N1)2(5_1) + (N2)2(5_1)> O(h:ltvhétaNilaNiQ)a

> O(hli’ hzivNilv Nz‘2)a

where o(hf,hét,Nil,Nf) — 0 as min{N}!, N*} — oo, i,j = 1,2,3. There-
fore, the inequality (9) and V (€)-ellipticity of the bilinear form A(.,.) to-
gether imply

1 1
2
lu — wninz [ o) < <(N1)2(s—1) T (N2)26—1)

)O(Q,Po,hf,h;Nl,N?),

where N = min {N®}, o = 1,2 and o(Q, T, hT,hs, NI, N?) — 0 as

1<i<3
min {N“} — co0. O
1<a<2
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