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Abstract

In the present paper static one-dimensional hierarchical model for elastic cusped
rod is constructed. The corresponding boundary value problem is studied and the
uniqueness and existence of its solution in suitable weighted Sobolev spaces is proved.
The convergence of the sequence of approximate solutions restored from the solutions
of one-dimensional problems to the solution of original three-dimensional problem is
proved and under regularity conditions the rate of approximation is estimated.
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The construction and the intensive investigation of the lower-dimensio-
nal mathematical models of bodies with negligible thickness or width in
comparison with the other geometric dimensions arise with the wide use
of structures of such type in the practice ([1, 2]). One of the methods of
constructing hierarchic models for elastic prismatic shells was proposed by
I. Vekua in [3]. Note, that in [3] initial boundary value problems were con-
sidered in the spaces of sufficiently smooth functions and convergence of
the sequence of approximate solutions to the exact solution of the three-
dimensional problem was not investigated. In static case the existence and
uniqueness of the solution to reduced two-dimensional problem obtained in
[3] in Sobolev spaces first were investigated in [4]. The rate of approxima-
tion of the solution to the original three-dimensional problem by vector-
functions restored from the solution of reduced problems in C* spaces was
estimated in [5]. Later, various lower-dimensional models were constructed
and investigated in [6-10].
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The present work is devoted to study of static boundary value problem
for cusped rods in the linear theory of elasticity. Generalizing an idea of 1.
Vekua, one-dimensional hierarchic model of rods was obtained in [11]. In
the nondegenerate case, i.e. in the case of strictly positive rod thickness and
width, hierarchic model of static boundary value problem was constructed
in [12], where the existence and uniqueness of the solution to obtained
one-dimensional model is investigated and the relation of the model to the
original problem is studied. In this paper we construct the hierarchic one-
dimensional model of elastic cusped rod in static equilibrium and investigate
the corresponding boundary value problem in weighted Sobolev spaces.
Moreover, we prove the convergence of the sequence of vector-functions
constructed by means of the solutions to reduced problems and estimate
the rate of approximation.

Let us consider an elastic rod with initial configuration @ C R3, which
consists of homogeneous isotropic material with Lamé constants A, 4 and
Lipschitz domain €2 of the following form

Q= {z=(21,22,23) € R3; h; (23) < 2o < hl(x3), x3 € [,00 = 1,2},

where I = (dl,dg), dy > dy, hi: S CO(T) N Cl(I), hg(xg) > h;(xg), for
w3 € (di,d3], a = 1,2. Denote by I's = {z € Q;x3 = da} the upper face
of the rod and the rest part of the boundary I' = 9Q - by I'y = I'\I's.
Assume, that the rod is subjected to applied body forces with density
f = (fi), the upper face I'y is clamped and on the surface I'; the surface
forces with density 7 = (7;) are acting, f;, 7; are components of the body
and surface forces, respectively, ¢ = 1,3. Throughout the paper we assume
that the indices i, j,p,q vary in the set {1,2,3}. The partial derivative
with respect to i-th argument 0/0z; we denote by 0;. For any Lipschitz
domain D C R®, s € N, we denote by H*(D) the Sobolev space of order
k € N based on L?(D), H°(D) = L?(D), HE(D) is the closure of the set
C3° (D) of the infinitely differentiable functions with compact support in
D in the space H¥(D), and H'Y/?(I';) is the Sobolev space on the part of
the boundary I'y C 0D, which is an element of Lipschitz dissection of 9D
([13]). The spaces of vector-functions we denote by H*(D) = [H*(D)]3,
H/2(Ty) = [HY2(I')]?, k € N.

The variational formulation of the static problem of the three-dimensio-
nal theory of linearized elasticity is the following: find the vector-function
u=(y;) €V(Q) ={v= () € H (Q); v =0 on 'y}, which for all
v € V() satisfies equation

/ (Mepp(W)eqq(v) + 2ues; (w)eis (v)) de = (F, v)a + (T, o)y, (1)
Q
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where summation convention with respect to the repeated indices is used,
eij(v) = 1/2(0v; + 0jvs), f € H1(Q), 7 € HY2T,), H(Q) and
H~/2(I'y) are the dual spaces of the Sobolev spaces H'(Q) and H'/?(T';),
respectively ([13]), and (.,.)q, (.,.)r, denote the duality between the corre-
sponding spaces.

The three-dimensional problem (1) has a unique solution w if Lamé
constants p > 0, 3A+2p > 0, and then w is also a solution to the following
minimization problem: find w € V(£2) such that

. 1
J(u) = velng) J(w), J(v)= §B('v,v) —L(v), YveV(Q),

where B(.,.) is the bilinear form with respect to u and v in the left side of
equation (1) and L(.) is the linear form in the right side of (1).

In order to reduce the problem (1) to one-dimensional problem let us
consider the subspace VN, () C V (), N, = (N}, N2, N3), a = 1,2, of
vector-functions, the i-th components of which are polynomials of degree
N? with respect to the variable x1 and of degree N} with respect to the
variable xo, i.e.

’L Z Z 1
VN1N2(Q) = {UN1N2 € H ( 3 UN1Naoi = Z Z h h k (k2 2)
ki=0ki=0 ! 2

k’k’
; Py (w1) Py (wa), (haha) ™ 12k e L2(I),’UN1N2 =0 only,i=T,3},

where Wo = (Za — ha)/has ha = (hE —h3)/2, ha = (Rt +h3)/2, a = 1,2,
and P, denotes the Legendre polynomial of degree k. Considering the
problem (1) on VN, N, (€2) we obtain the following variational problem: the
unknown is the vector-function wn, N, = (WN;Nyi) € VNN, (),

7 1 ) 1 klkz
WNNyi = Z Z hth ( 1 + > (kz + 2) wl Pk”’ ((.Ul)sz (WQ)

ki =0 k=0
which satisfies equation

B(wN1N27UN1N2) = L(UNlNQ)’ v'UN1Nz € VN1N2 (Q) (2)

From the definition of the space VN, (f2), taking into account ht € C(I)
and ho > 01in I (v = 1,2), it follows that for each vector-function vn, N, €
VNN, (Q) the functions ¥;° belong to the space H' in the interior of the

7 L.

1k5
interval I, i.e. ;€ Hlloc

(I), 0 < k!, < N, a=1,2,i=1,3. Moreover,
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since vN, N, € H!(Q2), applying the properties of the Legendre polynomials
kikd
([14]), for the vector-function oin,N, with components v;° (i.e. Un,N, =
00  N{Nj oo  N{NF o0  N{N}
(’Ul, ey ’Ll)l 2, V2y eeny %}2 2,’[)3, ceey ’1L)3 2)T) we have, that

o = 30 30 306 RN [[CTA R AT
i=1 5t =0 s{=0
2 Nci“ 1 ) ) Ligi
0D R+ )= (D) (ahg) TRZM((2 - )]+

= p—
a=1 ka_sa

st kS st i si
+(a—1) %)z'Q]H%Z(I)JFH(hlhz) W( Zh Uiy (sh, 4 1) b —
5 Z ) () — (i gy ) g
a=1ki =si +1

ki sk stk3
(2—-0a) v +(a—1) %)12)> \%2(1)] < 00,

where the prime denotes differentiation with respect to the argument and
we assume that the sum is equal to zero if its upper limit is less than the
lower one. Note that the square root of the last expression is the norm in

1,2,3
the space [HL (I)]M2", N1 2,3 ZN1N2 + 3, which we denote by ||.|,.

loc
=1
So, the problem (2) is equivalent to the following problem: find wn, N, €
- . kik 1 N1:2:3 ., 9 kikd
VN1N2(I) = {UN1N2 = (v) = [Hloc(l)] b2 HUN1N2||* < 00, v =

0 for x3 =da, k!, =0, Ni, o = 1,2, i = 1,3}, which satisfies equation
BN, (0NN TN, ) = I, (0naNs ), Vo, € Vs (1), (3)

where Bn,N,, LN;N, are the forms B and L on the subspace VN, (2)
rewritten in terms of N, Ny, UN;N,-
- ki kS
Note that in the definition of the space Va,n,(I) condition v;’= 0 for
3 = dg is understood on the trace sense, since for the vector-functions from
the space VN, N, (1) we can define the trace on the end x3 = ds of I. Indeed,

if "nNyN, € VNyN, (), then the corresponding vn,N, € VN, (Q) C HY(Q)

7 ’L

Kik _
and therefore for the functions v; (K, = 0, Ni Ni,a=1,2,i=1,3) we define
the trace operator tr, by

ki b
kzkl
tro( v; //tr UN;Nai) |, P (wl)Pk,z (wo)dz1dxs.

hy hy
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Thus, we have reduced the original three-dimensional static problem
(1) for linearly elastic cusped rod to one-dimensional problem, for which
the following existence and uniqueness theorem is valid.

Theorem 1. If Lamé constants > 0, 3X +2u > 0, f € ﬁfl(Q)
and 7 € H™Y/2(Ty), then the obtained one-dimensional problem (3) has a
unique solution WN,N,, which also is a solution to the following minimiza-
tion problem: find Wn,N, € VNN, (I), such that

JN1N2 (wN1N2) = illf JN1N2 (6N1N2)7
TN No EVNY N, ()

JN1N2 (17N1N2) = §BN1N2 (17N1N2717N1N2) - LN1N2 (6N1N2)'

Proof. First, let us prove that the space VNlNQ(I ) is complete. Let

{1741&)11\12 2, be a Cauchy sequence in VN, (1), ie.

l
”vl(\l)lNz - leNQH — 0, as [,m — oo.

From the definition of the norm ||.|, we infer, that {'vl(\lT)ll\T2 e, is a

@) = ( @) )

Cauchy sequence in the space Vn, N, (£2), where VNN, = (VN Nyi)»
; AT ‘
leNQl Z Z hth k k2 + 5 (% Pki (CUl)Pk% (WQ), 1= ]., 3.

kZO

Hence, there exists vn,N, € H!(Q2) such that ”1(\ZI)1N2 — vN;N, in HY(Q),

as | — oo, and, consequently, trvl(\lT)ll\T2 — {rvN; N, 1D H1/2(8Q),

hi hy
el 0
/UNlNQiZ //UNINQiPT(wl)Ps(WQ)dl'lde —
hy hy
R hT
HleNgl //leN2Z (w1)Ps(we)dz1dxs,
hi hy

in the space L?(I), as | — oo, for all 7, s E(Z)NU{O}. Since "’1(\ZI)1N2 € VNN, (),
we have that trvl(\lI)ll\I2 =0onTIyand IUQNlsz— 0, for all k! > N, ki > N&.

K

Therefore, vy n, = 0 on I'y and v N, Npi= 0, for all k{ > Ni, ki > Ni,
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i =1,2,3. So, the i-th component of the limit vector-function vy, is of
the following form:

Mo 1 1 1\ Kiki
_ 7 7 172 ) ) .

UNNoi = E E il < 1+2> < 2+2> Ui” Pri(w1) Py (w2),i = 1,3,

— <~ hihgy

ki =0 k=0
and, hence, VNN, = (Un,N,i) € VNiN,(2). Thus, the corresponding

- 00  N{N;j oo  N{N3 oo NN o o
vector-function Uny Ny, = (U1, .oy U1, 02y ey V2, U3y, V3 )" € VNN, (1),

. q kiks  kiky 1 ki kj
simce ||UN1N2”* = HUNINQHHI(Q) <00, Vi = VU NyNui€ Hloc(I)v U NiNqgi=
0 for 3 =d2, 0 < k!, < N, a=1,2,1=1,3. Moreover,

— 0, asl— oco.

0
HUNINQ UNIN, H!(Q)

@
= [, oo

Hence, X7NIN2 (I) is a Hilbert space with respect to the scalar product de-
fined by the norm ||.||, .

Since the bilinear form B is coercive on V(£2), then it is coercive on the
subspace VNN, (£2) C V(Q), and, consequently, the bilinear form Bn,n, is
coercive on the space VN, (1), i.e., for all on,n, € Va,N, (1),

— . 2 — 2
BN1N2(0N1N27UN1N2) = B(UN1N2’ leNz) > o ||UN1N2||H1(Q) = HUN1N2||* .

From the conditions of the theorem it follows that the linear form L
is continuous and therefore Ly, N, is continuous too, i.e., for all NN, €
VNN, (1),

— 2 — 2
LN1N2(UN1N2) = L(UN1N2) <c HUNlNQHHl(Q) =c HUN1N2H* .

Thus, all the conditions of Lax-Milgram lemma are fulfilled and, hence, the
formulated theorem is proved. O

So, we have reduced the three-dimensional problem (1) to one-dimensio-
nal problem (3) and prove that it has a unique solution. Now we study the
relation of the obtained model of rod to its original model, i.e. investigate
convergence of the sequence {wnN,N,}, where wn;N, € VN,N,(€2) corre-
sponds to the solution wn,nN, of the one-dimensional problem (3), to the
exact solution of the three-dimensional problem. The convergence result
and estimate of the rate of convergence is given in the next theorem, but
before we formulate it, let us introduce the following anisotropic weighted
Sobolev space
H5(Q) = {v e H'(Q); 0¥ v e H(Q), (b)) v e L2(Q), 1 <k < s},

+ @
h1,2
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where a = 1,2, s € N, equipped with the norm

ol ZZ (le

k

(e}

+ H(h;‘)’a%

)LQ(Q) +

2
L2(9>> '

Note that HZil(Q) is a Hilbert space. Indeed, any Cauchy sequence
1,2

oo

+ H (hy) %

{vp}n>1 in the space Hs v 1(Q) is a Cauchy sequence in the space H'(£2)

and, consequently, v, — v in H'(Q), as n — oco. Moreover, 9~ lv,, —
o1y in HY(Q), as n — oo, k = 1,s. Since hi, hy € C'(I), we have that
h%,hQi € CY(I,), where I; is any subinterval of I, I; C I, and hence we
obtain

(hf)'é?];vn — (hf)’@gv in LQ(Ql), asn — oo, = 1,2, (4)

where k = 1,5, ; is any subdomain of ©,Q; C Q. From the definition of
the space HS r 1(Q) it follows, that the sequence {(hZ) 0kv,},>1 converges
in L2(Q), and taking into account (4), we have (hE)'d%v, — (hE)d%w
in L2(Q), as n — oo, k = 1,5,a = 1,2, and thus the space HS’S’l(Q) is
complete. v

Theorem 2. If all the conditions of Theorem 1 are fulfilled, then the
vector-function WN;N, = (WN;Nyi)s

= 3 3 e (1) (14 1) 8 B, =T

ki =0 ki=0

L 00 N{ N3 00 N}N3 -
restored from the solution WN,N, = (W1, ..., W1 ,...,W3,..., w3 )" of one-

dimensional problem (3) tends to the solution w of the three-dimensional
problem (1) in the space H(Q), as N} — oo, i = 1,3, a = 1,2. Moreover,
if u € HZ;ZI(Q), s> 2, then

1,2

1 1
N123—3 + N228—3

Hu - leNQH%—Il(Q) S < > 9(Q7P27h’it7h§t7Nl7N2)7

where N, = min {Nl} 0(Q, Fg,h{c,hét,Nl,Ng) — 0, as N — o0, i =

1,3, a=1,2. If in addition, ”uHHssl (@) < ¢ ¢ is independent of hg™ =
12
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max hq(z3), o = 1,2, then
x3€l

(h?laX)Z(S*l) (hr2nax>2(sfl)

2s—3 2s—3
Nl N2

) (N1, Ny),

2
Hu - wN1N2||E(Q) < (

where (N1, Ny) — 0, as N1, Ny — 00, |[v| gy = 1/ B%(v,v), v € V(Q).

Proof. According to the Theorem 1, the solution wn, N, of the problem
(3) minimizes the functional Jn,n, on the space VN, (), i.e.,

1 . S -
5 B, (0N N2y NN, ) = Iy, (0N N) <

1 . . ., R .

< §BN1N2 (UN1N2’ UN1N2) - LN1N2 (UN1N2>7 valNQ € VN1N2 (I) (5)
Since for all ?71\111\12 S Vi\}lN2 (I),

BN1N2 (6N1N2777N1N2) = B(UN1N27 UN1N2)7 LN1N2 (gNlNQ) = L(UNIN2)7

N{ N; o

1 1 o 1\ kLKL

where vN, N, = (UNlNgi)7 UN;Nyi = E E @ ( i + 2> (k% + 2) 1111'2
k=0 ki=0

Py (w1) Pys (w2), 1 = 1,3, then from (5) we obtain

B(u — WN;Ny, U — wN1N2) < B(uv u) - 2L('UN1N2) + B(’UN1N27 UN1N2)7

and, consequently, for all vn,N, € VN N, (£2),

B(u_lequ_leNz) < B(u_lequ_leNz)' (6)

From the last inequality it follows, that the vector-function wn,N, ap-
proximates the solution u of the original problem. Indeed, by trace the-
orems for Sobolev spaces ([13]), for any v € H!(Q2), v = 0 on I'y, there
exists continuation ¥ € H} (Q1) of v, where € is a Lipschitz domain,
Q1 O Q, 091 D I'g. From the density of C§°(€) in H&(Ql), we obtain
that the set of infinitely differentiable vector-functions on €2, which are
equal to zero on 'y, is dense in the space V(€), Q1 = {z € R3 A (z3) <
To < hi(xs3),z3 € I, = 1,2}, where the functions h, h} are such, that
hy(z3) < hi(xs) < hi(zs) < hi(xs), z3 € I, hy(dy) < hi(d) and
Q c Q; C Q. Since the union U VNN, (Ql) of the spaces VN, N, (Ql)

N1,N2>0
for all N! >0, =1,3, « = 1,2, is dense in V() ([12]), we have that
U VNN, (€2) is dense in V(§2), and due to coerciveness of the bilinear
N1,N2>0
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form B, from the inequality (6) it follows that wn,N, — uw in the space
H'(Q), as N{, NJ,....N}, N3 — oc.

Let us estimate the rate of approximation of u by wn,N,, if u satisfies
additional regularity conditions of the theorem. By means of the solution
u of the three-dimensional problem we construct vector-function un,nN,,
the i-th component un, N,; of which is the sum of the first (N? +1)(NVS+1)
terms of u; Fourier-Legendre series expansion with respect to the variables
1, T2, l.€.

1 X 1 klkl
S e (k0 3) (s 5) B Py
Ki—0ki—0
Rl R
where uz //ulPkl wl)sz (wo)dz1dwa, K, = 0, N ,i=1,3, a=1,2.
hy hy

Note, that the vector-function un,N, € VNN, (2). Indeed, since u €
V(€2), we have that un,N, = 0 on I's. So, it suffices to prove that un, N, €
H!(Q). Applying properties of the Legendre polynomials ([14])

Pult) = g (PLa = FLa(®), kel

tP(t) = Pryq(t) — (b + 1) Py(t), vk € NU {0},
we have that for all k1,ko € Nand 1 =1,2,3,

kiks hy ki—1ks  ki+1k2 hy  kika=1  kikatl
w; = = (32Ui — Oy )a (7)

1 kk kika  _ ki ke k1+1,k2
h1h203 <h1h2 T 2) =3u; +h} aluz +h} (h ky ui 4 Ovu; ) +
_, kiko k1 k ki,k2+1
+hly Oau; +h <h ko “ui + Oouy >

Taking into account the latter formulas and expressions for derivatives of
Legendre polynomials

k—1
Pty =Y ( n ) (1~ (“1))By(0),
5=0 vk € N,

EPL(t) = Py (t +Z(S+ ) + (—)F) P,

N
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we obtain, for o = 1, 2,

Ni—1 Ni_q ki ki

auNlsz . i 1 i 1 1v2
Oza Z{) kzz_o h1h2 ! + kot 2 Ot Pki (wl)Pké (w2) -

ké*@l > 8 ul Pk.l a(wg_a)

ki —2

< 1 i

> < + 2> (L+ (~1)5 )Py (wa),
st =0

kikd

auN Noi i 1 1
R Sh o i (k3 ) (B4 5) O PPy
ki =0 ki =0
2 Ni_, i nri
1 . 1 -, . 1 kN3
L (¥ A Nig = — 1) dou;
+§; Z_ e (kg_a+2> ha< a+2> ((a ) Do +
ik Ni+1 ki—1 Kk (hty
+(2 — «a) Ay PN’L Wa) Z Z s —|— O U T+

Niki

N’L sl_
h= / -1 ké—i—sé
MUy )P%(%)

Pkéfa (u)3,a)

From the latter expressions for d;un,N,i, taking into account conditions of
the theorem w; € HY(2), h!,0aui, hl,0au; € L?(2), we have that un,N,i €
HYQ),i,j=1,3, a =1,2.

In order to obtain the estimates of the theorem, let us consider the

remainder term en, N, = (EN;Nyi ),

6N1N2i - Z Z (ki + 2> (kQ + ) h h sz (Wl)Pk,z (WQ) 1 = 1,3

ki =N§ k=N

Taking into account the formulas for derivatives of the components of
UN, N, properties of Legendre polynomials and applying Parseval equality,
we infer that

. 1 kzkz
2 7 7
||€N1N2i||L2(Q) Z Z /h1h2 <k > <k2 + 2) ( ) dxs,

=Ni+1 =Ni+1T
Kk
den, Nyi || /< ) < ; 1) (Oaui)
Vv kl L dxs+
” 81‘@ L2(Q ZJ:\” ké %:Z 2 2 h1h2 3
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Ni . . -
= 1 , 1\ k(K —1) kiks
K _ Lﬁai d ,
£ Y [ (a5 ) B G,

lk.L

2
(037%)
<5 Z—l— ks + drs+
2(Q) Z Z /< ! ><2 2> hiho s

Nl—i—l kl Nl—i-l[

OEN| Nyi
61‘3

2 N+1 Nda

DD DS / (k3 ot a) L G (ks N0

a= 1k1 Nz kz

Oé

+(3NL — 2K! + 2)(h’a) ) dxs

e.9] oo
where a = 1, 2, Z \% Z denotes the sum with respect to the indices
kliﬁl kg:]/\?g
k1 and ko for all pairs (k1,k2), k1 > Ny or ko > Na. From (7) we have that

k1ko c1 ki+s—p0 ]z:lkz
100w lfy < iy Do WA @O 05 g
1 ki=k1—s+8 (8)
k1ko Co ko+s—p0 kllztz
100w lEey < iy Do s (057705 g
2 ko=ko—s+0

where min{ky,k2} > s, 3 = 0,1, 4,5 = 1,3, ¢1, co are positive constants
independent from hli, h; and k1, k2. Therefore, for en,n, We obtain the
following estimates

1 1 i A
”€N1N2i”%2(ﬂ) < ((N{)QS + (N5)23> ei(hitvh5t7N17N2)v

1 1 + ;£ ) i
19jen, Naill 72 () < ((N;‘)%—:a + (N§)25_3> 0;(hi, hy, Ni, N3),

where Gi(hli,h;,Nf,Ng) — 0, as N¥, NJ — o0, 4,7 = 1,2,3. The latter
estimates together with coerciveness of the bilinear form B and inequality
(6) imply

1 1
N12873 + N22873

HU - leNQH%—Il(Q) S < > 9(Q7F27h:1t7h§t7N17N2)7

where N, = mln {NZ} 0(92, Pg,hit,hét,Nl,Ng) — 0, as N1, Ny — 0.

Moreover 1f the norm || ||ggs.s. ) is independent from A["**, h®* then
his
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from (8) we obtain

(hmax)Qs (hmax)Qs B ; ;

Jenamail o < (i + i) B0, 9),

(hrlnax)Q(sfl) N (hénax)Z(sfl)
(VD= (W

||8j5N1N2iH%2(Q) <

where 0;(N?, Ni) — 0, as N{, N4 — oo, 4,7 = 1,3. From the latter inequa-
lities, applying (6), we infer the second estimate of the theorem

(hrlnax)2(s—l) (hénax)2(5—1)> _
5— s— 9(N17N2))
NP3 N3

Ju — wN1N2||?5(Q) = (

where §(IN{,N3) — 0, as Ny, No — oo. O
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