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Abstract

An initial boundary value problem for an integro-differential equation describing
string vibration is considered. Using the Galerkin method and a Crank-Nicholson type
scheme, the solution is discretized with respect to a spatial and a time variable. Thus
the problem is reduced to a system of nonlinear algebraic equations which is solved by
the iteration method. The convergence of the method is proved.
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1. Introduction

As it is well-known, the equation wy = wy,; models string vibration. This
equation should be considered as the first approximation of the vibration
process. The equation

2 vy
Wy — ()\ + ﬂ/ widm) Wep = 0, (1.1)
0

O<zx<m, 0<t<T, A>0,

proposed by Kirchhoff [5] in 1883 is regarded as the best model as it takes
into account an increase in tension resulting from the extension of the
string. Equation (1.1) was first studied by S. Bernstein [2] in 1940. In the
subsequent years, many authors (see, for example, [7], [8] and the refer-
ences cited therein) devoted their studies to this equation and its natural

generalization
Wy — ¢ </ |Vw|2dx> Aw =0,
Q

zeR", g(u)>0, n>1.
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In most cases these studies were concerned with the problem of the exis-
tence of a solution. Problems of controllability and stabilization were also
considered, and computations were carried out (see, for example, [1], [10]
and the references cited therein). We know only of one work [3] in which an
approximate algorithm is applied to an initial boundary value problem for
equation (1.1) and the convergence of the algorithm is proved. Speaking
more exactly, in [3] equation (1.1) is reduced to a system of equations, a
numerical algorithm of the solution is suggested and one of it’s parts - the
finite element method - is studied.
Here we consider equation (1.1) when

w(z,0) = w(z), w(z,0)=w"(z), (1.2)

w(0,t) = w(m,t) =0,

where w() (z) are the given functions, p = 0, 1.

2. Discretization with respect to x
An approximate solution of (1.1),(1.2) is written in the form
n
Wy, = Z wp;(t)sinix,
i=1

where the coefficients w,; are determined by the Galerkin method from the
system of ordinary differential equations

Woge + (A + [, [[3) Pawy, = 0, (2.1)
where the vector function w,, (t) = (wni)j,, the matrix P, = [diag(1,2,...,n)]?

n 1/2

and the norm ||w,||2 = <Z z'2w,2n-> , provided that at the initial point
i=1

we have the conditions

2 (7 2 (7
wp;(0) = /0 w O (z)sinizds, wn(0) = /0 w(z)sinizds, (2.2)

m T

i=1,2,...,n.

3. Discretization with respect to t

To solve the Cauchy problem (2.1),(2.2), let us introduce, on the time
segment [0,7], a grid with pitch 7 = T/M and nodes t,, = mr, m =
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0,1,..., M. An approximate value of w,,(¢,,) denoted by w;" is determined
by a Crank-Nicholson type scheme

1 1 — —p—1
wmw;Z(u a1+ ™ HQ)pnw? ™,

m=2,3,...,M,

under the condition
0
wy, = w,(0),

2 112 0112 1 0

4. Solution of a nonlinear system

Now we shall consider an approximate solution of system (3.1),(3.2). If the
calculation is performed from layer to layer, then, knowing the results for
the preceding layers, on the m-th time layer, i.e., for ¢ = t,,, we have to
solve a nonlinear equation with respect to the vector wy, which has the
form

2 m||2 m—1(|2 m m—1

m=1,2,...,M,

where
w? + 7w, (0), m=1,
= 2wt — wi? — (A
| H2+Hw 2H> wﬁ“, m=2,3,... M

Let us introduce the notation wy' = (wy;)ily, [ = (f37)i;- As it follows
from (4.1), on the m-th time layer we have a system of nonlinear algebraic
equations

8 _ 8
i+ 2)\+Zj ( + (™ 1)2) (wp +wiy ™) = o5 fi

(4.2)
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Equation (4.2) is solved by the iteration method consisting in calculating
successive approximations by Jacobi’s rule

8 . _
ng;,kJrl + [2)\ + 22((wrrg,k+l)2 + (wrn; 1)2)

n
8
. -1 -1
+Z]2((w%,k)2 + (w7 V2wt oy +wpy 1) = oy} i s (4.3)
j=1
J#i
i1=1,2,...,n, k=0,1,...,
where w]; is the [-th approximation of w];, | = 0,1,.... The Cardano

formula [6] given below allows us to determine w;, ; from (4.3) in an
explicit form as follows

m o m m m
Wi k41 = PilWi1 ks Wib o+ -+ W k), (4.4)
i=1.2,... .n

After denoting wy’; = (wy; )iy, ¢ = (9i)iz;, the iteration process (4.4)
can be written as a vector equality

Mnm,kﬂ = @(Mmk)v (4.5)

k=0,1,....

5. Convergence of iterations

To realize algorithm (4.3), we have to solve a cubic equation with respect

to wy .y (or dwpy ) on the (k+ 1)-th iteration pitch for each i. In this

context recall the Cardano formula for the equation
y* + Ay> + By + C =0, (5.1)

whose a priori real root is equal to

A S S RPupays S S* Ry
y=rg gt ) 62
where 12 B oa
2 B
= _ B = — — — . :
R=-"+B, S="—-""+4C (53)

Multiply (4.3) by ¢ and write the obtained equality in form (5.1) as follows
(iwpi g 1)° + ai(iwng o 1)* + biiwg) ) + ¢ =0, (5.4)
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where S
a; = iwm Tt b =d; + (w1 + 2
(5.5)
e e 8
¢ = iw™ N d; + (W™ 1)?) — gl o
while
n
di =20+ 72 ((wy ) + (Wi ™)?). (5.6)
T
By analogy with (5.3) we introduce the values
a? 2a3  aib;
ri=—g b si=on - ;l Ci-
By virtue of (5.5)
2, 8
T :lerg(sz 1)2+W, (57)
2 e 10, . 8 wm Tt
i = St di+ g ) - (B i, (5)

Taking into account (5.2), for the a priori real root of equation (5.4) we can

write
a;

iwﬁ‘,kﬂ =3 +0i1—0i2, (5.9)
i=1,2,...,n,
where the notation
S s2 73
oip = (1P + (5 + 500", (5.10)
p=12

is used. System (5.9) can be represented as

Wi g1 = @ZJi(lw:&k, PATI ,nw%7k) , (5.11)

1=1,2,...,n.

To establish a condition for the convergence of process (5.11) as k — oo,
we have to estimate the norm of the Jacobian

(a(]wzé,k)) ,j=1 (] 8wnj7k) ,j=1 ( )
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(in this paper this is the second notion connected with the name of C.
Jacobi, 1804-1851). Using (5.6)-(5.11) and the first equality from (5.5), we
see that on the principal diagonal of the matrix J we have zeros. As to
nondiagonal elements, ¢ # j, we have for them the formula

2
1 8¢z _ ]wnjkz 1 . m—1

— ™
jowp, 9 = azp[ Wni
1 2 3
VP (st Sr2) (SR 4+ )72 1
HENP s+ o) 4 ) (513
After some transformations (5.13) takes the form
100 _ o, o
=0+, (5.14)
j Gwnj & J J
where 4
m— T3 _
1/}1(]1) - _§Z]wnj kWny 1(02'2,1 - g + 01'2,2) 1’
(5.15)
2
2 T _
%(J) g]wnj ksl( 11+§+0—:’%2) 1'

Now we have to estimate the modules of 111%7), p = 1,2. To this end, we
introduce the functions

PP = € — (€ + ) PPPP 4 (—r)? + 6+ (€ + %) /21205,

—0o<Eé<oo, T=const>0, p=1,2.

They possess the properties 1)) (—¢) = 1) (€) > 0 and, as follows from
the formula

(w(ﬁ)(g))/ _ 3(52—’2_1;3)1/2{[5 + (52 + 7,3)1/2]21)/3 _ [5 B (52 + r3)1/2]2p/3}7

the inequality (/) (£))’ > 0 is fulfilled at & > 0. Therefore

min [ @) (£)] = P (0) = (2p — 1)rP. (5.16)

Applying the foregoing arguments to functions (5.15) and using (5.16),
(5.10), (5.7) and (5.6), we obtain

4Z]|wn] k| |wm ! Z j‘wnj k:‘ ’wm !

3r; - 6 ’

(1)
W)z‘j | <
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(2) ]‘wnj k| nj, k|
W’ij | > 2

T - 32

(2

|si] < 4 ]|w |51|

This and (5.14), (5.8), (5.6) imply

Lov |1 1,
‘jﬁwm < 4 Z J‘wn]k‘{ ¢ ’wn |:)‘+Zp np,
nj,k
5,
3y )|+ o+ 121 (5.17)

Further we will need a vector norm equal to ||v||; = Z |v;| and the corre-
i=1

sponding norm for the matrices ||U||; = jpax Z |uij|, where v = (v;)!4,

U = (u45)i j—1, and also the equalities [4]

n

1)(2n +1 2 —1\?!
Zl2p:n(n+ )6( n + )(Sn +53n ) 7 (5.18)
=1

p=1,2.
From (5.12), (5.17), (5.18) we have

n(n+1)(2n+1)

1l < 72— e e
x{ [3nn+ <Z j|wm ){/\4_2 ( W) +3(U’Z§_1)2>]
3 i 4 | >} | (5.19)
=1

Let us require that the condition ||J||; < ¢ be fulfilled for ¢, 0 < ¢ < 1,
and wy'), = (wfﬁ’k)?:l belonging to the domain

n

{o=enm i mo|_1_q2 ufho - uital - (520

=1

By virtue of (5.19), it is sufficient for this requirement that

T{ [3nn+1 <Z|w >{ (iz”;iowm
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bl i) ) + (Z\w 1) |+ S+ )}

=1

24q "o . 1 - -1 .
Cnn+1)2n+1) Zl |wniol + 17|wnz 0~ Wi 1l <0. (5.21)

=1

Using (5.21) and applying the principle of compressing mappings [9], we
come to a conclusion that equation (4.1) has, in domain (5.20), a unique
solution wy' = (wy;)iy, which is a limit as k — oo of the sequence wy'; of
process (4.5), while the convergence rate is determined by the 1nequahty

n
Zz‘w;ﬁ,kz nz| = 1
1=1

Our final result can be easily formulated by using the vector norm

(5.22)

mO ml|'

loll = ilvil (5.23)
i=1

for v = (v;),. It is clear that, in the sense of this norm, domain (5.20) is
the ball

1
{u=(vi)izy € R : [Jlu —wiloll < 17_(]‘@;20 — w1} (5.24)
We also need the parameters
3n?+3n—1 1 2, 5
o = S g ol = [P+ gl

_ 24q
1= n(n+1)(2n+1)

_ 1
B = w12, (lwioll+ 1 llwrio= wiy )~

by means of which condition (5.21) can be rewritten as
ar* + B2 —~v <0.

We solve this inequality with respect to 7 and apply norm (5.23) to (5.22).
Thus the following theorem is valid.
Theorem. Let g be an arbitrary number from the interval (0,1) and
the pitch
_ 2 1/2
a
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Then in ball (5.24) there exists a unique solution w)" of equation (4.1) to
which the sequence M?Zk of process (4.5) tends as k — oo, while the method
error decreases at the geometrical progression rate

q
wn'y — wy'l] < Tq”w% —wy|],

k=0,1,....
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