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Nh| zrugv dqg skudvhv= 'HFRPSRVLWLRQ 0HWKRG� 6HPLJURXS� 7URWWHU IRUPXOD�
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Wkh vwxg| ri wkh dssur{lpdwhg vfkhphv ri vroylqj ri hyroxwlrq sureohpv
ohdgv wr wkh frqfoxvlrq wkdw wr hdfk dssur{lpdwhg vfkhph wkhuh fruuhvsrqgv
d gh�qlwh rshudwru +vroylqj rshudwru ri d glvfuhwh sureohp,/ zklfk dssur{l0
pdwhv d vroylqj rshudwru +vhpljurxs, ri d vrxufh frqwlqxrxv sureohp1 Wkh
rssrvlwh lv dovr wuxh= Frqvwuxfwlqj dssur{lpdwlrq ri d frqwlqxrxv vhpl0
jurxs/ zh exlog dq dssur{lpdwhg vfkhph ri d vroxwlrq ri dq hyroxwlrq
sureohp1

Iru h{dpsoh/ li zh dsso| Urwwh*v phwkrg iru d vroxwlrq ri dq hyroxwlrq
sureohp/ d vroylqj rshudwru ri wkh rewdlqhg gl�huhqfh sureohp zloo eh d
glvfuhwh vhpljurxs dqg zh frph wr d sureohp ri dssur{lpdwlqj d frqwlqxrxv
vhpljurxs zlwk wkh khos ri glvfuhwh vhpljurxsv +lq wklv fdvh vhh W1 Ndwr
^49`/ Fk1 L[,1

Lq fdvh ri dsso|lqj d ghfrpsrvlwlrq phwkrg/ wkh vroylqj rshudwru ri wkh
dssolfdeoh ghfrpsrvhg sureohp jhqhudwhv wkh Wurwwhu irupxod/ +vhh Wurwwhu
K1 ^58`, ru wkh Fkhuqr� irupxod/ +vhh Fkhuqr� S1 U1 ^4/5`, ru d irupxod/
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zklfk lv d frpelqdwlrq ri wkhvh irupxodv1 Wkhuhiruh/ wkh huuru hvwlpdwlrq
ri d ghfrpsrvlwlrq phwkrg lv htxlydohqw wr d sureohp ri dssur{lpdwlqj ri
d frqwlqxrxv vhpljurxs xvlqj Wurwwhu w|sh irupxodv1 Sdshuv ^46/47` +vhh
dovr ^54`/ Fk1 LL, duh ghglfdwhg wr wkh huuru hvwlpdwlrqv ri Wurwwhu w|sh
irupxodv1

Wkh vfkhph ri ghfrpsrvlwlrq/ dvvrfldwhg zlwk wkh Wurwwhu irupxod/ do0
orzv xv wr vsolw Fdxfk| sureohp iru dq hyroxwlrq htxdwlrq zlwk dq rshudwru
D @ D� . D2 . === . D6 wr p sureohpv fruuhvsrqglqjo| zlwk rshudwruv
D�> D2> ===> D6> zklfk duh vroyhg vhtxhqwldoo| rq hdfk wlph lqwhuydo zlwk wkh
ohqjwk w@q1

Wkh ghfrpsrvlwlrq vfkhph/ dvvrfldwhg zlwk wkh Fkhuqr� irupxod/ lv
nqrzq dv d phwkrg ri iudfwlrqdo vwhsv +vhh Q1 Q1 Ldqhqnr ^46`,1

Dv lw lv nqrzq/ wkh ghfrpsrvlwlrq phwkrg lv vx�flhqwo| jhqhudo iru re0
wdlqlqj hfrqrplfdo vfkhphv iru wkh vroxwlrq ri wkh pxowlglphqvlrqdo sure0
ohpv ri pdwkhpdwlfdo sk|vlfv1 Wkh| fdq eh glylghg lqwr wzr jurxsv= wkh
vfkhphv ri vhtxhqwldo dffrxqw +Q1 Q1 Ldqhqnr ^46`/ D1D1 Vdpduvnll ^55`/
Pdufkxn J1 L1 ^4<`/ D1 D1 Vdpduvnll/ S1 Q1 Ydelvkfkhylfk ^56`/ L1 Y1 Iu|d}l0
qry ^8`/ H1 J1 Gldnrqry ^7`/ Whpdp U1 ^57`/ G1J1 Jrugh}ldql ^<`, dqg wkh
vfkhphv ri sdudooho dffrxqw + G1 J1 Jrugh}ldql dqg D1 D1 Vdpduvnll ^45`/ G1
J1 Jrugh}ldql dqg K1 Y1 Phodg}h ^</43`/ D1 P1 Nx}|n dqg Y1 O1 Pdndury
^4;`,1 Lq ^54` +vhh Fk1 LL, wkh h{solflw hvwlpdwlrqv iru ghfrpsrvlwlrq vfkhphv
ri wkh sdudooho dffrxqw duh rewdlqhg/ zklfk zhuh frqvlghuhg lq ^44`1 Dw
suhvhqw/ wkhuh duh pdq| zrunv ghglfdwhg wr wkh ghfrpsrvlwlrq phwkrg +vhh
uhihuhqfhv ^4;/55`,1

Lq wkh deryh0vwdwhg zrunv wkh vfkhphv frqvlghuhg duh ri wkh �uvw ru
vhfrqg ghjuhh suhflvlrq1 Dv idu dv zh nqrz/ kljk ghjuhh suhflvlrq ghfrp0
srvlwlrq irupxodv lq fdvh ri wzr dgghqgv +D @ D� . D2, iru wkh �uvw wlph
zhuh rewdlqhg lq ^6`1

Lq wkh suhvhqw zrun d v|pphwul}hg vhtxhqwldo0sdudooho ghfrpsrvlwlrq
phwkrg ri wkh wklug ghjuhh suhflvlrq iru wkh vroxwlrq ri wkh Fdxfk| de0
vwudfw sureohp zlwk rshudwru D @ D� . D2 . === . D6 lv suhvhqwhg1 Iru
wkh frqvlghuhg vfkhph wkh h{solflw d sulrul hvwlpdwlrq lv rewdlqhg1 Xqghu
h{solflw hvwlpdwlrqv zh xqghuvwdqg vxfk d sulrul hvwlpdwlrqv iru dq huuru
ri vroxwlrq/ zkhuh wkh frqvwdqwv ri d uljkw phpehu gr qrw ghshqg rq d
vroxwlrq ri dq lqlwldo frqwlqxrxv sureohp/ l1h1 duh devroxwh1

2� 5i||�?} Lu |�i ThLM*i4

Ohw xv frqvlghu wkh Fdxfk| devwudfw sureohp lq wkh Edqdfk vsdfh [ =

gx+w,

gw
.Dx+w, @ i +w, > w A 3> x+3, @ *= +514,
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Khuh D lv d forvhg olqhdu rshudwru zlwk wkh grpdlqG+D,/ zklfk lv hyhu|0
zkhuh ghqvh lq [/ * lv d jlyhq hohphqw iurp G +D,/ i+w, 5 F� +^3>4, >[,
dqg iru hyhu| �{hg w> i +w, 5 G +D, =

Vxssrvh wkdw +�D, rshudwru jhqhudwhv d vwurqjo| frqwlqxrxv vhpljurxs
ih{s+�wD,j|Df/ wkhq wkh vroxwlrq ri wkh sureohp +514, lv jlyhq e| wkh iro0
orzlqj irupxod +vhh ^47/49`,=

x+w, @ X+w> D,*.

|]
f

X+w� v> D,i+v,gv> +515,

zkhuh X+w> D, @ h{s+�wD,1
Ohw D @ D� . D2 . ===.D6/ zkhuh D� +l @ 4> 5> ===> p, duh frpsdfwo|

gh�qhg/ forvhg olqhdu rshudwruv lq [ 1
Ohw xv lqwurgxfh d gl�huhqfh qhw grpdlq=

$� @ iw& @ n�> n @ 4> 5> ===> � A 3j=
Vxssrvh wkdw i +w, 5 F2 +^3>4,>[, = Dorqj zlwk sureohp +514, zh frq0

vlghu wzr vhtxhqfhv ri wkh iroorzlqj sureohpv rq hdfk lqwhuydo ^w&3�> w&` =

gy�&+w,

gw
. �D�y

�
&+w, @

�

p
i+w&,� 5��+w& � w,i �+w&,>

y�&+w&3�, @ x&3�+w&3�,>

gy�n�& +w,

gw
. �D�n�y

�n�
& +w, @

�

p
i+w&,� 5��n�+w& � w,i �+w&,>

y�n�& +w&3�, @ y�&+w&,> l @ 4> ===>p� 5>

gy6& +w,

gw
.D6y

6
& +w, @

4

p
i+w&,� 5�6+w& � w,i �+w&,>

y6& +w&3�, @ y63�& +w&,>

gy6n�
& +w,

gw
. �D63�y

6n�
& +w, @

�

p
i+w&,� 5�6n�+w& � w,i �+w&,>

y6n�
& +w&3�, @ y6n�3�

& +w&,> l @ 4> ===>p� 5>

gy263�& +w,

gw
. �D�y

263�
& +w, @

�

p
i+w&,� 5�263�+w& � w,i �+w&,

.
+w& � w,2

5
i ��+w&,>

y263�& +w&3�, @ y2632& +w&,>

7:
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gz�
&+w,

gw
. �D6z

�
&+w, @

�

p
i+w&,� 5��+w& � w,i �+w&,>

z�
&+w&3�, @ x&3�+w&3�,>

gz�n�
& +w,

gw
. �D63�z

�n�
& +w, @

�

p
i+w&,� 5��n�+w& � w,i �+w&,>

z�n�
& +w&3�, @ z�

&+w&,> l @ 4> ===>p� 5>

gz6
& +w,

gw
.D�y

6
& +w, @

4

p
i+w&,� 5�6+w& � w,i �+w&,>

z6
& +w&3�, @ z63�

& +w&,>

gz6n�
& +w,

gw
. �D�n�z

6n�
& +w, @

�

p
i+w&,� 5�6n�+w& � w,i �+w&,>

y6n�
& +w&3�, @ y6n�3�

& +w&,> l @ 4> ===> p� 5>

gz263�
& +w,

gw
. �D6z263�

& +w, @
�

p
i+w&,� 5�263�+w& � w,i �+w&,

.
+w& � w,2

5
i ��+w&,>

z263�
& +w&3�, @ z2632

& +w&,=

Khuh ��> �2> ===> �263� dqg � duh qxphulfdo frpsoh{ sdudphwhuv/
Uh+�, A 3> xf+3, @ *1

Vxssrvh wkdw +�D�,> +��D�, dqg +��D�, +m @ 4> 5> ===>p, rshudwruv
jhqhudwh vwurqjo| frqwlqxrxv vhpljurxsv1

Rq hdfk ^w&3�> w&` +n @ 4> 5> ===, lqwhuydo x&+w, duh gh�qhg dv iroorzv=

x&+w, @
4

5
^y263�& +w, . z263�

& +w,`=

Zh frqvlghu wkh ixqfwlrq x&+w, dv dq dssur{lpdwh vroxwlrq ri wkh sure0
ohp +514, rq wkh lqwhuydo ^w&3�> w&`1

Wkh deryh0vwdwhg vfkhph lq fdvh ri p @ 5 dgghqgv iru wkh krprjhqrxv
htxdwlrq lv frqvlghuhg lq ^:` dqg iru wkh qrq0krprjhqrxv htxdwlrq lq ^9`1

Zh zloo qhhg qdwxudo ghjuhhv ri wkh rshudwru D @ D� . D2 . === .
D6 +Dr> v @ 5> 6> 7, = Lq fdvh ri wzr dgghqgv +p @ 5, wkh| duh gh�qhg
dv iroorzv=

D2 @
�
D2
� .D2

2

�
. +D�D2 .D2D�, >

D� @
�
D�
� .D�

2

�
.

�
D2
�D2 . ===.D2

2D�

�
. +D�D2D� .D2D�D2, >

7;
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De @
�
De
� .De

2

�
.

�
D�
�D2 . ===.D�

2D�

�
.
�
D2
�D2D� . ===.D2

2D�D2

�
. +D�D2D�D2 .D2D�D2D�, =

Dqdorjrxvo| duh gh�qhg Dr +v @ 5> 6> 7, zkhq p A 51 Reylrxvo|/ wkh gr0
pdlq G +Dr, ri wkh rshudwru Dr lv wkh lqwhuvhfwlrq ri wkh grpdlqv ri lwv
dgghqgv1

Ohw xv lqwurgxfh wkh iroorzlqj gh�qlwlrqv=

n*n� @ nD�*n. ===. nD6*n > * 5 G +D, >

n*n�2 @
6[

�c�'�

nD�D�*n > * 5 G
�
D2

�
>

zkhuh n�n lv d qrup lq [> vlploduo| duh gh�qhg n*n�r +v @ 6> 7, =

Wkhruhp1 Ohw wkh iroorzlqj frqglwlrqv eh vdwlv�hg=

d, � @ �
2 	 l �

2
I
�

�
l @

s�4
�
>

e, +��D�,> � @ 4> �> � +m @ 4> 5> ===>p, dqg +�D, rshudwruv jhqhudwh
vwurqjo| frqwlqxrxv vhpljurxsv/ iru zklfk wkh iroorzlqj hvwlpdwlrqv krog
fruuhvsrqglqjo|=

nX+w> �D�,n � h/|>

nX+w> D,n � Ph/|> P> $ @ frqvw A 3>

f, X +v> D,* 5 G
�
De

�
iru hyhu| �{hg v � 3>

g, i+w, 5 F�+^3>4,>[,> i +w, 5 G
�
D�

�
> i& +w, 5 G

�
D�3&� > n @ 4> 5>

dqg X +v> D, i +w, 5 G
�
De

�
iru hyhu| �{hg w dqg v +w> v � 3,>

h, p A 5> �� @ h��> �6 @ h�2> �6n� @ h�� +m @ 4> 5> ===>p� 4, >

h�� @ 4

5 ^+<p. 4,�� 6p`
> h�� @ +<�� 7, h��> h�2 @ 4

5
� h�� � h��=

Wkhq wkh iroorzlqj hvwlpdwlrq krogv=

nx+w&,� x&+w&,n � fh/f|& w&�
�

#
vxs

rMdfc|&o
nX +v>D,*n�e

.w& vxs
rc|Mdfc|&o

nX+v>D,i +w,n�e . vxs
|Mdfc|&o

ni+w,n��

. vxs
|Mdfc|&o

��i �+w,��
�2 . vxs

|Mdfc|&o

��i ��+w,��
�
. vxs

|Mdfc|&o

��i ���+w,��$ >

zkhuh f> $f duh srvlwlyh frqvwdqwv1

7<
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�� �� �*�@h) wi44@t

Ohw xv suryh wkh dx{loldu| Ohppdv rq zklfk wkh surri ri wkh wkhruhp lv
edvhg1

Ohppd 6141 Ohw wkh frqglwlrqv d,/ e, dqg f, ri wkh wkhruhp eh vdwlv�hg/
wkhq wkh iroorzlqj hvwlpdwlrq krogv=���kX +w&> D,� Y & +� ,

l
*
��� � fh/f|&w&�

� vxs
rMdfc|&o

nX +v> D,*n�e >

zkhuh

Y +�, @
4

5
^X +�> �D�, ===X +�> �D63�,X +�> D6,X +�> �D63�, ===X +�> �D�,

.X +�> �D6, ===X +�> �D2,X +�> D�,X +�> �D2, ===X +�> �D6,` >

khuh f dqg $f duh srvlwlyh frqvwdqwv1
Surri1 Dffruglqj wr wkh irupxod +vhh Ndwr1 W1 ^4`/ s1 936,=

D

|]
o

X +v> D, gv @ X +u>D,� X +w> D, > 3 � u � w>

zh fdq jhw wkh iroorzlqj h{sdqvlrq=

X+w> D, @
&3�[
�'f

+�4,�
w�

l$
D� .U&+w> D,> +614,

zkhuh

U&+w> D, @ +�D,&
|]

f

r�]
f

===

r&3�]
f

X+v> D,gvgv&3�===gv�= +615,

Ohw xv vxssrvh wkdw W +�, lv d frpelqdwlrq +vxp/ surgxfw, ri vhpl0
jurxsv/ jhqhudwhg e| rshudwruv +��D�, +l @ 4> 5> ===> p,1 Ohw xv ghfrpsrvh
doo vhpljurxsv lqfoxghg lq wkh rshudwru W +�, dffruglqj wr wkh irupxod
+614,/ pxowlso| wkhvh ghfrpsrvlwlrqv/ jurxs wrjhwkhu vlplodu phpehuv dqg
gh�qh wkh frh�flhqwv ri wkh phpehuv +��D�, >

�
�2D�D�

�
dqg

����D�D�D&

�
+l> m> n @ 4> 5> ===> p, wr eh fruuhvsrqglqjo| ^W +�,`� > ^W +�,`�c� dqg ^W +�,`�c�c&
lq wkh rewdlqhg ghfrpsrvlwlrq=

Li zh ghfrpsrvh doo vhpljurxsv lq wkh Y +�, iurp uljkw wr ohiw dffruglqj
wr wkh irupxod +614, vr wkdw hdfk uhvlgxdo phpehu lv ri wkh irxuwk ghjuhh/
zh jhw wkh iroorzlqj irupxod=

Y +�, @ L � �
6[
�'�

^Y +�,`�D� . �2
6[

�c�'�

^Y +�,`�c� D�D�
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���
6[

�c�c&'�

^Y +�,`�c�c& D�D�D& .U
E6�
e +�, > +616,

zkhuh dffruglqj wr wkh �uvw lqhtxdolw| ri wkh frqglwlrq e,, ri wkh wkhruhp

wkh iroorzlqj hvwlpdwlrq lv wuxh iru U
E6�
e +�,=���UE6�

e +�,*
��� � fh/2� �e n*n�e > * 5 G

�
De

�
= +617,

Lw lv hdv| wr vkrz wkdw li p @ 5> wkhq

^Y +�,`� @ 4> +618,

^Y +�,`�c� @ 4@5> +619,

^Y +�,`�c�c& @ 4@9 +61:,

dqg

U
E2�
e +�, @

4

5
^U�c2 +�, .U2c� +�,` >

zkhuh

U�c� +�, @ Ue+�> �D�,� �U�+�> �D�,D� .
4

5
�2U2+�> �D�,D

2
�

�4

9
��U�+�> �D�,D

�
� ..X+�> �D�,Ue+�>D�,� ��U�+�> �D�,D�

.��2U2+�> �D�,D�D� � 4

5
�� �U�+�> �D�,D

2
�D� � ��X+�> �D�,U�+�>D�,D�

.
4

5
�2�2U2+�> �D�,D

2
� �

4

5
�2��U�+�> �D�,D�D

2
�

.
4

5
�2�2X+�> �D�,U2+�> D�,D

2
� �

4

9
����U�+w> �D�,D

�
�

�4

9
����X+�> �D�,U�+�>D�,D

�
� . X+�> �D�,X+�>D�,Ue+�> �D�,> l> m @ 4> 5=

Qrz ohw xv frqvlghu wkh fdvh/ zkhq p A 51
Ohw xv lqwurgxfh wkh iroorzlqj gh�qlwlrqv=

Y�+�, @ X +�> �D�, ===X +�> �D63�,X +�> D6,X +�> �D63�, ===X +�> �D�, >

Y2+�, @ X +�> �D6, ===X +�> �D2,X +�>D�,X +�> �D2, ===X +�> �D6, =

Wkhq lw lv reylrxv wkdw=

^Y +�,`� @
4

5
+^Y�+�,`� . ^Y2+�,`�, > l @ 4> 5> ===>p>
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^Y +�,`�c� @
4

5

�
^Y�+�,`�c� . ^Y2+�,`�c�

�
> l> m @ 4> 5> ===> p>

^Y +�,`�c�c& @
4

5

�
^Y�+�,`�c�c& . ^Y2+�,`�c�c&

�
> l> m> n @ 4> 5> ===> p=

Ohw xv frpsxwh frh�flhqwv ^Y�+�,`�1 Reylrxvo|/ zh jhw wkh fruuhvsrqg0
lqj phpehuv ri wkhvh frh�flhqwv iurp ghfrpsrvlwlrq ri rqo| wkrvh pxowl0
solhuv +vhpljurxsv, ri wkh rshudwru Y� +�, zklfk duh jhqhudwhg e| rshudwruv
+��D�,1 Rqo| wkh �uvw dgghqgv +lghqwlfdo rshudwruv, zloo eh xvhg iurp
ghfrpsrvlwlrq ri rwkhu vhpljurxsv 1 Vr zh kdyh=

^Y�+�,`� @ ^X +�> D�,`� @ 4=

Dqdorjrxvo|
^Y2+�,`� @ ^X +�> D�,`� @ 4=

Vr zh kdyh
^Y +�,`� @ 4> l @ 4> 5> ===>p=

Ohw xv frpsxwh frh�flhqwv ^Y�+�,`�c�1 Reylrxvo|/ zh jhw wkh fruuhvsrqg0
lqj phpehuv ri wkhvh frh�flhqwv iurp ghfrpsrvlwlrq ri rqo| wkrvh pxowl0
solhuv +vhpljurxsv, ri wkh rshudwru Y� +�, zklfk duh jhqhudwhg e| rshudwruv
+��D�, dqg +��D�,1 Rqo| wkh �uvw dgghqgv +lghqwlfdo rshudwruv, zloo eh
xvhg iurp ghfrpsrvlwlrq ri rwkhu vhpljurxsv 1 Vr zh kdyh=

^Y�+�,`�c� @ ^X +�> �D��,X +�>D�2,X +�> �D��,`�c� =

Dqdorjrxvo|

^Y2+�,`�c� @ ^X +�> �D�2,X +�>D��,X +�> �D�2,`�c� >

zkhuh +l�> l2, lv d sdlu ri l dqg m lqglfhv/ duudqjhg lq dq lqfuhdvlqj rughu1
Dffruglqj wr wkh irupxod +619, zh kdyh=

^Y +�,`�c� @
4

5
> l> m @ 4> 5> ===>p=

Ohw xv frpsxwh frh�flhqwv ^Y�+�,`�c�c&1 Reylrxvo|/ zh jhw wkh fruuh0
vsrqglqj phpehuv ri wkhvh frh�flhqwv iurp ghfrpsrvlwlrq ri rqo| wkrvh
pxowlsolhuv +vhpljurxsv, ri wkh rshudwru Y� +�,/ zklfk duh jhqhudwhg e|
rshudwruv +��D�, > +��D�, dqg +��D&,1 Rqo| �uvw dgghqgv +lghqwlfdo rs0
hudwruv, zloo eh xvhg iurp ghfrpsrvlwlrq ri rwkhu vhpljurxsv 1 Vr zh kdyh=

^Y�+�,`�c�c& @ ^X +�> �D��,X +�> �D�2,X +�>D��,X +�> �D�2,X +�> �D��,`�c�c& =

Dqdorjrxvo|

^Y2+�,`�c�c& @ ^X +�> �D��,X +�> �D�2,X +�>D��,X +�> �D�2,X +�> �D��,`�c�c& >
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zkhuh +l�> l2> l�, lv d wulsoh ri l> m dqg n lqglfhv/ duudqjhg lq dq lqfuhdvlqj
rughu1

Iluvw ri doo/ ohw xv frqvlghu wkh fdvh zkhq l @ m @ n>zh kdyh=

^Y�+�,`�c�c& @ ^X +�> D�,`�c�c� @
4

9

dqg

^Y2+�,`�c�c& @ ^X +�>D�,`�c�c� @
4

9
=

Qrz ohw xv frqvlghu wkh fdvh zkhq rqo| wzr ri l> m> n lqglfhv duh gl�huhqw1
Lq wklv fdvh zh kdyh=

^Y�+�,`�c�c& @ ^X +�> �D��,X +�>D�2,X +�> �D��,`�c�c&

dqg

^Y2+�,`�c�c& @ ^X +�> �D�2,X +�>D��,X +�> �D�2,`�c�c& =

zkhuh +l�> l2, lv sdlu ri gl�huhqw lqglfhv ri l> m dqg n wulsoh/ duudqjhg lq dq
lqfuhdvlqj rughu1 Dffruglqj wr wkh irupxod +61:, zh kdyh=

^Y +�,`�c�c& @
4

9
=

Qrz ohw xv frqvlghu wkh fdvh zkhq l> m> n lqglfhv duh gl�huhqw1 Zh kdyh
vl{ yduldqwv1 Ohw xv frqvlghu hdfk rqh vhsdudwho|=

Fdvh 41 Li l ? m ? n> wkhq

^Y�+�,`�c�c& @ ^X +�> �D�,X +�> �D�,X +�>D&,X +�> �D�,X +�> �D�,`�c�c&

@ ^X +�> �D�,`� ^X +�> �D�,`� ^X +�>D&,`& @ �2

dqg

^Y2+�,`�c�c& @ ^X +�> �D&,X +�> �D�,X +�>D�,X +�> �D�,X +�> �D&,`�c�c&

@ ^X +�>D�,`� ^X +�> �D�,`� ^X +�> �D&,`& @ �2=

Vr zh kdyh

^Y +�,`�c�c& @
4

5

�
�2 . �2

�
@

4

9
=

Fdvh 51 Li l ? n ? m> wkhq

^Y�+�,`�c�c& @ ^X +�> �D�,X +�> �D&,X +�>D�,X +�> �D&,X +�> �D�,`�c�c&

@ ^X +�> �D�,`� ^X +�>D�,`� ^X +�> �D&,`& @ ��
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dqg

^Y2+�,`�c�c& @ ^X +�> �D�,X +�> �D&,X +�> D�,X +�> �D&,X +�> �D�,`�c�c& @ 3=

Vr zh kdyh

^Y +�,`�c�c& @
4

5
�� @

4

9
=

Fdvh 61 Li m ? l ? n> wkhq

^Y�+�,`�c�c& @ ^X +�> �D�,X +�> �D�,X +�> D&,X +�> �D�,X +�> �D�,`�c�c& @ 3

dqg

^Y2+�,`�c�c& @ ^X +�> �D&,X +�> �D�,X +�>D�,X +�> �D�,X +�> �D&,`�c�c&

@ ^X +�> �D�,`� ^X +�>D�,`� ^X +�> �D&,`& @ ��=

Vr zh kdyh

^Y +�,`�c�c& @
4

5
�� @

4

9
=

Fdvh 71 Li m ? n ? l> wkhq

^Y�+�,`�c�c& @ ^X +�> �D�,X +�> �D&,X +�>D�,X +�> �D&,X +�> �D�,`�c�c& @ 3

dqg

^Y2+�,`�c�c& @ ^X +�> �D�,X +�> �D&,X +�>D�,X +�> �D&,X +�> �D�,`�c�c&

@ ^X +�> �D�,`� ^X +�>D�,`� ^X +�> �D&,`& @ ��=

Vr zh kdyh

^Y +�,`�c�c& @
4

5
�� @

4

9
=

Fdvh 81 Li n ? l ? m> wkhq

^Y�+�,`�c�c& @ ^X +�> �D&,X +�> �D�,X +�>D�,X +�> �D�,X +�> �D&,`�c�c&

@ ^X +�> �D�,`� ^X +�>D�,`� ^X +�> �D&,`& @ ��

dqg

^Y2+�,`�c�c& @ ^X +�> �D�,X +�> �D�,X +�>D&,X +�> �D�,X +�> �D�,`�c�c& @ 3=

Vr zh kdyh

^Y +�,`�c�c& @
4

5
�� @

4

9
=

Fdvh 91 Li n ? m ? l> wkhq

^Y�+�,`�c�c& @ ^X +�> �D&,X +�> �D�,X +�>D�,X +�> �D�,X +�> �D&,`�c�c&
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@ ^X +�> D�,`� ^X +�> �D�,`� ^X +�> �D&,`& @ �2

dqg

^Y2+�,`�c�c& @ ^X +�> �D�,X +�> �D�,X +�>D&,X +�> �D�,X +�> �D�,`�c�c&

@ ^X +�> �D�,`� ^X +�> �D�,`� ^X +�>D&,`& @ �2=

Vr zh kdyh

^Y +�,`�c�c& @
4

5

�
�2 . �2

�
@

4

9
=

Ilqdoo|/ iru dq| wulsoh +l> m> n, zh kdyh=

^Y +�,`�c�c& @
4

9
=

Lqvhuwlqj wkh rewdlqhg frh�flhqwv lqwr +616, zh zloo jhw=

Y +�, @ L � �

6[
�'�

D� .
4

5
�2

6[
�c�'�

D�D� � 4

9
��

6[
�c�c&'�

D�D�D& .U
E6�
e +�,

@ L � �

6[
�'�

D� .
4

5
�2

#
6[
�'�

D�

$2

� 4

9
��

#
6[
�'�

D�

$�

.U
E6�
e +�,

@ L � �D.
4

5
�2D2 � 4

9
��D� .U

E6�
e +�, = +61;,

Dffruglqj wr wkh irupxod +614, zh kdyh=

X +�>D, @ L � �D.
4

5
�2D2 � 4

9
��D� .Ue +�> D, = +61<,

Dffruglqj wr wkh vhfrqg lqhtxdolw| ri wkh frqglwlrq e,, ri wkh wkhruhp
wkh iroorzlqj hvwlpdwlrq lv wuxh iru Ue +�>D,=

nUe +�> D,*n � fh/��e
��De*

�� � fh/��e n*n�e = +6143,

Dffruglqj wr wkh irupxodv +61;, dqg +61<, zh kdyh=

X +�>D,� Y +�, @ Ue +�>D,�U
E6�
e +�, =

Khqfh xvlqj lqhtxdolwlhv +617, dqg +6143, zh fdq jhw wkh iroorzlqj hvwlpd0
wlrq=

n^X +�>D,� Y +�,`*n � fh/2� �e n*n�e = +6144,

Dffruglqj wr wkh surshuw| ri d vhpljurxs zh kdyh=k
X+w&> D,� Y & +�,

l
* @

k
X& +�>D,� Y & +�,

l
*
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@
&[

�'�

Y &3� +�, ^X +�>D,� Y +�,`X ++l� 4, �> D,*=

Khqfh dffruglqj wr wkh lqhtxdolw| +6144, dqg wkh frqglwlrq e, ri wkh wkhruhp
zh fdq rewdlq wkh iroorzlqj hvwlpdwlrq=���kX +w&> D,� Y & +�,

l
*
���

�
&[

�'�

nY +�,n&3� n^X +�>D,� Y +� ,`X ++l� 4, �> D,*n

�
&[

�'�

h/�E&3���fh/2��e nX ++l� 4, �>D,*n�e

� fh/f|&�e
&[

�'�

nX ++l� 4, �>D,*n�e

� fh/f|&w&�
� vxs
rMdJc|&o

nX +v> D,*n�e = �

Uhpdun= Wkh rshudwru Y & +�, lv d vroylqj rshudwru ri wkh deryh
frqvlghuhg ghfrpsrvhg sureohp1 Lw lv reylrxv wkdw dffruglqj wr wkh frqglwlrq
ri wkh wkhruhp

�
X+w> �D�, � h/|

�
���Y & +�,

��� � h/�|& >

zkhuh $� @ +5p � 4,$1 Iurp khuh iroorzv wkh vwdelolw| ri wkh deryh0vwdwhg
ghfrpsrvlwlrq vfkhph rq hdfk �qlwh wlph lqwhuydo1 �

Iru wkh frqvwuxfwlqj ri wkh vroxwlrq ri wkh ghfrpsrvhg v|vwhp zh zloo
qhhg wr lqwurgxfh wkh iroorzlqj rshudwruv=

Y
E��
� +�> w, @ X +�> �D�, ===X +�> �D63�,X +�> D6, W

E��
� X +w> �D�, >

l @ 4> 5> ===> p� 4>

W
E��
� @

63�3�\
�'�

X +�> �D63�, > l @ 4> ===>p� 5> W
E63��
� @ L>

Y
E��
2 +�> w, @ X +�> �D6, ===X +�> �D2,X +�>D�, W

E��
2 X +w> �D63�n�, >

l @ 4> 5> ===> p� 4>

W
E��
2 @

63�\
�'2

X +�> �D�, > l @ 4> ===> p� 5> W
E63��
2 @ L>
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Y
E6�
� +�> w, @ X +�> �D�,X +�> �D2, ===X +�> �D63�,X +w> D6, >

Y
E6�
2 +�> w, @ X +�> �D6,X +�> �D63�, ===X +�> �D2,X +w> D�, >

Y
E6n��
� +�> w, @

3C63�3�\
�'�

X +�> �D�,

4DX +w> �D63�, > l @ 4> 5> ===>p� 5>

Y
E6n��
2 +�> w, @

3C63�32\
�'f

X +�> �D63�,

4DX +w> �D�n�, > l @ 4> 5> ==> p� 5>

Y
E263��
� +w, @ X +w> �D�, > Y

E263��
2 +w, @ X +w> �D6, >

Z +�> w>��> ===> �263�, @
4

5

572632[
�'�

��Y
E��
� +�> w,

.
2632[
�'�

��Y
E��
2 +�> w, . �263�Y

E263��
� +w, . �263�Y

E263��
2 +w,

68 =

Ohppd 6151 Li wkh frqglwlrqv d, dqg e, ri wkh wkhruhp duh vdwlv�hg
dqg i +w, 5 F� +^3>4,>[,/ wkhq dw wkh srlqw w @ w& wkh vroxwlrq ri wkh
ghfrpsrvhg sureohp pd| eh zulwwhq dv iroorzv=

x& +w&, @ Y &+�,*.
&[

�'�

Y &3�+�,I
E2�
� > +6145,

zkhuh

I
E2�
& @

|&]
|&3�

Z +�> w& � v> ��> ===> �263�,i+w&,gv

�
|&]

|&3�

Z +�> w& � v> ��> ===> �263�,5+w& � v,i �+w&,gv

.

|&]
|&3�

4

5

k
Y
E263��
� +w& � v, . Y

E263��
2 +w& � v,

l +w& � v,2

5
i ��+w&,gv= +6146,

Surri1 Lw lv fohdu/ wkdw dffruglqj wr wkh irupxod +515, iru wkh ghfrp0
srvhg v|vwhp zh kdyh=

y�& +w&, @ X +�> �D�, y
�3�
& +w&,

8:
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.

|&]
|&3�

X +w& � v> �D�, hi�c& +v, gv> m @ 4> 5> ===>p� 4>

y6& +w&, @ X +�>D6, y63�
& +w&, .

|&]
|&3�

X +w& � v>D6, hi6c& +v, gv>

y6n�
& +w&, @ X +�> �D63�, y

6n�3�
& +w&,

.

|&]
|&3�

X +w& � v> �D63�, hi6n�c& +v, gv> m @ 4> 5> ===> p� 4>

zkhuh

hi�c& +v, @ �

p
i+w&,� 5��+w& � v,i �+w&,> m @ 4> 5> ===> p� 4>

hi6c& +v, @
4

p
i+w&,� 5�6+w& � v,i �+w&,>

hi6n�c& +v, @
�

p
i+w&,� 5�6n�+w& � v,i �+w&,> m @ 4> 5> ===> p� 5>

hi263�c& +v, @
�

p
i+w&,� 5�263�+w& � v,i �+w&, .

+w& � v,2

5
i ��+w&,>

yf& +w&, @ x&3� +w&3�, > xf +3, @ *=

Khqfh zh kdyh=

y263�
& +w&, @ Y�+� ,x&3�+w&3�,

.
2632[
�'�

|&]
|&3�

Y
E��
� +�> w& � v, hi�c& +v, gv. |&]

|&3�

Y
E263��
� +w& � v, hi263�c& +v, gv

@ Y�+�,x&3�+w&3�, .

|&]
|&3�

3C63�[
�'�

�

p
Y
E��
� +�> w& � v, .

4

p
Y
E6�
� +�> w& � v,

.
632[
�'�

�

p
Y
E6n��
� +�> w& � v, .

�

p
Y
E263��
� +w& � v,

4D i +w&, gv

.

|&]
|&3�

3C63�[
�'�

5��Y
E��
� +�> w& � v, . 5�6Y

E6�
� +�> w& � v,
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.
632[
�'�

5�6n�Y
E6n��
� +�> w& � v, . 5�263�Y

E263��
� +w& � v,

4D +w& � v, i � +w&, gv

.

|&]
|&3�

Y
E263��
� +w& � v,

+w& � v,2

5
i ��+w&,gv= +6147,

Fohduo| wkh dqdorjrxv irupxod lv wuxh iru wkh z263�
& +w&,=

z263�
& +w&, @ Y2+�,x&3�+w&3�,

.

|&]
|&3�

#
63�[
�'�

�

p
Y
E��
2 +�> w& � v, .

4

p
Y
E6�
2 +�> w& � v,

.
632[
�'�

�

p
Y
E6n��
2 +�> w& � v, .

�

p
Y
E263��
2 +w& � v,

4D i +w&, gv

.

|&]
|&3�

3C63�[
�'�

5��Y
E��
2 +�> w& � v, . 5�6Y

E6�
2 +�> w& � v,

.
632[
�'�

5�6n�Y
E6n��
2 +�> w& � v, . 5�263�Y

E263��
2 +w& � v,

4D +w& � v, i � +w&, gv

.

|&]
|&3�

Y
E263��
2 +w& � v,

+w& � v,2

5
i ��+w&,gv= +6148,

Iurp wkh htxdolwlhv +6147, dqg +6148, zh rewdlq=

x& +w&, @ Y +�,x&3� +w&3�, . I
E2�
& @ Y &+�,*.

&[
�'�

Y &3�+�,I
E2�
� = �

Ohppd 616 Ohw wkh frqglwlrqv d,, dqg e,, ri wkh wkhruhp eh vdwlv�hg/
wkhq wkh iroorzlqj hvwlpdwlrq krogv=������

�]
f

^X +w> D,�Z +�> w>��> ===> �263�,`*gw

������ � fh/f��e n*n��c * 5 G
�
D�

�
>

zkhuh

�� @

;?=
�@p> m ? p>
4@p> m @ p>
�@p> m A p>
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khuh f> $f duh srvlwlyh frqvwdqwv1
Surri1 Li zh ghfrpsrvh doo vhpljurxsv lq wkh Z +�> w>��> ===> �263�,

iurp uljkw wr ohiw dffruglqj wr wkh irupxod +614, vr wkdw hdfk uhvlgxdo php0
ehu lv ri wkh wklug ghjuhh/ zh jhw wkh iroorzlqj irupxod=

Z +�> w>��> ===> �263�, @
263�[
�'�

��L � �
6[
�'�

^Z +�> w>��> ===> �263�,`�D�

.�2
6[

&c�'�

^Z +�> w>��> ===> �263�,`&c�D&D� . hU� +�> w, > +6149,

zkhuh wkh iroorzlqj hvwlpdwlrq lv wuxh iru hU� +�> w,=������
�]

f

hU� +�> w,*gw

������ � fh/f��e n*n��c * 5 G
�
D�

�
= +614:,

Lq fdvh ri wzr dgghqgv +p @ 5, wkh uhvlgxdo phpehu lv h{solflwo| zulwwhq
dqg hvwlpdwhg lq ^58`1

Dffruglqj wr wkh dgglwlrq surshuw| ri ^�`� dqg ^�`&c� rshudwlrqv zh kdyh=

^Z +�> w>��> ===> �263�,`� @
4

5

572632[
�'�

��

k
Y
E��
� +�> w,

l
�

.
2632[
�'�

��

k
Y
E��
2 +�> w,

l
�
. �263�

k
Y
E263��
� +w,

l
�
. �263�

k
Y
E263��
2 +w,

l
�

68 =

+614;,

^Z +�> w>��> ===> �263�,`&c� @
4

5

572632[
�'�

��

k
Y
E��
� +�> w,

l
&c�

.
2632[
�'�

��

k
Y
E��
2 +�> w,

l
&c�

. �263�

k
Y
E263��
� +w,

l
&c�

. �263�

k
Y
E263��
2 +w,

l
&c�

68 =

+614<,

Ohw xv frpsxwh wkh frh�flhqwv
k
Y
E��
r +�> w,

l
�
+v @ 4> 5, lqfoxglqj lq wkh

irupxod +614;,1 Fohduo|/ zh kdyh=

k
Y E��
r +�> w,

l
�
@

;AAAA?AAAA=
^X +�> �D�,X +�> �D�,`� @ ^X +�>D�,`� @ 4> m ? o>
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Lq wkh fdvh zkhq rshudwruv D�c D2> ===> D6 duh pdwulfhv/ lw lv reylrxv wkdw
frqglwlrqv ri wkh Wkhruhp duh dxwrpdwlfdoo| vdwlv�hg1 Dovr frqglwlrqv ri
wkh Wkhruhp duh vdwlv�hg/ li D�> D2> ===> D6 dqg D duh vhoi0dgmrlqw/ srvlwlyh
gh�qlwh rshudwruv1 Wkh uhtxluhphqw �D rshudwru
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DPL Yro19 Qr14/ 5334 ]1Jhjhfknrul/ M1Urjdyd/ P1Wvlnodxul .

vshfwuxp ri D1 Qdpho|/ wkh vshfwuxp ri D pxvw eh sodfhg zlwklq vhfwru
zlwk wkh dqjoh ohvv wkdq 453 ghjuhhv/ ehfdxvh lq fdvh ri wxuqlqj ri vshfwuxp
e| 	63 ghjuhhv +wklv lv fdxvhg e| pxowlso|lqj ri D rq � sdudphwhu, wkh
vshfwuxp duhd zloo vwd| lq wkh srvlwlyh +uljkw, kdoi0sodqh1

Wklug ghjuhh suhflvlrq lv uhdfkhg e| lqwurgxflqj d frpsoh{ sdudphwhu1
Ehfdxvh ri wklv/ hdfk htxdwlrq ri wkh jlyhq ghfrpsrvhg v|vwhp lv fkdqjhg
e| d sdlu ri uhdo htxdwlrqv/ xqolnh orzhu ghjuhh suhflvlrq vfkhpdv1 Wr vroyh
wkh vshfl�f sureohp/ +iru h{dpsoh, wkh pdwul{ idfwrul}dwlrq pd| eh xvhg/
zkhuh wkh frh�flhqwv duh wkh pdwulfhv ri wkh vhfrqg rughu/ xqolnh orzhu
ghjuhh suhflvlrq vfkhpdv/ zkhuh wkh frpprq idfwrul}dwlrq pd| eh xvhg1

Lw pxvw eh qrwhg wkdw wkh vxp ri wkh devroxwh ydoxhv ri frh�flhqwv
ri wkh dgghqgv ri wudqvlwlrq rshudwru Y +�, htxdov wr rqh/ xqolnh wkh kljk
ghjuhh suhflvlrq ghfrpsrvlwlrq irupxodv frqvlghuhg lq ^53`1 ehfdxvh ri wklv/
wkh frqvlghuhg vfkhph lv dxwrpdwlfdoo| vwdeoh iru dq| erxqghg rshudwruv
D�> D2> ===> D6=

Uhpdun= Wkh ghfrpsrvlwlrq vfkhph frqvlghuhg lq wkh suhvhqw duwl0
foh dqg wkh wkhruhp rq huuru hvwlpdwlrq ri wklv vfkhph zlwkrxw surri duh
sxeolvkhg lq ^;`1

Uhihuhqfhv

41 Fkhuqr� S1U1 Qrwh rq surgxfw irupxodv iru rshudwruv vhpljurxsv1 M1 Ixqf0

wlrqdo Dqdo1 5/ 4<9;/ ss1 56;05751

51 Fkhuqr� S1U1 Vhpljurxs surgxfw irupxodv dqg dgglwlrq ri xqerxqghg rshu0

dwruv1 Exoo1 Dphu1 Pdw1 Vrf1 :9/ 4<:3/ ss1 6<806<;1

61 Gld E1R1/ Vfkdw}pdq P1 Frpxwdwxhuv vhpl0jurxshv krorpruskhv hw dssol0

fdwlrqv dx{ gluhfwlrqv dowhuqhhv1 P5DQ/ Yro1 63/ q3/6/ 4<<91

71 Gldnrqry H1 J1 Gl�huhqfh vfkhphv zlwk ghfrpsrvlwlrq rshudwru iru Pxowl0

glphqvlrqdo sureohpv1 MQP dqg PSk/ 4<95/ Yro1 5/ Q 7/ ss1 644064<1

81 Iu|d}lqry L1 Y1 Lqfuhdvhg suhflvlrq rughu hfrqrplfdo vfkhphv iru wkh vroxwlrq

ri sduderolf w|sh pxowlglphqvlrqdo htxdwlrqv1 MQP dqg PSk/ 4<9</ </ Q 9/

ss1 464<046591

91 Jhjhfknrul ]1 J1/ Urjdyd M1 D1/ Wvlnodxul P1 D1 Kljk ghjuhh suhflvlrq ghfrp0

srvlwlrq phwkrg iru dq hyroxwlrq sureohp1 Plqvn/ Frpsxwdwlrqdo Phwkrgv

lq Dssolhg Pdwkhpdwlfv1 5334/ Yro1 4/ Q 5/ ss1 4:604;:1

:1 Jhjhfknrul ]1 J1/ Urjdyd M1 D1/ Wvlnodxul P1 D1 Vhtxhqwlrq0Sdudooho phwkrg

ri kljk ghjuhh suhflvlrq iru Fdxfk| devwudfw sureohp vroxwlrq1 Welolvl/ Uh0

:;



. Gl�huhqwdlo vfkhph ri kljk ghjuhh suhflvlrq 111 DPL Yro19 Qr14/ 5334

sruwv ri Hqodujhg Vhvvlrq ri wkh Vhplqdu ri L1 Yhnxd Lqvwlwxwh ri Dssolhg

Pdwkhpdwlfv1 4<<</ Yro1 47/ Q 6/ ss1 7807;

;1 Jhjhfknrul ]1 J1/ Urjdyd M1 D1/ Wvlnodxul P1 D1 Kljk ghjuhh suhflvlrq gh0

frpsrvwlrq phwkrg iru wkh qrqkrprjhqrxv hyroxwlrq sureohp zlw dq rshud0

wru xqghu d vsolw irup1 Exqhwlq ri WLFPL1 5334 Yro1 8/ ss1 4604;

<1 Jrugh}ldql G1J1 Rq dssolfdwlrq ri orfdo rqh glphqvlrqdo phwkrg iru vroy0

lqj sduderolf w|sh pxowlglphqvlrqdo sureohpv ri 5p0ghjuhh1 Surfhhglqj ri

Vflhqfh Dfdghp| ri JVVU/ 4<98/ Yro1 6/ Q 6</ ss 86808751

431 Jrugh}ldql G1J1/ Phodg}h K1Y1 Rq prgholqj pxowlglphqvlrqdo txdvl0olqhdu

htxdwlrq ri sduderolf w|sh e| rqh0glphqvlrqdo rqhv1 Surfhhglqj ri Vflhqfh

Dfdghp| ri JVVU/ 4<:3/y193/ Q 61 ss1 86:08731

441 Jrugh}ldql G1J1/ Phodg}h K1Y1 Rq prgholqj ri wklug erxqgdu| ydoxh sureohp

iru wkh pxow|glphqvlrqdo sduderolf htxdwlrqv ri duelwudu| duhd e| wkh rqh0

glphqvlrqdo htxdwlrqv1MQP dqg PSk/ 4<:7/ Yro1 47/ Q 4/ ss1 57905831

451 Jrugh}ldql G1J1/ Vdpduvnll D1D1 Vrph sureohpv ri sodwhv dqg vkhoov wkhupr

hodvwlflw| dqg phwkrg ri vxppdu| dssur{lpdwlrq1 Frpsoh{ dqdo|vlv dqg lw*v

dssolfdwlrqv/ P1= Qdxnd/ 4<:;/ ss1 4:604;91

461 Ldqhqnr Q1Q1 Iudfwlrqdo vwhsv phwkrg ri vroylqj iru pxowlglphqvlrqdo sure0

ohpv ri pdwkhpdwlfdo sk|vlfv1 Qryrvleluvn/ Qdxnd/4<9:1

471 Lfklqrvh W1/ Wdndqrex V1 Rq wkh Wkh qrup hvwlpdwh ri wkh gl�huhqfh ehwzhhq

wkh Ndf rshudwru dqg wkh Vfkurglqjhu vhpljurxs1 Qdjr|d Pdwk1 M1 Yro1 47</

4<<;/ ss1 860;41

481 Lrvlgd N1 Ixqfwlrqdo dqdo|vlv1 Vsulqjhu0Yhuodj 4<981

491 Ndwr W1 Wkh wkhru| ri shuwxuedwlrqv ri olqhdu rshudwruv1 P1=Plu/ 4<:51

4:1 Nuhlq V1 J1 Olqhdu htxdwlrqv lq Edqdfk vsdfh1 P1= Qdxnd1 4<:41

4;1 Nx}|n D1P1/ Pdndury Y1O1 Hvwlpdwlrq ri dq h{dfwlwxgh ri vxppdul}hg ds0

sur{lpdwlrq ri d vroxwlrq ri Fdxfk| devwudfw sureohp1 UDQ XVVU/ 4<;7/

Yro1 5:8/ Q5/ ss1 5<:06341

4<1 Pdufkxn J1L1 Vsolw phwkrgv1 P1= Qdxnd/ 4<;;1

531 Urjdyd M1D1 Rq wkh huuru hvwlpdwlrq ri Wurwwhu w|sh irupxodv lq wkh fdvh

ri vhoi0Dqgmrlqw rshudwru1 Ixqfwlrqdo dqdo|vlv dqg lwv dsolfdwlrq/ P1= 4<<6/

Yro1 5:/ Q 6/ ss1 ;70;91

:<
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541 Urjdyd M1D1 Vhpl0glvfuhwh vfkhphv iru rshudwru gl�huhqwldo htxdwlrqv1 Welo0

lvl/ Jhrujldq Whfkqlfdo Xqlyhuvlw| suhvv/ 4<<81

551 Vdpduvnll D1D1 Gl�huhqfh vfkhphv wkhru|1 P1= Qdxnd/ 4<::1

561 Vdpduvnll D1 D1/ Ydelvkfkhylfk S1 Q1 Dgglwlyh vfkhphv iru pdwkhpdwlfdo

sk|vlfv sureohpv1 P1/ Qdxnd/ 4<<<1

571 Whpdp U1 Txhotxhv phwkrgv gh ghfrpsrvlwlrq hq dqdo|vh phultxh1 Dfwhv/

Frqjuhv/ lqwhuq1 Pdwk1/ 4<:3/ Q6/ ss1 644064<1

581 Wurwwhu K1 Rq wkh surgxfw ri vhpljurxs ri rshudwruv1 Surf1Dphu1 Pdw1 Vrf1

43/ 4<8</ ss1 87808841
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