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Abstract

In the present work symmetrized sequential-parallel decomposition method of the
third degree precision for the solution of Cauchy abstract problem for the nonhomoge-
nous evolution equation is offered. Third degree precision is reached by introducing a
complex coefficient. For the error of approximated solution the explicit a priori esti-
mation is obtained.
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1. Introduction

The study of the approximated schemes of solving of evolution problems
leads to the conclusion that to each approximated scheme there corresponds
a definite operator (solving operator of a discrete problem), which approxi-
mates a solving operator (semigroup) of a source continuous problem. The
opposite is also true: Constructing approximation of a continuous semi-
group, we build an approximated scheme of a solution of an evolution
problem.

For example, if we apply Rotte’s method for a solution of an evolution
problem, a solving operator of the obtained difference problem will be a
discrete semigroup and we come to a problem of approximating a continuous
semigroup with the help of discrete semigroups (in this case see T. Kato
[16], Ch. IX).

In case of applying a decomposition method, the solving operator of the
applicable decomposed problem generates the Trotter formula, (see Trotter
H. [25]) or the Chernoff formula, (see Chernoff P. R. [1,2]) or a formula,
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which is a combination of these formulas. Therefore, the error estimation
of a decomposition method is equivalent to a problem of approximating of
a continuous semigroup using Trotter type formulas. Papers [13,14] (see
also [21], Ch. II) are dedicated to the error estimations of Trotter type
formulas.

The scheme of decomposition, associated with the Trotter formula, al-
lows us to split Cauchy problem for an evolution equation with an operator
A= Ay + Ay + ... + Ay, to m problems correspondingly with operators
A1, Ag, ..., Ay, which are solved sequentially on each time interval with the
length t/n.

The decomposition scheme, associated with the Chernoff formula, is
known as a method of fractional steps (see N. N. Tanenko [13]).

As it is known, the decomposition method is sufficiently general for ob-
taining economical schemes for the solution of the multidimensional prob-
lems of mathematical physics. They can be divided into two groups: the
schemes of sequential account (N. N. Ianenko [13], A.A. Samarskii [22],
Marchuk G. I. [19], A. A. Samarskii, P. N. Vabishchevich [23], I. V. Fryazi-
nov [5], E. G. Diakonov [4], Temam R. [24], D.G. Gordeziani [9]) and the
schemes of parallel account ( D. G. Gordeziani and A. A. Samarskii [12], D.
G. Gordeziani and H. V. Meladze [9,10], A. M. Kuzyk and V. L. Makarov
[18]). In [21] (see Ch. II) the explicit estimations for decomposition schemes
of the parallel account are obtained, which were considered in [11]. At
present, there are many works dedicated to the decomposition method (see
references [18,22]).

In the above-stated works the schemes considered are of the first or
second degree precision. As far as we know, high degree precision decom-
position formulas in case of two addends (A = A; + Az) for the first time
were obtained in [3].

In the present work a symmetrized sequential-parallel decomposition
method of the third degree precision for the solution of the Cauchy ab-
stract problem with operator A = A; + Ay + ... + A,, is presented. For
the considered scheme the explicit a priori estimation is obtained. Under
explicit estimations we understand such a priori estimations for an error
of solution, where the constants of a right member do not depend on a
solution of an initial continuous problem, i.e. are absolute.

2. Setting of the problem

Let us consider the Cauchy abstract problem in the Banach space X :

du(t)
dt

FAut) = f(), t>0, u(0)=p. (2.1)
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Here A is a closed linear operator with the domain D(A), which is every-
where dense in X, ¢ is a given element from D (A4), f(t) € C'([0;00); X)
and for every fixed t, f(t) € D(A).

Suppose that (—A) operator generates a strongly continuous semigroup
{exp(—tA)},~(, then the solution of the problem (2.1) is given by the fol-
lowing formula (see [14,16]):

u(t) = Ut, A)p + | U(t —s, A) f(s)ds, (2.2)
/v

where U(t, A) = exp(—tA).

Let A= A1+ As+ ...+ Ay, where A; (i = 1,2,...,m) are compactly
defined, closed linear operators in X.

Let us introduce a difference net domain:

wr ={tp=kr,k=1,2,...,7 > 0}.

Suppose that f (t) € C?([0,00); X). Along with problem (2.1) we con-
sider two sequences of the following problems on each interval [tg_1,tx] :

dvl(t
(;“t( ) + aAlv,%(t) = %f(tk) — 201tk — t) f' (tr),
U,lf(tk_l) = Uk—l(tk—l)v
dvit(t :
kdt( ) + ozAz'HUZH(t) = %f(tk) — 20341 (tk — 1) ' (tk),
) = ), = Leam—2,
dvi (t) + Apu™(t) = lf(t ) = 20m(ty — t)f (t)
dt A o
vR(te1) = o (),
PO a
kT + Ay oy () = —f(tk) = 20m4i(te — 1) f (),
) = TN, = Lm 2
dv?™ (¢ «
kT() +adim () = %f(tk) — 2091 (tk — t) f (tr)
tp —t)?
P2 ),
G teer) = o™ ()
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dwi(t) et

pr aApmwi(t) = —f(te) = 201 (t — t)f' (),
wi(te—1) = up—1(te—1),
dwiT(t) ’ a
kdit +adywi (1) = —f(te) = 20341 (ts — ) f' (),
w?rl(tk—l) = wlZf(tk)u t=1,..,m=2,
dwi*(t 1
EO L avp ) = (k) - 20t - 0 1)
wit(te-1) = wp (),
dw™ (¢ : @
Wb O Gt = Z ) — 2t — 07 (1)
dt ‘ m"
A A B AR (79 ) i=1,....,m—2,
dw?™ 1) B a
’fT +adpwimH(t) = —f(tk) = 20m 1t — 1) f ()
tp —t)?
+ D gy,
wp™ Nte1) = wim TR ().
Here o1, 09,..., 09,1 and « are numerical complex parameters,

Re(a) >0, up(0) = ¢.

Suppose that (—A4;), (—aAd;) and (=@A4;) (j =1,2,...,m) operators
generate strongly continuous semigroups.

On each [ty_1,tx] (k= 1,2,...) interval ug(t) are defined as follows:

upt) = 3™ 1) + wdm (],

We consider the function ug(t) as an approximate solution of the prob-
lem (2.1) on the interval [tg_1, tg].

The above-stated scheme in case of m = 2 addends for the homogenous
equation is considered in [7] and for the non-homogenous equation in [6].

We will need natural degrees of the operator A = A; + Ay + ... +
Ay (A% s=2,3,4).In case of two addends (m = 2) they are defined
as follows:

A? = (AT + A3) + (A1 42 + AsAy),
A% = (A} + A3) + (ATAg + ..+ A3 A1) + (A1 42 Ar + AsAq Ay)
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At = (AT 4+ A9) + (ATAr + ..+ A3 Ay)
+ (ATAg Ay + .+ AFAAg) + (A1 A2 A1 Ay + As A1 AsAy) .

Analogously are defined A® (s = 2,3,4) when m > 2. Obviously, the do-

main D (A?®) of the operator A® is the intersection of the domains of its
addends.

Let us introduce the following definitions:

lella = l[Arpll + . + [[Amell,  » € D(A),

lellaz = D Il4idjell,  w € D(A%),
2,7=1

where ||| is a norm in X, similarly are defined ||¢|| 4. (s =3,4).

Theorem. Let the following conditions be satisfied:

a)oz:%:l:i%\/g (i =v-1) ;

b) (—v4;), y=Lao,a (j=1,2,...,m) and (—A) operators generate
strongly continuous semigroups, for which the following estimations hold
correspondingly:

107 AI| < e,

|U(t, A)|| < Me*t,  M,w = const > 0;

)
¢) Ul(s,A)¢ € D (A*) for every fized s > 0;
d) f(t) € C%([0,00); X); f(t) € D(A%), fF(t) e D(A*F), k=12,
and U (s,A) f(t) € D (A*) for every fized t and s (t,s > 0);

e)’m>2, O-j:617 O'ngg, O-m+j:63 (.]: 1,2,...,?71—1)’

~ 1
78 = 2[(9m +1)a —3m]’

—0'1—53.

~ ~ . 1
o1 = (9a — 4) 73, o2 =g

Then the following estimation holds:

lu(tr) = un(ti)l| < ce=o ( sup |[U (s, 4) @] 44
s€[0,tx]

+tp sup [[U(s, A)f (8)][ 45 + sup [|f(£)] 4
5,t€[0,tr] t€[0,t]

b sup [ F0e+ s [0, + s Hf'"uw),
] t€[0,t] |

te[0,ty itk Lk

where c,wy are positive constants.
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3. Auxiliary Lemmas

Let us prove the auxiliary Lemmas on which the proof of the theorem is
based.

Lemma 3.1. Let the conditions a), b) and c) of the theorem be satisfied,
then the following estimation holds:

|0t 2) = VE (@] | < cetitir® sup U (s, 4) ol

s€[0,tx]

V(r) = % U (1, @A) U (@ Am 1)U (7, Ap) U (7, 0 1) .U (7, aAy)

+U (1,0Ap) ..U (1,@A2) U (1, A1) U (1, 0A9) ..U (1, 0An)]

here ¢ and wg are positive constants.
Proof. According to the formula (see Kato. T. [1], p. 603):

i
AU A)ds =V A) -U(t4), 0<r<t,

we can get the following expansion:

k—1 ;
o
U(t,A) = (_1)ZEAZ + Ry (t, A), (3.1)
i=0 ’
where
t) 81 Skfl
Ri(t,A) = (—A)k/ / / U(s, A)dsdsg_...ds;. (3.2)
00 0

Let us suppose that 7'(7) is a combination (sum, product) of semi-
groups, generated by operators (—vyA;) (i = 1,2,...,m). Let us decompose
all semigroups included in the operator 7' (7) according to the formula
(3.1), multiply these decompositions, group together similar members and
define the coefficients of the members (—7A;), (TQAZ'A]') and (—TSAiAjAk)
(4,j,k =1,2,...,m) to be correspondingly [T'(7)];, [T (7)]; ; and [T'(7)]
in the obtained decomposition.

If we decompose all semigroups in the V(1) from right to left according
to the formula (3.1) so that each residual member is of the fourth degree,
we get the following formula:

Z'7j7k

V() =T—-7Y V(O Ai+72 ) [V (1)), Ai4;
i=1 4,5=1
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73 N WV ()] A A+ RYV (1) (3.3)
i,5,k=1

where according to the first inequality of the condition b)) of the theorem

the following estimation is true for Rim) (1):
[RE )| < et hollae, 0 e D(4Y). (3.4

It is easy to show that if m = 2, then

V(ni=1, (3.5)
V(Tli,; =1/2, (3.6)
4 (T)L]k =1/6 (3.7)
and 1
R (1) = 5 [Riz (1) + Raa (7))
where

)

1
R; j (1) = Ra(1,@0A;) — TR3(T, @A) Ay + §TQR2(T, aAi)Aﬁ

1
_673R1(T, QA;) AT + +U (7,0 4;) Ra(7, Aj) — a7 Ry (7,0 4;) A;
+at?Ry(T, aA;)A;A; — %QTSRI (T, 5Az’)A?Ai — arU(7,0A;)Rs(T, A;) A

1 1
+§a272R2(7, QA A? — §a273R1 (1,@A;)AjA?

1 1
+§a2T2U(T, QA;)Ra(T, Aj) A2 — 6a3T3Rl (t,@A;) A2

—éagTSU(T, aAi)Rl(T, AJ)AZS + U(T, aAZ)U(T, Aj)R4(7', OéAZ'), i,j = 1, 2.

Now let us consider the case, when m > 2.
Let us introduce the following definitions:

Vi(r) =U (1,@A;) ..U (1,@Apm—1) U (1, Am) U (T, 0App—1) ..U (T,0A47) ,

Vo(r) =U (1,a@Ap) ..U (1,@A2) U (1, A1) U (1,aA2) ..U (T, 0Ay,) .
Then it is obvious that:

V() =

(2

(Vi(n)]; + Ma(m)l),  i=1,2,..m,

DO =

o1
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Vs =2 (Vi + W@, =12,

V g = 5 (G ONigu + 1a0lin) s 6k =12,m.

Let us compute coefficients [Vi(7)],. Obviously, we get the correspond-
ing members of these coefficients from decomposition of only those multi-
pliers (semigroups) of the operator V; (1) which are generated by operators
(—vA;i). Only the first addends (identical operators) will be used from
decomposition of other semigroups . So we have:

Vi)l = U (1, A)]; = 1.

Analogously
Va()l; = [U (1, 4))]; = 1.

So we have

V), =1, i=12,..m.

Let us compute coefficients [Vi(7)]; ;. Obviously, we get the correspond-
ing members of these coefficients from decomposition of only those multi-
pliers (semigroups) of the operator V; (7) which are generated by operators
(—vA;) and (—yA;). Only the first addends (identical operators) will be
used from decomposition of other semigroups . So we have:

Vi()li; = U (1,@Ai) U (7, Aiy) U (7,0 Aiy)] ;-
Analogously

Va(r)li; = U (1,@Ay) U (7, Aiy) U (7,0 As)]; 5,
where (i1,42) is a pair of 7 and j indices, arranged in an increasing order.
According to the formula (3.6) we have:

.
[V(T)]i,j =5 HI= 1,2, ...,m.

Let us compute coefficients [Vi(7)]; ;. Obviously, we get the corre-
sponding members of these coefficients from decomposition of only those
multipliers (semigroups) of the operator Vi (7), which are generated by
operators (—yA;),(—yA;) and (—yAg). Only first addends (identical op-
erators) will be used from decomposition of other semigroups . So we have:
[‘/1 (T)}i,j,k = [U (7—7 5142'1) U (7—7 aAiQ) U (7—7 A23) U (7-7 aAiz) U (7-7 aAh)L’,j,k :
Analogously

“/2 (T)LQJ'J? - [U (7, aAiS) U (r, 5142'2) U (r, AH) U (r, aAiz) U (r, aAi3)}z’,j,k )
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where (i1,19,13) is a triple of ¢,j and k indices, arranged in an increasing
order.
First of all, let us consider the case when ¢ = j = k,we have:

Vi) = U (7 Ai)l; 55 = é
and ;
[VQ(T)]i,j,k =[U (7, A’)]”Z T 6

Now let us consider the case when only two of 7, j, k indices are different.
In this case we have:

[Vi (T)}i,j,k = [U (7—7 aA’il) U (7—7 Al2) U (7—7 aAil)}i,j,k
and

[‘/2(7')Lgk =[U(r,@A;,) U (1,A:,) U (7, aAiz)L’,j,k'
where (i1,42) is pair of different indices of 7,5 and k triple, arranged in an
increasing order. According to the formula (3.7) we have:

Vi =5

Now let us consider the case when i, j, k indices are different. We have
six variants. Let us consider each one separately:
Case 1. If : < j < k, then

Vi(); i = U (1,@A) U (1,04;) U (1, Ap) U (1,0 45) U (T, 0 Ai)],

= [U (1, @A)]; [U (r,34;)]; [U (1, Ap)],, = &

J

and

[%(T)}i,j,k = [U (7’, aAk) U (7’, aAj) U (7', AZ) U (7’, OéAj) U (7‘, OzAk)L%k

= [U (1, 4)}; U (m,a4))); [U (1, 0Ap)]; = o®.

So we have 1
(a2 + 62) = é

DO =

[V(T)]i,j,k =

Case 2. If i < k < j, then
ViD= [U (R @A) U (7,84 U (7, 47) U (7, AR) U (7,040,

= U (r,adi)); [U (7, 45)]; [U (7, aAp)]), = a@
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and
Va()], 0 = U (n@A) U (R &AL U (1, A) U (7, a4 U (7,04, = 0.
So we have
1 1
V(Dlige = 500 =5
Case 3. If j <7 < k, then
[‘/1 (T)L',j,k = [U (7-7 aA]) U (7-7 aAl) U (7-7 Ak) U (7-7 aAZ) U (7—7 aA]')L',j,k =0

and

[%(T)}i,j,k = [U (T,@Ak) U (T,@Ai) U (7', Aj) U (7’, OzAZ') U (7‘, aAk)L‘,j,k

= U (1, ady); [U (7, 4;)]; [U (1, adg)];, = aa.

So we have

aa =

V()] H

DO =

ijk =
Case 4. If j < k < ¢, then

VAT = U (1,@Ay) U (1,0AR) U (1, 4) U (7, 0 Ay) U (1,045)]; 5. =0

47,

and
[VQ(T)LM = [U (1,a4;) U (1,@A) U (1,A4;) U (1,0A1) U (7, aA,»)}M’k
= [U (1, a4)]; [U (1, A45)], [U (7, 0Ay)]}, = 0.

So we have

Case 5. If k£ <1 < j, then

[%(T)}i,j,k = [U (T,@Ak) U (T,@Ai) U (7', Aj) U (7’, OzAZ') U (7‘, aAk)L‘,j,k
= [U (1, @A)]; [U (1, 45)]; [U (7, ¢ Ag)];, = 0@
and

Va(7); jx = U (T, 0A4;) U (1, @A) U (7, Ap) U (1,0 4i) U (7, aAy)], 4. = 0.

So we have L
V()ige = 500 =
Case 6. If £ < j <4, then
[Vl(T)L-%k = [U (1,aA) U (1,0A;) U (1,A;) U (1,0A4;5) U (T, 0 Ay,)]

i7j7k

o4
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= [U (1,4)); [U (7, 04))); [U (7, aAp)]), = o”
and
[VQ(T)]i’j’k = [U (1,a4;) U (1,@A;) U (1, Ap) U (1,04;) U (T, aAZ-)]m,k
= [U (1,aA)]; [U (r,@Ay)); [U (1, Ap)]), = @

So we have

V()i jk = % (a? +a%) = %.

Finally, for any triple (4, j, k) we have:
1
Vi =5
(3.

Inserting the obtained coefficients into (3.3) we will get:

_[_TZA + TQZA,AJ__TS S A+ R ()

27.7 1 ,]k 1
_I—TZAJr =7 (ZA,) - (ZA) + R (1)
:1_7A+%TQA2—ET3A3+R§”L> (7). (3.8)

According to the formula (3.1) we have:

U(r,A)=1—-71TA+ 272A2 7'3A3 + Ry (1, A). (3.9)

6

According to the second inequality of the condition b)) of the theorem
the following estimation is true for Ry (1, A):

|Ra (7, A) oll < ceTr* || Atp| < ceTr" ]| ga - (3.10)
According to the formulas (3.8) and (3.9) we have:
U(r,A) =V (r) = Ra(r,A) = B" (7).

Hence using inequalities (3.4) and (3.10) we can get the following estima-
tion:

U (1, 4) =V (1)] ol < ce2 7% [|op]| ga - (3.11)

According to the property of a semigroup we have:
Ut 4) = VE ()] @ = [UF () - VE ()]
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k
=) V() [U(rA) -V OIU (i -1)74) ¢
i=1

Hence according to the inequality (3.11) and the condition b) of the theorem
we can obtain the following estimation:

ot )= v @]

<ZHV WU (7, A) =V (D] U (= 1) 7, A) |
k
Z Tee T4 ||U (i = 1) 7, A) @] 4a

k
< ceolr Tt Z U ((i = 1) 7, A) @] ga
i=1

< ce* 73 sup U (s, 4) || 42 - W
s€lo,tk]

Remark: The operator VF (1) is a solving operator of the above
considered decomposed problem. It is obvious that according to the condition
of the theorem (U(t,yA;) < e*t)

ol e

where w1 = (2m — 1)w. From here follows the stability of the above-stated
decomposition scheme on each finite time interval. B

For the constructing of the solution of the decomposed system we will
need to introduce the following operators:

Vi (r,t) = U(r,ady) ..U (r,@Am-1) U (1, Ap) TOU (t,04;) ,
i o= 1,2,..,m—1,

m—i—1
7= [ Ur,0dmy), i=1,..m-2, T" V=1,
7j=1

ViV (r,t) = U(r,@dm)..U(r,ady) U (7, A) TSU (t, adm_ii1),

i = 1,2,.,m—1,
m—1

) =[[U(r,a4y), i=1..m-2 1" V=1,
j=2
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V™ (1,4) = U (r,a@A1) U (1,@A2) .U (T, 0Am—1) U (t, A) ,
V™ (7,4) = U (7,8Am) U (1,8 Am_1) ..U (1,@A) U (¢, A7),

m—i—1
Vit ey = T Urad) | Ut adn ), i=1,2,.,m-2,
j=1
' m—i—2
vty = [ Una@Am ) | Ut GAL), i=1,2,.,m—2,
=0

VY () = U (@A), VTV (6) = U (4, @A)

2m—2
W 1 .
(7—7 t;al,...,OéQm_l) = 5 E Oé]‘/l(]) (7_’ t)
i-1

2m—2
+ 20 ) () + e T () 4+ e VT ()
j=1
Lemma 3.2. If the conditions a) and b) of the theorem are satisfied
and f(t) € C3([0,00); X), then at the point t = tj the solution of the
decomposed problem may be written as follows:

k
u () = VE(r)p + S VI F, (3.12)
i=1
where .
k
F® = / W (T, t) — 8,Q1, ..., @z 1) f (tp)ds
tho1
b
a / W(T,tk _570—17'“70—277%*1)2(1;’6_ S)f/(tk)ds
th1
m— m— —°
N / . [VI(Q Dt — ) + V™D (4, — s) ka”(tk)ds. (3.13)
th1

Proof. Tt is clear, that according to the formula (2.2) for the decom-
posed system we have:

vl (te) = U (1,04;) v " (t)

o7
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tr
+ / U (ty, — s,aA;) .]?j,k (s)ds, j7=1,2,...m—1,
tho1
g
() = U (Ao )+ [ U (b= 5 Am) P (),
thos
o (k) = U (ry @Am—g) o 7 (t)
g
+ / Uty — s, @Am—j) fm+j7k (s)ds, j=1,2,..m—1,
tho1

where

Fin(s) = %f(tk) — 20t — ) (te), F=1,2,...m—1,

Fns (5) = = F{t1) = 20m (15— )" (10,

fm—‘rj,k (5) = %f(tk) - 20m+](tk - S)f/(tk)7 ] = ]-7 27 ey M — 27

Fam1:(5) = = (1) = 2001 (8 = ) (0) + (tx —5)°

2
vp (t) = w1 (tk-1), o (0) = .
Hence we have:
o™ (tk) = Va7 )up—1 (tr—1)
om—2 % 2
+ Z / V9 (7, — s) fik(s)ds + / VEY (4 — s) Jom—1k (s) ds
=14, tho1

th1 j=1
nlg a
m-+7 2m—1
2 V" (1t = )+ VI (4 8) | f (t) ds
]:

t’? m—1
+ / (Z 20’jV1(J) (T,tp — 8) + 2amV1(m) (T, — 8)
. o

o8
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m—2
+ 37 200 VD (1t — 8) + 200 VTV (b — 5) | (i — 5) f (1) ds
=1

73
- t — s)?
s [ - B s (3.14)
tho1
Clearly the analogous formula is true for the wimfl (tr):

wi™ ™ () = Va(T)ug-1(te-1)

e rmo1
« 7 1 m
+ / <ZEV2)(T’tk_S)+E‘/2( )(T,tk—s)
th 1 i=1

m—2 _ —

QO (i a T

+ Z EVQ( +9) (Tt — 8) + EVQ(Q b (tx —s) | f(tg)ds

j=1

Ly

+
L\

m—1
Z 20]-V2(J) (T,tp — 8) + 2amV2(m) (T,tp — 8)
j=1

m—2
+ 37 2004 V2 (1t — 8) + 200ma Voo (b — 5) | (i — 5) f (1) ds
j=1

e e
+ / VA (1 — s) %f”(tk)ds. (3.15)

te—1

From the equalities (3.14) and (3.15) we obtain:
2 : ; 2
up (k) = V(T 1 (1) + D = VR + Y VE(ED . o
i=1

Lemma 3.3 Let the conditions a)) and b)) of the theorem be satisfied,
then the following estimation holds:

.
/ (U (t,A) = W (T, t;a1, ..., agm_1)] pdt|| < ce*°Tr* lellas ¢ €D (A%),
0

where

a/m, j<m,
aj = 1/m, j=m,
a/m, j>m,
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here c,wq are positive constants.

Proof. If we decompose all semigroups in the W (7,¢; a1, ..., ¢2m—1)
from right to left according to the formula (3.1) so that each residual mem-
ber is of the third degree, we get the following formula:

2m—1
W(T,t;al,...,agm 1 E Oél — T E Tt;al,...,agm_l)]iAi

+7° Z W (7.t a1, .., aom—1)]g ; ApAi + Rs (1, 1), (3.16)
ki1

where the following estimation is true for §3 (1,t):
T
/R‘s (1,t) pdt| < ce*T7* [|g|| 43, @ € D (A%). (3.17)
0

In case of two addends (m = 2) the residual member is explicitly written
and estimated in [25].
According to the addition property of [-]; and [-]; operations we have:

(W (T, t; 00, e, 2m—1) 2’"212% [ L
=
+ Qi_Qaj V2 (0 0)] 4 o [V ()] 4 ag [V (0]
= (3.18)
2m—2
W (T, t; a1, .., aom—1)]; = % Z a; [Vl(j) (T, t)L“
=1 ’
3 0 [ ), s [H0 0] [ 0,
j=1 ’ ’ ’

(3.19)
Let us compute the coefficients [Vs(j) (1, t)} (s = 1,2) including in the
formula (3.18). Clearly, we have:

U (1,aA;) U (1,04;)];, = U (1, 4)], =1, j<l,

' U (1,a4;) U (t,aA;)];, =a + at/T, j=1,
[@wﬁ@]: U (r,a4)); = a, l<j<2m—I,
' [U(taaAZ)L:a/Tv j=2m—l,

0, 7 >2m—1,
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where 2 =3s,...m—2+4+s, j7=1,.,2m—2; [ =14, when s =1 and
l=m—141, when s = 2;

. U (1, A))], =1, j<m,
Vo (r, t)L = O[U (A, =t/r, j=m
l ’ .] > m,

where j7=1,....2m —2; [ =m, when s=1and ! =1, when s = 2;

{VS(Qm—l) (t)L = { O[,U (t, @A), = at/, iijéll:

where [ =1, when s=1and ! =m, when s = 2.
For 2 <i <m — 1 according to these formulas from the formula (3.18)

we get:
i1
2[W (7,01, qzm-1)]; = Y [V (1] oy + [V (1,0)]
2 7
=1
2m—i—1
+ Z Vl(]) (1,t } aj + {V(Qm 2 (T t)} Qi
j=i+1 !
m—1
+ Z [VQO T, t } Qa; + {V(m +1) (7', t):| Qi1
J=1 ‘
m-+i—2 ] ]
+ Vi ()] oy + [ (0] ames
j=m—it2 ¢ !
i1 p 2m—i—1 p
- Zaj + <a+ oz;) a; + Z qaj + T —amm—i
7j=1 j=i+1
m—1 + m-+i—2 +
+ Z a; + <a+ Oé;) Om—it1 + ' Z aqQ; +5;Oém+i
j=1 j=m—i+2
i—1 " 2m—i—1 "
:Zaj+<a+a;> Zozozj+ozozm+ > qaj + T agm-i
Jj=1 j=i+1 j=m+1
" m—1 m—+i—2 "
+ Z a;+ <a + a— ) Op—it1 + ' Z Qo+ oy, + ' Z [e¥e +a;am+,»
j=m—i+2 j=m+1
Q — 1 moitl g a_t
—Znﬁa(‘”“) Za LD D
j=m+1
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m—1 m—1 m—+i—2 _
a _ a_ 1_ a_  a_t
+ —+—|a+ta— |+ —a+ —a+ E —a+ —a—
- m m . m m T
7j=1 j=m—i+2 j=m+1

Let us integrate this equality from 0 to 7, we obtain:

/T W (7, 651, ooy Qi )], dt = =7 <(mn: Dy % @ + %))
0

1 ~1) 1\ 1
:_T<M+_>:§T, 2<i<m—1.

[\

2 m m
Let us consider the case, when ¢ = 1:
2m—2
2[W (7,1, .., am1)]y = [Vu) } ay + Z { v (7 } o)

n [Vl(gmfl) (r, t)} 1 Qom 1+ mzl [VQ(j) (1, t)L aj; + [ng) (T, t)} . Qm,
=1

" 2m—2 m—1 t
=<a+ T>a1+ > aa3+a Qom-1 + Y 0 + —om
J=2 Jj=1
+ m—1 2m—2 m—1
= (a—i-ozT) 041+Zoz04]+ozozm+ Z 0404]—4—04 Qo 1—1—204]4- Qo
Jj=2 J=m+1 Jj=1
a <_ t> 1. R, At 1t
=—|lat+a— )+ aq+ —a + Z —a” + —a— + o+ ——
m T m ) m T mT
j=2 J=m+1 J=1

Integrating this equality from 0 to 7 we obtain:

/T . Noar= L (1y2),m=1 ]
T Oy ooy 2y —1 2m 3 3 T o 7'—27'.
0

Analogously we get

r 1
/ W (T, t; 01, ..., 0 —1)],,, dt = 57.
0
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Finally we have:

/ W (T, t;aq,...,00m1)];dt = =7, i=1,2,..m. (3.20)
0

Let us compute the coefficients [Vs(j) (T, t)} "y (s = 1,2) including in the

’

formula (3.5). Clearly, we have:

( [U (7—7 aAZ) U (7—7 aAl)L,z = [U (7—7 Al)]z,z = 1/27 J <l

U (1,@A) U (t, Ay, ; = 1/20% + o*t?/ (277)
o) B +aat/T, j=I,
[Vs (7, t)LZ. = U (T,aAi)]m- =1/2a2, l<j<2m—1I,
U (t,adi));,; = a’t?/ (27%), Jj=2m—I,
0, Jj>2m—1,

\

wherel =4, whens=1andl=m—¢4+1,whens=2; ¢1=s,....m—2-+
s, j=1.,2m—2;

, [U (7, A1), =1/2, J<m,
VO @] =3 WA=/ @),  j=m,
7 0, j>m,

where l =m, when s=1and (=1, when s=2; j=1,..,2m — 2;

_ [ U ®aA)], =k (2%, i=l,
_{0, i #1,

where [ = 1, when s =1 and [ = m, when s = 2;

el

[U (1,@Ax) U (T, AZ)],“ =aQ, Jj <l
[U (1, @A) U (1,aA;) U (¢, aAi)]k,i
—92 — .
(3) _ =a” +aat/T, j=1
[VS (7, t)} ki [U (1,@Ag) U (T, EAZ')}M =a?, l<j<2m—I,
[U (1,aAr)U (t,@Ai)}kﬂ- =at/T, j=2m—1,
0, J>2m—1,

\

where i, k=1,.m—1, k#4i j=1..2m—2; | =1, when s =
landl=m —1¢+ 1, when s = 2; also k <¢ when s =1 and k£ > ¢ when

s =2;
| U (7, A U (7,04, = a <l
[Vs(” (r, t)} =S [U(r AU (t,ady)),,; = at/r,  j=1,
ki 0, j>1,
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where i, k=1,..m—1, k#i j=1,...,2m—2; [ =14, whens=1
and [ = m —1¢+ 1, when s = 2; also k >4 when s =1 and k¥ < ¢ when
s =2;

' [U (1, 0A) U (1, A1), = @, Jj<m,
VI @] =4 UEEA)U A =atT,  j=m
" 0, Jj>m,

where k=s,.m—2+s, j=1,...,2m —2; | =m, when s =1 and
[ =1, when s = 2;

[Vl(Qm*” (t)} = [VQ(Q’“’” (t)} =0, k#i.

k,i

k,i

For 2 <i <m — 1 according to these formulas from the formula (3.19)

we get:
i—1 )
2[W (1, t;aq, ..., aam—1) Z { (j) } ¥ + {Vl(z) (T, t)} e
]:1 7 272
2m—i—1
+ Z [Vl(j) (1, t)} o+ [Vl(Qm 9 (T t)} 0
- 1,1 1,8
Jj=i+1
m—1
> ) e+ W (0] anin
= [X) 2,2
m+i—2 ] ]
+ Vi )] e+ W D) ams
jem—it2 1,7 1,1
i—1 2m—i—1
1, 1 5t _t 1 1 t
_2204]4-04, <§oz tgo g tan_ |+ Z T + S
7j=1 j=i+1
m—1 1 1 ) 1 ) _t m-+1
+ : §Oéj+04m i+1 2a + 2a B +0404; + Z Fo;Q +2Oém+204 2
=1 j=m—i+2
1,82 A=
—Z aﬁaz( L >+ Y 0
j=i+1
1 2m—i—1 1 9
+§ozmoz + Z S +§a2m,la 5
j=m+1
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m—i

1 1, 1,82  _t w1
+ Z 5% T Qi1 (5042 + §a2ﬁ + ozoz;) + ‘ 0425043
j=1 j=m—i+2
,1 mEZ 1 1,82
+a §am + « 504] + 5& —5 Qmti
j=m+1
1—1 m—1
_ ! a1l 4 1, _t la_,
=Y g o (et getg ranr )+ Y 3o
j=1 j=i+1
2m—i—1
+2ma + Z om + o 72
j=m+1
m—i m—1
+22m+m<2 +50' 5 +a T>+ Z 5
j= j=m—i+2
1 myi? 5 a t
) @, ol
+2ma + Z om + o 72
j=m+1
(m—1) n 1 1_+ 2t
= —|=a+=-a—|.
3m m \ 3 3 T

If we integrate this equality from 0 to 7, we obtain:
-

1 -1 1 /1 1 1
/[W (1.t a1, ---7042m—1)]z',i dt = 57 <m + — <—a+ —a>> ==T.

3m m \ 3 3
0

Let us consider the case when ¢ = m:

2(W (1,601, 0 Qm ] = D |V (7,1)]

m
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2 2 ~
2m—2 1 t2
+5Eam Y 5T+ 5T oo
j=m+1
’”le L S SP B
= —a —a | 0"+ -a"— + aa—
= 2m 2mT2  m 2 2 2 T
m—1 2m—2
™ 2maa ™ ma ™ Z 2 +2ma T2
J=2 j=m-+1
m—1 12 1 1_2+1 £, aat
= — —— + —a| o —a— + aa—
2 2mT2 m 2 2 2 T
m—-2 5, 1 _, -2 4 1 4t
T P i s w s e,

— 1 1 /1 1 .2 t 1 . t?
- =2 —2 3 2— —3
= @+a>+%;3+—<5 tymta _+“lﬁ>

m—1+1t2+1 1_+1t
=—+——+t—|za+tza—|.
3m 2m 712 m \6 37

If we integrate this equality from 0 to 7, we obtain:

r 1 m—1 1 1 /1_ 1
/ [W (77t7a17 --'7a2m71)]m7m dt = 57— <3—m + 6_m + E <604 + 60&)) = 67’.
0

Analogously we obtain that,

r 1
/ (W (1, t; 0, ..., agm_l)h,l dt = ik
0

Finally we have:
.
/ W (T, t;a1, ..., a2m—1)]; , dt = ik i=1,2,---,m.
0

Now let us compute the coefficients 2 [W (7,t, a1, ..., agm—1)]},; in case,
when k£ < i, where k =1,2,....m—1and ¢ =2,3,...,m:
ST (0
20W (rt 0, e 02 Dl = 2 VIV (0)] g+ [V (0)] o

’ ’

Jj=1
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2m—i—1

+ Y [P @] e+ [V 0] aom
j=itl : )

m—t

i [VQ(j) (, t)} L + [%(m—i-&-l) (, t)} L Omoit

i=1 ’

i

3

+i—2
+

{VQ@ (7, t)} R 8T {VQ(eri) (r, t)} i
Jj=m—i+2 ’

i

i—1

= Zaaj + <62 + o@é) a; + Z 52%-

j=1 j=i+1

" m—i "
+E Qi + E o + =yt
T 1 T
J:

m—1
a =2 =t 2
:Zaaj+ a” + aa— 042-+Za04j+aam
— T et
2m—i—1

m—i

t t

—2 —2

+ E a“a; +a ;agm,i + E aa; + a;am,iﬂ
j=m+1 j=1

m
Um%—U4+14£ (m—i) 5 1 5t
m T m T
(m=1) 1 (_ -t
= - —_ 2 _ i
3m + 3m a+ aT
Integrating this equality from 0 to 7 we obtain:
[ 1 1
/nvmumwﬁmnmmﬁziTCﬁ%>+§_m+aoz_ﬂ
0



AMI Vol.6 No.1, 2001 Z.Gegechkori, J.Rogava, M. Tsiklauri

where k < i, k=1,....,m—1and ¢ = 2,3, ..., m. Analogously we can obtain
same equality, when & > ¢, k = 2,3,...,m and ¢ = 1,....,m — 1. Let us

compute the coefficients 2 [V (7, ¢, a1, ...,agm,l)}km ,k=2,...m—1:
m—1 ] ]
20W (rti 00, g = D VIV (0] o+ [ (10)]
j:l ,m ,m
2m—i—1 ) @ N
+ Z [Vlj (T, t)} k7moz + [Vl " (1, t)} . Qom—i
j=i+1
+> @]+ [T )] anei
]:1 ,m ,
m-+i—2
+ Z VQ(]) (7—7 t)} Qa; + |:V2(m+l) (7—7 t)} Omti
j=m—it2 o,m o
. _t t a_ 1_t a t
= Z acj; +a—ay, +a—a; =(m—1)—a+ —a—+ —a—
st T T m m T m T
_mo1, 20
3m 3mT’

Let us integrate this equality from 0 to 7. We obtain:

T

" 1 m—1 1 1

£ 000, ..., Ot dt = - — ) =7
/ [W (7-7 y O,y ey Q0 1)}k7m 27-( 3m + 37’7’],) 67-
0

Analogously we get

/ 1
/[W (1,t; 0, ...,agm_l)]mk dt — &

0
1
[W (T; t7 ag, ..., OéQm—l)]Lk dt = 67—7

1
(W (7, ty 01, .. qom1) ], g dt = 57

o'\.\‘ o‘\.ﬂ

where k = 2,...,m — 1. Finally we have:

r 1
/ (W (1,t; a1, ...,agm,l)]m dt = ik k,i=1,2,...,m. (3.21)
0
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Let us integrate the equality (3.16) from 0 to 7 and take into account
equalities (3.20) and (3.21), we get:

1 m
W (r,t;aq,...,qom—1)dt =71 — —TQZA + 673 Z AR A;

o.

T~
e
@
,_.

—I—/R3 T,t) dt—TI——TQZA—l- ZAkAz +/E3(T,t>dt
0 k’,’l 1 '0
1 2 1 3 A2 D
:TI—§7' A+67' A+ | Rs(7,t)dt. (3.22)

According to the formula (3.1) we have:

/U(t,A)dt: / <I—tA+%t2A2+R3 (t,A)> dt
0 0

=7l — —72A+ TSA2 /R3 t,A)d (3.23)

The following estimation is true:

/R3 (t, A) pdt| < ce*T7* [|g|| 43, @ € D (A%). (3.24)
0

From the equalities (3.22) and (3.23) we obtain:
[ 104 =W (7t )]t = [ Ro(rit) e [ o t,4) o
0 0 0

Hence according to the inequalities (3.17) and (3.24) we obtain the sought
estimation. W

Lemma 3.4. Let the conditions a) and b) of the theorem be satisfied,
then the following estimation holds:

/ [U(t, A) = 2W (T,t; 01, oo, 02 1)] tipds|| < ce* 74 ||p|| 42, @ €D (AQ) ,
0

where c,wy are positive constants.

69



AMI Vol.6 No.1, 2001 Z.Gegechkori, J.Rogava, M. Tsiklauri

Proof. If we decompose all semigroups in the W (7,t;01, ..., 09p,—1)
from right to left according to the formula (3.1) so that each residual mem-
ber is of the second degree, we get the following formula:

2m—1
2W (1,t;01, ey Oam—1) = Z 20,1
i=1
—7 Y 2 [W (7,600, ooy Oom1)]; Ai + Ra (7,1) (3.25)
i=1

where the following estimation is true for Ry (7, t):
A
/ tRy (7,t) pdt|| < ce*oTr* Hg0||A27 pweD (AQ) . (3.26)
0

In case of two addends (m = 2) the residual member is explicitly written
in [25].
Let us compute the following coefficients 2 [V (7,t,01,...,02m—1);,
1=2,....m—1:
i—1 ] ]
2(W (1, t;01, ..., Oam—1)]; = {Vl(]) (T, t)} 0+ [Vl(z) (T, t)} o

1

+ Z [Vl(j) (7, t)} i oj+ {Vl(Qm_i) (T, t)} O9m—i
+> [ t)Laj + [ t)Lam,Z-+1
- v, t)Laj + [ t)LamH

i—1 2m—i—1
=> o+ atal)o+ > T+ T
J r 7 7 - T —1

j=it1
m—i " m—+i—2 "
+foj+ <a+a—> Om—it1 T Z Qo + Q=04
j=1 T j=m—it2 T
i—1 + m—1 2m—i—1 +
=Y o+ (a+ a;) oi+ Y @oj+opdo;+ Y ao; + A0
Jj=1 J=i+1 j=m+1
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m—1 + m—1 m-+i—2 "
+ Z oj+ <a + oz;) Om-it1+ Z ao;+aom + > ao; + T
7j=1 j=m—i+42 j=m+1
1—1 + m—1 2m—i—1 "
=> "5+ <a+a—> G1+ ) @0y +@0y+ Y o3+ a—03
. T = ) T
Jj=1 j=i+1 j=m+1
m—i " m—1 m—+i—2 +
+ o @ — o @o1 +ao Qo3 +a—o
Z 1—1—(044-047)01—4-‘ Z oz(rl—i-oz(rg—é—lz 0403—4—04703
7=1 j=m—i+2 j=m+1

. - (= L\ - . DS . . _t_
=(i—1)o1+ (a + a—> o1+(m —i—1)ao+aos+(m — i — 1) acs+a—o3
T T
o~ _ ot o\ - . U . ot
+(m—1)o1+ (a—&—;a) o1 —|—(z—2)a01—&—aag—l—(z—Q)aag—l—a;ag
~ _ t\ - . e . b
=(m—1)01+2 <a + a—> o1+ (m — 3)ao +2a0y+ (m — 3) @os + 2a—o3
T T

t t
= (m—1)51+2 <E+a;> 51+(m—3)651+(m—3)553+25;53
+2a((m—1)o1+02+(m—1)03) —2(m—1)@o; —2a(m —1)03

= [(m—1)+2(5+a3> +(m—3)5—2(m—1)a} &1

T

- [(m—B)E—F?E%—Q&(m—l)} G3+ T

= [m-n0-m + 20t o1+ [zl — o+ vy7] 3

= [(m -1)+ 2%} aoy + [2; - (m+ 1)} acs + Q.

Let us multiply this equality on ¢ and integrate it from 0 to 7, we get:

r -1 2

/2[W (T, t501, .y O2m—1)], tdt = [(mQ ) + g} a0y

0
g_(m—i-l) _~+1__3m+1 ~_3m—1_~+1_
3 5 03 + 58 = ——a01 5003 + 5T

Let us insert into this equality values of parameters o; and 3. We get:

.
" 1

/ 2IW (1, t;01,...,00m—1)]; tdt = 572, 1=2,...m-—1.

0
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Now let us consider the case when i =1:

2m—2

2[W(7',t;01,...,02m—1)]1:[ () } o1+ Z { } of

+ [Vlﬂm_l) (1,1) } Oom-1 —&—mz { (1,1) } oj+ [VQ(m) (1, 15)}1 Om
2m—2

_ t t
= <a+a;>01+ Z ao']—l—a Oom— 1—&—2@—&— —Om

Jj=2 Jj=1

+ m—1 2m—2 m—1 +
:(&—i— T>01+Za(r]+oz(rm+ Z om]—i-oz O9m— 1+Z(r]+ —Om
7j=2 j=m+1 7j=1

+ m—1 2m—2 " m—1 +
=|la+a=-|o Qo] + ao aos3 +a—o o1+ —0o
< T) 1+Z 1+ 2+'Z 3+ a- 3+Z 1+ =0
7j=2 j=m+1 j=1

- <a+a§> 51+ (m — 2) @5, + @
+(m = 2) 03+ T + (m — 1) 5+ <o
- <a+a;> 71+ (m —2) 51 + (m — 2) W + T
=07+ (T4 2) Gt (= D5+ (- D7)
S G LR L E
_ (6+a£+(m—2)a+(m—1) (m—1) <a+§>>61
+ <(m—2)a+a§_ (m—1) <a+£>>53+% <a+£>
e e )

Let us multiply this equality on ¢ and integrate it from 0 to 7, we get:

‘/T.Q (W (7,t;01, ..., 02m—1)]; tdt = (%a +(m—1) (% B %)) -
0
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+al_1 _m—_l (N)-_|_l 1@4_1
32 3 5T \2" T3

_m—1—0—204~ 2m —2+a _ Ja + 2
- 6 ! 6 o7 12 -

By inserting into this equality the values of the parameters o; and o3,
we get:

1
W (1,t;01, ..., 02m—1)]; tdt = —72

o‘
T~
[\)

Analogously for i = m we have:

r 1
/ 2[W (1,t;01, ..., 02m—1)],, tdt = —72.
0
Finally we have:
A 1, '
2[W (1, t;01, ..., 09m—1)], tdt = 3T, 1= 1,2,..,m. (3.27)
0

Let us multiply the equality (3.25) on ¢, integrate it from 0 to 7 and
take into account the formula (3.27), then we obtain:

T 1 1 m T B
/ 2W (T, t;01, <y O9m—1 ) tdt = 57'2] — 57'3 ZlAi + / tRo (7,t) dt
0 = 0
N T =
=57 I 37’ A+ [ tRy(7,t)dt. (3.28)
0

according to the formula (3.1) we have:

/U t, A)tdt = / (tI —tPA+tRy (¢, A)) dt
0 0
1 2 3 )
=5l - 37 A+ [ tRy(t, A)dt. (3.29)
0
Clearly the following estimation:
/ tRy (t, A) pdt|| < ce "7t |l o @D (A%).  (3.30)
0
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From the equalities (3.28) and (3.29) we get:
/ U (t, A) —2W (1,t,01, ..., 02m—1)] tdt
0

T T
= /tﬁg (7,t) dt — /th (t, A) @dt.
0 0
Hence according to the inequalities (3.26) and (3.30) we obtain the sought
estimation. W

Lemma 3.5. Let the conditions a) and b) of the theorem be satisfied,
then the following estimation holds:

o 2
/ ( s, A) — = v1<2m1>(s)+vg(2m”(s)}> %gpds
0

< et lolly, @€ D(A),

where ¢,wy are positive constants.
Proof. According to the formulas (3.1),(3.2) and the condition b) of
the theorem we obtain the following estimation:

| / [U(S,A) - % V() + V2(2m1>(s)H %2¢ds
0

/T {U(S,A) - % (U(s, @A) + U(s,aAm))] %2¢ds
0

o 1 2
/ [I + Ri(s,A) — 5 (I+ Ri(s,@A;)+1+ Rl(s,EAm))] %gpds
0

<ol ¢eD(4). W

4. Proof of the theorem

Let us return to the proof of the theorem. According to the property of
a semigroup, the solution of the problem (2.1) at the point ¢ = t; can be
written as follows:
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L

0
k
= Uk(r, A)p + Y U (r, AFY, (4.1)
i=1
where .
FY = [ Ut —s, A)f(s)ds
ti'—l
t; )
= [ vt [0 = = 0+ EFE )+ By (1)
ti1
ti t;
= / Ut —s,A)f(t;)ds — / Ut — s, A)(t; — s) f'(ti)ds
t{,l ti‘fl
ti 2 173
+ / U(ti—s,A) (t _2 s) f(t)ds + / U(t;i—s,A)Ry (f,ti,s)ds, (4.2)
tl-',l ti‘fl
where

Ry (fti,s) = / / / F(E) dedady.

s &1 &
From the (3.12) and (4.1) we have:

u(te) = un(ts) = |[UH(r, A) = VE()| ¢
+ zkj Ui, HFY VI FP| = [Uh(r, 4) - VR ¢
=0

k
k=i(r, A) — VF=i(r)) D k=i (D _ p@Y ] )
P (U V@) FY v (RO - EP) ] ey

From the equalities (4.2) and (3.13) we have:

17}

Fi(l) / (t; — s, A) = W (T, t; — s, 01, ..., @am—1)] f(ti)ds
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4
— / [U(t; — s, A) = 2W (7,t; — 8,01, ..., Oam—1)] (t; — 8) f(ti)ds
ti‘fl
t .
+ / <U(t,» —5,4) - 3 [vf’” Yiti—s)+ v 0, — S)D
ti—1
2 b
X (*: _2 ) f(t)ds + / U(t; — s, A)Rs (f,t;,s)ds
ti‘fl

= / U(s,A) — W(T,s,01,...,aam—1)] f(t;)ds
0
- / [U(s, A) —2W (T, 8,01, ..., 09m—1)] sf'(t;)ds
0

. U, ) = 5 [0 )+ v (]| S0
0

+/U(S,A)R3 (f,ti,ti — s)ds. (4.4)

0

Hence according to the Lemma 3.3, Lemma 3.4 and Lemma 3.5 we
obtain the following estimation:

|2 = B2 = cemr 1 t0)lLa

(4.5)

itk

Al 1L+ s 1 01).

From the Lemma 3.1 the following estimation holds:

i (Uk Y1, A) — Vk_i(T)) Fi(l)

k i
_ Z (ka'i(T’ A) - Vk—z’(T)) / U(t; — s, A) f(s)ds
i=1 tia
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kol

=) / (UF (7, 4) = VE(0) ) Ut = 5, 4) f(5)ds

kb
< ey / o7 U (8 — 5, A)f()ds]| ya
izltz“fl
< e sup |U(s, A)F (O] . (46)
s,t€[0,tx]

From the equality (4.3) according to the inequalities (4.5), (4.6) and the
Lemma 3.1 we obtain the following estimation:

lhun(te) = u(to)l < ||[UF(r, 4) = Vi@ o
3= [[ =] ]« o (- )
=1

< ce‘”“’“tms( sup [|U(s, Ayl g2+t sup HU(s,A)f(t)HA4>

SE[O,tk] S,tG[O,tk]

k
oy ( sup |11 (1)

i=1 t€([0,2;]

b awp |7 Ol + sup [ O], + sup Hf”’<t>H>
te[0,t4] te[0,¢;] te[0,t;

< CethktkTB ( sup HU(S,A)SO||A4 +1t sup ||U(S7A)f (t)||A4
s€[0,tx] 5,t€[0,tx]

+ sup [[f(t)]l42+ sup [[f'@)| 4o+ sup [[F'(D)]|,
tG[O,tk] tG[O,tk] t [0, k]

+ sup Hf”'(t)H), QOED(A4). [

5. Conclusion

In the case when operators Ay A, ..., Ay, are matrices, it is obvious that
conditions of the Theorem are automatically satisfied. Also conditions of
the Theorem are satisfied, if Ay, Ao, ..., A, and A are self-adjoint, positive
definite operators. The requirement oA operator (a = 1/\/§ (Cos 300 + isin 300))
must generate a strongly continuous semigroup puts the condition for the
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spectrum of A. Namely, the spectrum of A must be placed within sector
with the angle less than 120 degrees, because in case of turning of spectrum
by +30 degrees (this is caused by multiplying of A on « parameter) the
spectrum area will stay in the positive (right) half-plane.

Third degree precision is reached by introducing a complex parameter.
Because of this, each equation of the given decomposed system is changed
by a pair of real equations, unlike lower degree precision schemas. To solve
the specific problem, (for example) the matrix factorization may be used,
where the coefficients are the matrices of the second order, unlike lower
degree precision schemas, where the common factorization may be used.

It must be noted that the sum of the absolute values of coefficients
of the addends of transition operator V (1) equals to one, unlike the high
degree precision decomposition formulas considered in [20]. because of this,
the considered scheme is automatically stable for any bounded operators
Ay, As, .. Ap,.

Remark: The decomposition scheme considered in the present arti-
cle and the theorem on error estimation of this scheme without proof are

published in [8].
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