
D SULRUL HVWLPDWHV LQ WKH WKHRU\ RI YDULDWLRQDO
LQHTXDOLWLHV YLD VWRFKDVWLF DQDO\VLV

E1 Grfkylul/ P1 Vkdvkldvkylol

Oderudwru| ri Vwrfkdvwlf Dqdo|vlv dqg Vwdwlvwlfdo Ghflvlrqv
Welolvl Vwdwh Xqlyhuvlw|

6;3376 Xqlyhuvlw| Vwuhhw 5/ Welolvl/ Jhrujld

+Uhfhlyhg= 47145133> uhylvhg= 45135134,

�Mt|h@U|

7KLV SDSHU LV GHYRWHG WR WKH SURRI RI QHZ D SULRUL HVWLPDWHV LQ WKH WKHRU\ RI

YDULDWLRQDO LQHTXDOLWLHV �LQ SDUWLFXODU IRU WKH REVWDFOH SUREOHPV� E\ WKH WHFKQLTXHV RI

VWRFKDVWLF DQDO\VLV� :H HVVHQWLDOO\ XVH WKH VHPLPDUWLQJDOH LQHTXDOLWLHV IRU WKH 6QHOO

HQYHORSHV DQG WKH FRQQHFWLRQ EHWZHHQ RSWLPDO VWRSSLQJ SUREOHPV DQG YDULDWLRQDO LQ�

HTXDOLWLHV� %DVHG RQ WKHVH D SULRUL HVWLPDWHV ZH HVWDEOLVK WKH VWDELOLW\ RI WKH VROXWLRQV

RI WKH REVWDFOH SUREOHP LQ WKH VHFRQG RUGHU 6REROHY VSDFH Z 5>s+G,�

Nh| zrugv dqg skudvhv= YDULDWLRQDO LQHTXDOLWLHV� PXOWLGLPHQVLRQDO GLnXVLRQ SUR�

FHVVHV RSWLPDOVWRSLQJ� VKHOO HQYHORSHV� VHPLPDUWLQJDOV�

DPV vxemhfw fodvvl�fdwlrq= ��-��� ��-���

�� W?|hL_�U|�L?

Frqvlghu wkh suredelolw| vsdfh +
> I> S , dqg d q � glphqvlrqdo gl�xvlrq
surfhvv [| @ +[�

|
> = = = > [?

|
,|Df rq wklv vsdfh1Wkh surfhvv lv wkh vroxwlrq ri

wkh iroorzlqj vwrfkdvwlf gl�huhqwldo htxdwlrq

g[| @ e+[|, gw. �+[|, gz|> [f+z, @ {> +414,

zkhuh z| @ +z�
| > = = = > z

?
| , lv wkh q� glphqvlrqdo vwdqgdug Eurzqldq prwlrq/

�+{, lv d ixqfwlrq F2 iurp U? lqwr wkh vsdfh ri q� q pdwulfhv dqg e+{, @
+e�+{,> = = = > e?+{,, lv d ixqfwlrq iurp U? lqwr U? zlwk frpsrqhqwv

e�+{, @
?[
�'�

Cd��+{,

C{�
> l @ 4> = = = > q>

zkhuh d��+{, duh wkh hqwulhv ri d+{, @ �+{, �W+{,@5 +zkhuh � ghqrwhv wudqv0
srvlwlrq,1 Zh vxssrvh wkdw wkh ixqfwlrqv d��+{,/ e�+{, duh erxqghg

md��+{,m � E> me�+{,m � E> l> m>@ 4> = = = > q>
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dqg wkdw wkh iroorzlqj xqlirup hoolswlflw| frqglwlrq lv vdwlv�hg=

<� A 3> ;{ 5 U?> ;| 5 U?

�m|m2 �
?[

�c�'�

d��+{, |� |� =
+415,

Ohw G eh d erxqghg grpdlq lq U? zlwk lwv forvhu G dqg zlwk d vprrwk
+vd|/ ehorqjlqj wr F2, erxqgdu| CG1 Ghqrwh �+G, @ lqi+w � 3 = [| @5 G, �
wkh �uvw wlph wkh surfhvv [| ohdyhv grpdlq G dqg ohw j @ j+{,/ f @ f+{,
eh ixqfwlrqv gh�qhg rq G vxfk wkdw

H% vxs
|$jE(�

mj+[|,m ? 4> H%

jE(�]
f

mf+[r,m gv ? 4> ;{ 5 G=

Gh�qh qrz wkh iroorzlqj rswlpdo vwrsslqj sureohp lq wkh grpdlq G

V+{, @ vxs
�M�

H%

3ECj+[�2jE(�, .

�2jE(�]
f

f+[r, gv

4FD > +416,

zkhuh S% lv wkh suredelolw| phdvxuh fruuhvsrqglqj wr wkh lqlwldo frqglwlrq
[f+z, @ {> P lv wkh fodvv ri doo vwrsslqj wlphv � zlwk uhvshfw wr wkh
�owudwlrq I� @ +I�

| ,|Df =
Wkh ixqfwlrq j @ j+{, lv fdoohg wkh sd|r�/ �f @ �f+{, kdv d phdqlqj

ri wkh lqvwdqwdqhrxv frvw ri revhuydwlrq1 Wkh ixqfwlrq V @ V+{, lv fdoohg
wkh ydoxh ixqfwlrq ri wkh fruuhvsrqglqj rswlpdo vwrsslqj sureohp1 Wkh
remhfwlyh lv wr �qg wkh ydoxh ixqfwlrq V+{, dqg wr ghwhuplqh wkh rswlpdo
vwrsslqj wlph �W/ dw zklfk wkh vxsuhpxp lv dfklhyhg11

Lq ^4` Ehqvrxvvdq dqg Olrqv kdyh ghyhorshg wkh yduldwlrqdo lqhtxdo0
lw| dssurdfk iru ghwhuplqlqj wkh ydoxh ixqfwlrq V+{, ri wkh rswlpdo vwrs0
slqj sureohp +416,1 Ohw xv eulh�| glvfxvv wkh fruuhvsrqglqj edvlf uhvxowv1
Ghqrwh K�+G, � Z �c2+G, � wkh �uvw rughu Vrerohy vsdfh ri ixqfwlrqv
y @ y+{, gh�qhg rq G/ wkdw lv

y+{, 5 O2+G,>
Cy+{,

C{�
5 O2+G,> l @ 4> = = = > q>

zkhuh
Cy+{,

C{�
duh wkh �uvw rughu jhqhudol}hg ghulydwlyhv ri wkh ixqfwlrq y @

y+{,1
Lw lv zhoo0nqrzq wkdw li zh lqwurgxfh wkh vfdodu surgxfw

+x> y,M�E(� @

]
(

x+{, y+{, g{.
?[
�'�

]
(

Cx+{,

C{�

Cy+{,

C{�
g{> +417,
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wkhq wklv vsdfh ehfrphv wkh Kloehuw vsdfh1
Frqvlghu d v|pphwulf elolqhdu irup rq K�+G,

d+x> y, @
?[

�c�'�

]
(

d��+{,
Cx+{,

C{�

Cy+{,

C{�
g{= +418,

Ohw xv vxssrvh wkdw j+{, 5 K�+G, dqg f+{, 5 O2+G, dqg gh�qh wkh
forvhg frqyh{ vxevhw N ri wkh vsdfh K�+G, dv

N @ iy = y 5 K�+G,> y � j d=h=> y � j 5 K�
f +G,j> +419,

zkhuh K�
f+G, lv wkh vxevsdfh ri wkh vsdfh K�+G, frqvlvwlqj ri wkrvh ixqf0

wlrqv y @ y+{,> zklfk duh }hur rq wkh erxqgdu| CG +lq wkh vhqvh ri wkh
vsdfh K�+G,,1

Frqvlghu qrz wkh iroorzlqj yduldwlrqdo lqhtxdolw|=
Ilqg x 5 N vxfk wkdw

d+x> y � x, �
]
(

f+{,+y+{,� x+{,, g{> ;y 5 N= +41:,

Lq ^4` +Fkdswhu 5/ Wkhruhp 814, Ehqvrxvvdq dqg Olrqv vwdwh wkh uh0
vxow zklfk vd|v wkdw wkh yduldwlrqdo lqhtxdolw| +41:, kdv d xqltxh vrox0
wlrq1 Pruhryhu/ wkh| ixuwkhu hvwdeolvk wkh ixqgdphqwdo frqqhfwlrq eh0
wzhhq rswlpdo vwrsslqj dqg yduldwlrqdo lqhtxdolwlhv1 Qdpho|/ surylghg wkdw
j+{, 5 Z 2cR+G,> f+{, 5 OR+G,> s A q> lw wxuqv rxw +Fkdswhu 5/ Wkhruhp
:14,/ wkdw x+{, 5 Z 2cR+G, dqg

x+{, @ V+{,> { 5 G= +41;,

Lq wklv fdvh wkh ydoxh ixqfwlrq V+{, ri wkh rswlpdo vwrsslqj sureohp lv
wkh xqltxh vroxwlrq ri wkh iroorzlqj revwdfoh sureohp= Iru wkh lqlwldo gdwd
j+{, 5 Z 2cR+G,> f+{, 5 OR+G,> s A q/ �qg x+{, 5 Z 2cR+G, vxfk wkdw;AAA?AAA=

Dx+{, . f+{, � 3> x+{,� j+{, � 3
d=h=lq G>

+Dx+{, . f+{,,+x+{,� j+{,, @ 3
zkhuh x+{,� j+{, 5 K�

f +G,
+41<,

dqg Dx lv wkh hoolswlf rshudwru

Dx+{, @
?[

�c�'�

C

C{�

#
d��+{,

Cx+{,

C{�

$
@

?[
�c�'�

d��+{,
C2x+{,

C{�C{�
.

?[
�'�

e�+{,
Cx+{,

C{�
=

+4143,
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Wkh lqlwldo prwlydwlrq iru xv wr vwxg| wkh +41<,�+4143, revwdfoh sureohp
zdv wkh iroorzlqj txhvwlrq=

Vxssrvh wkh sd|r� ixqfwlrqv frqyhujh

j?+{, $ j+{, lq Z 2cR+G,>

zkdw fdq eh vdlg derxw wkh frqyhujhqfh ri wkh vhfrqg rughu sduwldo ghulyd0

wlyhv
C2V?+{,

C{�C{�
+zkhuh V?+{, duh wkh ydoxh ixqfwlrqv ri wkh fruuhvsrqglqj

rswlpdo vwrsslqj sureohpv,B Vhdufklqj wkh dqvzhu wr wkh deryh phqwlrqhg
txhvwlrq/ zh irxqg rxw qhz d sulrul lqhtxdolw| ehwzhhq Juhhq srwhqwldov/
zklfk kdv wkh iroorzlqj irup

m+x�+{,� x2+{,,� +j�+{,� j2+{,,m
.

]
(

mD+x�+|,� x2+|,, . +f�+|,� f2+|,,m �J(+{> |, g|

�
]
(

mD+j�+|,� j2+|,, . +f�+|,� f2+|,,m �J(+{> |, g|

;{ 5 G>

+4144,

zkhuh x�+{,> l @ 4> 5 duh wkh fruuhvsrqglqj vroxwlrqv ri wkh revwdfoh sureohp
iru wkh lqlwldo gdwd

j�+{,> f�+{,> l @ 4> 5> j�+{, 5 Z 2cR+G,> f�+{, 5 OR+G,> s A q> l @ 4> 5>

dqg J(+{> |, lv d Juhhq ixqfwlrq iru wkh rshudwru D lq wkh grpdlq G1
Edvhg rq wkh hvwlpdwh +4144,/ zh suryh wkh iroorzlqj vwdelolw| uhvxow iru

wkh vroxwlrqv ri wkh revwdfoh sureohp=
Il{ s�> s� ? s dqg ohw hG eh duelwudu| grpdlq vwulfwo| lpehgghg lq

grpdlq G +l1h1 hG �� G,/ wkhq iru duelwudu| gdwd +j6+{,> f6+{,,/ +j+{,/
f+{,, vxfk wkdw

j6+{, $ j+{, lq Z 2cR+G,> f6+{, $ f+{, lq OR+G,> s A q>

zh kdyh
x6+{, $ x+{, lq Z 2cR�

+ hG,>

zkhuh x6+{,> x+{, duh wkh fruuhvsrqglqj vroxwlrqv ri wkh revwdfoh sureohp
+41<,�+4143,1

2� A�i ThLLu Lu |�i @ Th�Lh� it|�4@|i uLh Bhii? TL|i?|�@*t

Zh vkdoo edvhg rxuvhoyhv vhyhudo wlphv khuhdiwhu rq wkh iroorzlqj ohppd
suryhg lq ^4` +Fkdswhu 9/ ohppd 415, e| Ehqvrxvvdq dqg Olrqv1
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Ohppd 5141 Vxssrvh i+{, 5 OR*2+G,/ zkhuh s A q1 Wkhq wkh iroorz0
lqj hvwlpdwh krogv

vxs
%M(

H%

3EC jE(�]
f

mi+[r,mgv
4FD � f � ni+{,nuR*2E(� > +514,

zkhuh frqvwdqw f lv lqghshqghqw ri i+{,1
Uhpdun 5141 Ohw xv wdnh i+{, � 4 lq wkh hvwlpdwh deryh/ wkhq zh jhw

wkh zhoo0nqrzq idfw/ wkdw

vxs
%M(

H%�+G, ? 4= +515,

Ghqrwh qrz [
jE(�
| � [|2jE(�/ w � 3 dqg qrwh wkh iroorzlqj reylrxv

uhodwlrqvklsv +zkhuh "(+{, lv wkh fkdudfwhulvwlf ixqfwlrq ri wkh grpdlq G,1

LEr	jE(�� @ "+[jE(�
r ,>

|2jE(�]
f

f+[r,gv @

|]
f

LEr	jE(�� � f+[r,gv @

|]
f

hf+[jE(�
r ,gv>

|2jE(�]
f

�+[r,gzr @

|]
f

LEr	jE(�� � �+[r,gzr @

|]
f

h�+[jE(�
r ,gzr>

+516,

zkhuh hf+{, @ f+{, � "(+{,> h�+{, @ �+{, � "(+{,=
Iurp wkhvh uhodwlrqvklsv dqg wkh vwrfkdvwlf gl�huhqwldo htxdwlrq +414,/

zh kdyh

[
jE(�
| @ [f .

|2jE(�]
f

e+[r,gv.

|2jE(�]
f

�+[r,gzr

@ [f .

|]
f

he+[jE(�
r ,gv.

|]
f

h�+[jE(�
r ,gzr=

+517,

Wkh Pdunry surshuw| ri wkh vwrsshg surfhvv [
jE(�
| / w � 3 fdq eh

jolpsvhg iurp wklv htxdwlrq1 Lq idfw/ gxh wr jhqhudo uhvxowv rq Pdunry sur0

fhvvhv lq ^5` +fkdswhu 43/ Wkhruhp 4316, wkh wulsoh +[
jE(�
| > I�

| > S%,/ w � 3/
{ 5 G gh�qhv d vwdqgdug Pdunry surfhvv1

Iurp qrz rq wkurxjkrxw wkh zrun zh vkdoo dvvxph wkdw

j+{, 5 Z 2cR+G,> f+{, 5 OR+G,> zkhuh s A q= +518,
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Wkhq

j+{, 5 F+G,>
Cj+{,

C{�
5 F+G,> l @ 4> = = = > q +519,

dffruglqj wr zhoo0nqrzq Vrerohy ohppd1
Uhzulwlqj rswlpdo vwrsslqj sureohp +416, lq whupv ri wkh vwdqgdug

Pdunry surfhvv +[
jE(�
| > I�

| > S%,/ w � 3

V+{, @ vxs
�M�

H%

3Cj+[jE(�
� , .

�]
f

hf+[jE(�
r ,gv

4D > { 5 G> +51:,

zh kdyh ���j+[jE(�
� ,

��� � vxs
%M(

mj+{,m ? 4>

"]
f

���hf+[jE(�
r ,

��� gv @ jE(�]
f

mf+[r,m gv

dqg zh jhw iurp ohppd 514/ wkdw

vxs
%M(

H%

jE(�]
f

mf+[r,mgv � f � nf+{,nuR*2E(� ? 4>

wkhuhiruh wkh rswlpdo vwrsslqj sureohp lv zhoo gh�qhg dqg V+{, lv d erxqghg
ixqfwlrq ri {

vxs
%M(

mV+{,m ? 4=

Lqwurgxfh wkh qrwdwlrq

i+{, � H%

3C "]
f

hf+[jE(�
r ,gv

4D @ H%

jE(�]
f

f+[r,gv= +51;,

Wkh vwurqj Pdunry surshuw| jlyhv xv

H%

3C "]
�

hf+[jE(�
r ,gvmI�

�

4D @ i+[jE(�
� ,> l=h=

�]
f

hf+[jE(�
r ,gv @ H%

3C "]
f

hf+[jE(�
r ,gvmI�

�

4D� i+[jE(�
� ,>

wkhuhiruh zh jhw

V+{, @ vxs
�M�

H%

�
j+[jE(�

� ,� i+[jE(�
� ,

�
. i+{,>
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khqfh

V+{,� i+{, @ vxs
�M�

H%

�
j+[jE(�

� � i+[jE(�
� ,

�
= +51<,

Lw iroorzv iurp uhodwlrqvkls +51<, dqg wkh jhqhudo wkhru| ri rswlpdo
vwrsslqj ri vwdqgdug Pdunry surfhvvhv ghyhorshg lq ^9` +fkdswhu 6, wkdw wkh

vwrfkdvwlf surfhvv V+[
jE(�
| ,�i+[

jE(�
| , lv wkh plqlpdo vxshupduwlqjdoh +rq

wkh wlph lqwhuydo ^3>4`, erxqglqj wkh surfhvv j+[
jE(�
| , � i+[

jE(�
| , iurp

deryh1 Rxu qh{w remhfwlyh lv wr rewdlq wkh vhplpduwlqjdoh ghfrpsrvlwlrq
ri wkhvh surfhvvhv1

Ohppd 5151 Vxssrvh y+{, 5 Z 2cR+G,/ s A q1 Wkhq wkh Lwr irupxod lv

ixo�oohg iru wkh surfhvv y+[
jE(�
| ,

y+[|2jE(�, @ y+{, .

|2jE(�]
f

judg y+[r, � �+[r, gzr .

|2jE(�]
f

Dy+[r,gv>

w � 3> S% � d=v=
+5143,

Surri1 Ohw xv wdnh wkh vhtxhqfh y?+{, 5 F2+G, vxfk wkdw

ny?+{,� y+{,n`2cRE(� $ 3 dv q $ 4=

Wkh Lwr irupxod iru wkh surfhvvhv y?+[|2jE(�, kdv wkh iroorzlqj irup

y?+[|2jE(�, @ y?+{, .

|2jE(�]
f

Dy?+[r,gv.

|2jE(�]
f

judg y?+[r, � �+[r, gzr>

w � 3> S% � d=v=
+5144,

Frqvlghu dw �uvw wkh h{suhvvlrqv

H%

jE(�]
f

mDy+[r,mgv> H%

jE(�]
f

mjudg y+[r, � �+[r,m2gv=
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Zh kdyh e| yluwxh ri ohppd 514

H%

jE(�]
f

mDy+[r,mgv � f nDy+{,nuR*2E(� � f�E ny+{,n`2cR*2E(� ? 4>

H%

jE(�]
f

mjudg y+[r, � �+[r,m2gv

@ H%

jE(�]
f

5 � +d+[r, � judg y+[r,> judg y+[r,,gv � 5EH%

jE(�]
f

mjudg y+[r,m2gv

� 5E f
���mjudg y+{,m2���

uR*2E(�
@ 5E f nmjudg y+{,mn2uRE(�

� 5E f� ny+{,n2` 2cRE(� ? 4>

wkhuhiruh wkh surfhvv

|2jE(�]
f

judg y+[r, � �+[r,gzr

lv wkh vtxduh lqwhjudeoh pduwlqjdoh dqg wkh surfhvv
|2jE(�U

f
Dy+[r,gv lv ri

lqwhjudeoh yduldwlrq1 Vlploduo| wr wkh deryh phqwlrqhg hvwlpdwhv zh kdyh

H%

|2jE(�]
f

mDy?+[r,�Dy+[r,mgv � f nDy?+{,�Dy+{,nuR*2E(�

� f�E ny?+{,� y+{,n`2cR*2E(� >

H%

�������
|2jE(�]
f

+judg y?+[r,� judg y+[r,, � �+[r, gzr

�������
2

@ H%

|2jE(�]
f

m+judg y?+[r,� judg y+[r,, � �+[r,m2 gv

� 5Ef
���mjudg+y?+{,� y+{,,m2

���
uR*2E(�

@ 5Ef nmjudg+y?+{,� y+{,,mn2uRE(�

� 5Ef� ny?+{,� y+{,n2` 2cRE(� =

Zh fdq sdvv wr wkh olplw dv q $ 4 lq wkh htxdolw| +5144, diwhu qrwlqj
wkdw +e| zhoonqrzq Vrerohy ohppd,

vxs
%M(

my?+{,� y+{,m?<" $ 3>
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wkxv zh rewdlq vhplpduwlqjdoh ghfrpsrvlwlrq +5143,1
Uhpdun 5151 Lw lv reylrxv iurp wkh surri ri ohppd 515 wkdw wkh pdu0

wlqjdoh sduw lq ghfrpsrvlwlrq +5143, lv vtxduh lqwhjudeoh dqg wkh rwkhu sduw
lv ri lqwhjudeoh yduldwlrq1

Ohppd 5161 ixqfwlrq i+{, gh�qhg e| i+{, @ H%

jE(�U
f

f+[r,gv ehorqjv

wr wkh vsdfh Z 2cR+G, dqg zh kdyh

i+[|2jE(�, @ i+{, .

|2jE(�]
f

judg i+[r, � �+[r, gzr .

|2jE(�]
f

+�f+[r,,gv>

w � 3> S% � d=v=
+5145,

Surri1 Iru f+{, 5 OR+G,> s A q/ frqvlghu wkh iroorzlqj sureohp= �qg
y+{, 5 Z 2cR+G,> vxfk wkdw

Dy+{, @ �f+{,> { 5 G>
y+{, @ 3> { 5 CG=

Lw lv suryhg lq ^6` +fkdswhu </ Wkhruhp <148, wkdw wklv sureohp kdv d
xqltxh vroxwlrq y+{, 5 Z 2cR+G,1 Qrz dsso|lqj ohppd 515 wr wklv ixqfwlrq/
zh kdyh

y+[|2jE(�, @ y+{, .

|2jE(�]
f

judg y+[r, � �+[r, gzr .

|2jE(�]
f

Dy+[r,gv>

w � 3> S% � d=v=

Wdnlqj wkh olplw w $ 4> zh jhw

3 @ y+{, .

jE(�]
f

judg y+[r, � �+[r, gzr .

jE(�]
f

Dy+[r,gv>

exw
jE(�]
f

Dy+[r,gv @ �
jE(�]
f

f+[r,gv>

wkhuhiruh wdnlqj wkh h{shfwdwlrq lq wkh deryh htxdolw| zh fdq �qg

y+{, @ H%

jE(�]
f

f+[r,gv @ i+{,=

6;
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Khqfh i+{, @ y+{, dqg wkh dvvhuwlrq ri ohppd 516 lv yhul�hg1

Qrz zh duh uhdg| wr suryh wkh edvlf uhvxow ri wklv duwlfoh1

Wkhruhp 5141 Ohw +j�+{,> f�+{,,/ l @ 4> 5 eh wzr sdluv ri lqlwldo gdwd
iru wkh revwdfoh sureohp +41<,�+4143,/ vxfk wkdw

j�+{, 5 Z 2cR+G,> l @ 4> 5> f�+{, 5 OR+G,> l @ 4> 5> s A q> +5146,

wkhq wkh iroorzlqj d sulrul lqhtxdolw| ehwzhhq Juhhq srwhqwldov krogv

]
(

mD+x�+|,� x2+|,, . +f�+|,� f2+|,,m �J(+{> |,g|

.m+x�+{,� x2+{,,� +j�+|,� j2+|,,m
�

]
(

mD+j�+|,� j2+|,, . +f�+|,� f2+|,,m �J(+{> |,g|>

;{ 5 G>

+5147,

zkhuh x�+{,> l @ 4> 5 duh wkh fruuhvsrqglqj vroxwlrqv ri wkh revwdfoh sureohp
+41<,�+4143, dqg J(+{> |, lv d Juhhq ixqfwlrq iru wkh rshudwru D lq wkh
grpdlq G1

Surri1 Wkh pdlq wrrov lq surylqj wkh deryh phqwlrqhg lqhtxdolw| duh
wkh jhqhudo uhvxowv rq wkh vhplpduwlqjdoh glvwdqfh ehwzhhq wkh Vqhoo hq0
yhorshv ghyhorshg lq Vkdvkldvkylol ^8`/ hvshfldoo| wkhruhp 5 wkhuhlq1

Lw zdv douhdg| phqwlrqhg/ wkdw wkh vwrfkdvwlf surfhvv x�+[
jE(�
| ,�i�+[

jE(�
| ,/

l @ 4> 5 lv wkh plqlpdo vxshupduwlqjdoh +rq wkh wlph lqwhuydo ^3>4`, erxqg0

lqj wkh surfhvv j�+[
jE(�
| , � i�+[

jE(�
| , deryh/ zkhuh i�+{,/ l @ 4> 5 zdv

lqwurgxfhg lq +51;, dv iroorzv

i�+{, @ H%

jE(�]
f

f�+[r,gv> l @ 4> 5=

Frqvlghu wkh vhplpduwlqjdoh ghfrpsrvlwlrq ri wkh surfhvvhv

x�+[
jE(�
| ,� i�+[

jE(�
| ,> j�+[

jE(�
| ,� i�+[

jE(�
| ,> l @ 4> 5

wdnlqj lqwr dffrxqw ohppdv 515 dqg 516

6<
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Zh kdyh

x�+[|2jE(�,� i�+[|2jE(�, @ x�+{,� i�+{, .

|2jE(�]
f

judg+x� � i�,+[r, � �+[r,gzr

.

|2jE(�]
f

+Dx�+[r, . f�+[r,,gv>

j�+[|2jE(�,� i�+[|2jE(�, @ j�+{,� i�+{, .

|2jE(�]
f

judg+j� � i�,+[r, � �+[r,gzr

.

|2jE(�]
f

+Dj�+[r, . f�+[r,,gv> l @ 4> 5> 3 � w � 4> S% � d=v=

+5148,

Qrz zh dsso| wkhruhp 5 iurp ^8`1 Wdnlqj wkh pdwkhpdwlfdo h{shfwdwlrq
iurp lw zlwk uhvshfw wr wkh phdvxuh S%/ { 5 G +iru w @ 3 dqg lq�qlwh wlph
lqwhuydo ^3>4`,/ zh kdyh

mx�+{,� x2+{,� +j�+{,� j2+{,,m

.H%

jE(�]
f

mD+x� � x2,+[r, . +f�+[r,� f2+[r,,m gv

� H%

jE(�]
f

mD+j� � j2,+[r, . +f�+[r,� f2+[r,,m gv> { 5 G=

+5149,

Wr �qlvk wkh surri ri wkh lqhtxdolw| +5147, zh vkrxog rqo| qrwh/ wkdw
dv lw lv zhoo0nqrzq +vhh/ iru h{dpsoh/ vhfwlrq 8/ fkdswhu 46 lq ^5`, iru dq|
qrqqhjdwlyh phdvxudeoh ixqfwlrq *+{,/

H%

jE(�]
f

*+[r,gv @

]
(

*+|, �J(+{> |,g|> { 5 G= +514:,

Fruroodu| 5141 Wkh iroorzlqj hvwlpdwh wdnhv sodfh]
(

mD+x� � x2,+|, . +f�+|,� f2+|,,mH+�+G, g|

�
]
(

mD+j� � j2,+|, . +f�+|,� f2+|,,mH+�+G, g|=
+514;,
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Surri1 Wkh Juhhq ixqfwlrq J(+{> |, lv v|pphwulf/ l1h1 J(+{> |, @
J(+|> {,/ dv wkh rshudwru Dx lv vhoi0dgmrlqw1 Wkhuhiruh +wdnh *+|, � 4 lq
+514:,, ]

(

J(+{> |,g{ @

]
(

J(+|> {,g{ @ H+�+G,=

Qrz wr jhw wkh hvwlpdwh +514;, lw rqo| uhpdlqv wr lqwhjudwh lqhtxdolw|
+5147, zlwk uhvshfw wr { dqg wr fkdqjh wkh rughu ri lqwhjudwlrq1

�� A�i t|@M�*�|) hit�*| uLh |�i tL*�|�L?t Lu |�i LMt|@U*i
ThLM*i4

Il{ s�/ q ? s� ? s dqg frqvlghu dq duelwudu| grpdlq hG vwulfwo| lpehgghg
lq wkh grpdlq G +wkdw lv wkh forvhu ri hG,1 Ohw � @ 4@5 � glvw+ hG> CG, dqg
ghqrwh e| hGB wkh � � qhljkerukrrg ri hG1 Lq wklv vhfwlrq zh vkdoo eh edvhg
rq wkh lqqhu hvwlpdwhv iru wkh vroxwlrqv ri wkh vhfrqg rughu hoolswlf sduwldo
gl�huhqwldo htxdwlrqv

Dx @ * rq hGB= +614,

Lq sduwlfxodu lw lv suryhg lq ^7` +fkdswhu </ wkhruhp <144, wkdw

nx+{,n
`2cREh(�

� f
�
nx+{,n

uREh(B�
. n*+{,n

uREh(B�

�
+615,

zkhuh wkh frqvwdqw f grhv qrw ghshqg rq *+{,/ exw lv ghshqghqw rq q/ s/
�/ E/ hG/ G dqg � dqg wkh prgxoxv ri frqwlqxlw| ri wkh ixqfwlrqv d��+{, lq
wkh grpdlq G1

Zh vkdoo qhhg dovr K�hoghu lqhtxdolw| lq wkh iroorzlqj irup

n#+{,n
uR� Eh(B�

� n#+{,n�3b
uREh(B�

� n#+{,nb
u�Eh(B�

> +616,

zkhuh

� @
s� s�

s�+s� 4,
> 4� � @

s+s� � 4,

s�+s� 4,
=

Wkhruhp 51 Vxssrvh wkh dvvxpswlrqv ri wkhruhp 4 duh vdwlv�hg1 Wkhq
wkh iroorzlqj lqqhu hvwlpdwh krogv iru wkh vroxwlrqv ri wkh revwdfoh sureohp
+<,�+43,

nx�+{,� x2+{,n` 2cR� Eh(�
� f �

�
nj�+{,� j2+{,n` 2cRE(� . nf�+{,� f2+{,nuRE(�

�
.f �

�
nj�+{,n`2cRE(� . nj2+{,n`2cRE(� . nf�+{,nuRE(� . nf2+{,nuRE(�

��3b
�
�
nj�+{,� j2+{,n` 2cRE(� . nf�+{,� f2+{,nuRE(�

�b
>

+617,
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zkhuh wkh frqvwdqw f grhv qrw ghshqg rq wkh lqlwldo gdwd +j�+{,> f�+{,,/
l @ 4> 5/ exw ghshqgv rq q> s> s�> �>E> hG>G dqg � +dqg wkh prgxoxv ri
frqwlqxlw| ri d��+{, lq wkh grpdlq G,1

Surri1 Iurp wkh hvwlpdwh +64, zh jhw

nx�+{,� x2+{,n`2cR� Eh(�

� f �
�
nx�+{,� x2+{,nuR�

Eh(B�
. nD+x� � x2,+{,nuR�

Eh(B�

�
= +618,

Wkh �uvw whup lq wkh uljkw vlgh ri wklv lqhtxdolw| fdq eh hvwlpdwhg lq
wkh iroorzlqj pdqqhu

nx�+{,� x2+{,nuR�Eh(B�
� nx�+{,� x2+{,nuR�E(�

� f� �
�
nx�+{,� x2+{,� +j�+{,� j2+{,,nu"E(� . nj�+{,� j2+{,nuRE(�

�
=

exw iurp wkh lqhtxdolwlhv +45, dqg +5:, zh kdyh

nx�+{,� x2+{,� +j�+{,� j2+{,,nu"E(�

� f2 � nD+j� � j2,+{, . +f�+{,� f2+{,,nuRE(� >

wkhuhiruh

nx�+{,� x2+{,nuR�Eh(B�
� f��

�
nj�+{,� j2+{,n` 2cRE(� . nf�+{,� f2+{,nuRE(�

�
=

+619,

Zh vwduw qrz hvwlpdwlqj wkh vhfrqg whup lq wkh uljkw vlgh ri wkh lq0
htxdolw| +67,1 Iurp K�hoghu lqhtxdolw| +65, zh kdyh

nD+x� � x2,+{,nuR�Eh(B�
� nD+x� � x2,+{,n�3b

uREh(B�
� nD+x� � x2,+{,nbu�Eh(B�

=

+61:,

Wkh Ohy|0Vwdpsdffkld lqhtxdolw| +^4`/ fkdswhu 5/ fruroodu| 817, jlyhv xv

mD+x� � x2,+{,m � mDx�+{,m.mDx2+{,m � mDj�+{,m.mf�+{,m.mDj2+{,m.mf2+{,m>

khqfh

nD+x� � x2,+{,nuRE(� � fe
�
nj�+{,n`2cRE(� . nj2+{,n`2cRE(�

. nf�+{,nuRE(� . nf2+{,nuRE(�

�
=
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Lw uhpdlqv wr hvwlpdwh wkh h{suhvvlrq nD+x� � x2,+{,nu�Eh(B�
dqg wkdw

lv wkh nh| vwhs lq rxu surri1 Wkh vwduwlqj srlqw lv wkh lqhtxdolw| +5<,/ iurp
zklfk lw iroorzv/ wkdw]

(

mD+j� � j2,+|, . +f�+|,� f2+|,,mH+�+G,

�
]
h(B

mD+x� � x2,+|, . +f�+|,� f2+|,,mH+�+G,

� lqi
+Mh(B

H+�+G, �
]
h(B

mD+x� � x2,+|, . +f�+|,� f2+|,,m g|>

wkhuhiruh ]
h(B

mD+x� � x2,+|, . +f�+|,� f2+|,,m g|

�
vxs
+M(

H+�+G,

lqi
+Mh(B

H+�+G,

]
(

mD+j� � j2,+|, . +f�+|,� f2+|,,m g|=

Lw lv hdv| wr jhw iurp khuh/ wkdw

nD+x� � x2,+{,nu�Eh(B�
� fD

�
nj�+{,� j2+{,n` 2cRE(� . nf�+{,� f2+{,nuRE(�

�
=

Wkxv zh frph wr wkh iroorzlqj lqhtxdolw|

nD+x� � x2,+{,nuR�Eh(B�
� fS

�
nj�+{,n` 2cRE(� . nj2+{,n` 2cRE(� . nf�+{,nuRE(�

. nf2+{,nuRE(�

��3b � �nj�+{,� j2+{,n`2cRE(� . nf�+{,� f2+{,nuRE(�

�b
=

+61;,

Dw odvw zh rewdlq wkh ghvluhg hvwlpdwh +66, diwhu vxpplqj xs wkh lq0
htxdolwlhv +68, dqg +6:,1

Fruroodu| 51 Wkh vwudljkwiruzdug frqvhtxhqfh ri wkh hvwlpdwh +66, lv
wkh iroorzlqj vwdelolw| uhvxow=

Iru duelwudu| gdwd +j6+{,> f6+{,, dqg +j+{,> f+{,, vxfk wkdw

j6+{, $ j+{, lq Z 2cR+G,> f6+{, $ f+{, lq OR+G,> s A q>

zh kdyh

x6+{, $ x+{, lq Z 2cR�+ hG,
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zkhuh x6+{, dqg x+{, duh wkh fruuhvsrqglqj vroxwlrqv ri wkh revwdfoh sure0
ohp +<,�+43, +dqg hG lv dq| grpdlq vwulfwo| lpehgghg lq wkh grpdlq G,1

Uhpdun 61 Zh kdyh wr qrwh dw wkh hqg ri rxu sdshu wkdw lw kdv ehhq yhu|
khosixo iru xv wr eh dftxdlqwhg zlwk wkh wkhru| ri yduldwlrqdo lqhtxdolwlhv
e| wkh uhpdundeoh pdqxdo ^9` ri Nlqghuohkuhu dqg Vwdpsdffkld/ hvshfldoo|
lwv fkdswhu 7 rq uhjxodulw|1
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