
VSHFWUDO HOHPHQW GLVFUHWL]DWLRQV RI WKH SRLVVRQ
HTXDWLRQ ZLWK PL[HG ERXQGDU\ FRQGLWLRQV

F1Ehuqdugl/ \1Pdgd|

Dqdo|vh Qxp�hultxh/
F1Q1U1V1 ) Xqlyhuvlw�h Slhuuh hw Pdulh Fxulh/

E1F1 4;:/ 7 sodfh Mxvvlhx/ :8585 Sdulv Fhgh{ 38/ Iudqfh1

+Uhfhlyhg= 38136134> uhylvhg= 4<137134,

�Mt|h@U|

7KH DLP RI WKLV SDSHU LV WR LQYHVWLJDWH WKH UDWH RI FRQYHUJHQFH RI WKH VSHFWUDO

HOHPHQW GLVFUHWL]DWLRQ RI WKH 3RLVVRQ HTXDWLRQ LQ D VTXDUH ZKHQ LW LV SURYLGHG ZLWK

ERXQGDU\ FRQGLWLRQV RI PL[HG 'LULFKOHW DQG 1HXPDQQ W\SHV� :H FRQVLGHU WKH WZR

VLWXDWLRQV ZKHUH WKH SDUWV RI WKH ERXQGDU\ FRUUHVSRQGLQJ WR 'LULFKOHW DQG 1HXPDQQ

FRQGLWLRQV LQWHUVHFW ZLWK DQJOHV HTXDO WR �@5 RU ��

Nh| zrugv dqg skudvhv= 0L[HG ERXQGDU\ FRQGLWLRQV� 6SHFWUDO HOHPHQWV�

DPV vxemhfw fodvvl�fdwlrq= ��1��� ��1���

�� W?|hL_�U|�L?

Ohw  ghqrwh wkh xqlw vtxduh `� 4> 4^21 Zh frqvlghu wkh iroorzlqj Srlvvrq
htxdwlrq ;AAAA?AAAA=

��x @ i lq >

x @ 3 rq �_>

C?x @ j rq �?>

+414,

zkhuh �_ dqg �? duh wzr rshq sduwv ri wkh erxqgdu| C vxfk wkdw

C @ �_ ^ �? dqg �_ _ �? @ >= +415,

Vxfk dq htxdwlrq prghov wkh uhsduwlwlrq ri whpshudwxuh lq d krprjhqhrxv
phglxp  khdwhg e| dq lqwhuqdo vrxufh i / zkhq wkh whpshudwxuh lv hqirufhg
wr eh frqvwdqw rq �_ +khuh htxdo wr }hur iru vlpsolflw|, dqg wkh khdw �x{ lv
jlyhq htxdo wr j rq �?1

Zh vshfl�fdoo| frqvlghu wkh wzr iroorzlqj vlwxdwlrqv zklfk vhhp wr eh
jhqhulf zkhq  lv d vtxduh=
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� hlwkhu �? lv d zkroh hgjh ri /
� ru �? lv wkh xqlrq ri wkh sduwv ri wzr qhljkerxulqj hgjhv ri  dqg
frqwdlqv wkhlu frpprq yhuwh{1
Htxlydohqwo| wkh dqjoh ehwzhhq �_ dqg �? dw hdfk ri wkh wzr srlqwv lq �__�?
lv htxdo wr Z

2
lq wkh �uvw fdvh/ wr � lq wkh vhfrqg fdvh1

Lq wkh �uvw vwhs/ zh zulwh wkh yduldwlrqdo irupxodwlrq ri sureohp +414,1
Lw fdq eh revhuyhg wkdw wkh odfn ri uhjxodulw| ri wkh vroxwlrq ri wklv sure0
ohp iru vprrwk gdwd kdv wzr ruljlqv= lq wkh jhqhudo fdvh/ wkh vroxwlrq
_frqwdlqv%/ lq d vhqvh zklfk lv pdgh suhflvh odwhu rq/ vlqjxodu ixqfwlrqv
olqnhg wr wkh yhuwlfhv ri wkh vtxduh dqg dovr vlqjxodu ixqfwlrqv lvvxhg iurp
wkh fkdqjh ri erxqgdu| frqglwlrqv1 Zh duh lqwhuhvwhg lq wkh fkdudfwhul}d0
wlrq ri wkh ohdglqj vlqjxodu ixqfwlrqv= uho|lqj rq ^45` dqg ^9`/ ^:`/ ^;`/ zh
zulwh wkh h{solflw irup ri wkhvh ixqfwlrqv dqg vwdwh wkh fruuhvsrqglqj uhj0
xodulw| surshuwlhv ri wkh vroxwlrq1 Lqghhg wklv ghwhuplqhv wkh frqyhujhqfh
rughu ri wkh ehvw sro|qrpldo dssur{lpdwlrq/ zklfk lv wkh nh| whup lq huuru
hvwlpdwhv iru dq| w|sh ri vshfwudo glvfuhwl}dwlrq1

Qh{w/ zh frqvlghu wkh vshfwudo hohphqw glvfuhwl}dwlrq ri sureohp +414,1
Lq wkh �uvw vlwxdwlrq/ wkh vlpsohvw lghd frqvlvwv lq xvlqj wkh sxuh vshfwudo
phwkrg/ l1h1 zlwkrxw grpdlq ghfrpsrvlwlrq1 Zh suryh dq huuru hvwlpdwh
zkhuh wkh frqyhujhqfh rughu lv h{solflw dqg fkhfn wkh rswlpdolw| ri wklv hv0
wlpdwh1 Lq wkh vhfrqg vlwxdwlrq/ xvlqj vshfwudo hohphqwv doorzv wr lpsuryh
wkh dffxudf| ri wkh glvfuhwl}dwlrq/ vlqfh slhfhzlvh sro|qrpldo ixqfwlrqv rq
dq dssursuldwh sduwlwlrq ri wkh grpdlq �w ehwwhu wkh vlqjxodu ixqfwlrqv
wkdq sro|qrpldov rq wkh zkroh grpdlq1 Vr zh lqwurgxfh d frqiruplqj
ghfrpsrvlwlrq ri wkh vtxduh  lqwr irxu uhfwdqjohv dqg zh ghvfuleh wkh
fruuhvsrqglqj vshfwudo hohphqw glvfuhwl}dwlrq ri sureohp +414,1 Wklv glv0
fuhwl}dwlrq lv frqiruplqj/ krzhyhu lq rughu wr wdnh lqwr frqvlghudwlrq wkh
idfw wkdw wkh udwlr ri wkh ohqjwk ri �? wr wkh ohqjwk ri �_ fdq eh yhu| vpdoo/
zh xvh gl�huhqw ghjuhhv ri sro|qrpldov rq wkh gl�huhqw vxegrpdlqv1 Wkhuh
dovr zh h{klelw wkh rswlpdo rughu ri frqyhujhqfh ri wkh glvfuhwl}dwlrq1

Dq rxwolqh ri wkh sdshu lv dv iroorzv1
� Lq Vhfwlrq 5 zh uhfdoo wkh pdlq surshuwlhv ri wkh frqwlqxrxv sureohp1
� Vhfwlrq 6 lv ghyrwhg wr wkh ghvfulswlrq dqg dqdo|vlv ri wkh vshfwudo
glvfuhwl}dwlrq ri sureohp +414, lq wkh �uvw vlwxdwlrq1
� Lq Vhfwlrq 7 zh suhvhqw dqg dqdo|}h wkh vshfwudo hohphqw glvfuhwl}dwlrq
ri sureohp +414, lq wkh vhfrqg vlwxdwlrq1

Dfnqrzohgjphqw= Wkh dxwkruv duh yhu| judwhixo wr Prqltxh Gdxjh iru
lqwhuhvwlqj dqg khosixo glvfxvvlrqv frqfhuqlqj wkh uhjxodulw| ri wkh sureohp1
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2� A�i UL?|�?�L�t ThLM*i4

Wkh jhqhulf srlqw lq  lv ghqrwhg e| { @ +{> |,1 Zh �uvw lqwurgxfh wkh
vsdfh O2+, ri phdvxudeoh uhdo0ydoxhg ixqfwlrqv y vxfk wkdw]

l

y2+{, g{ ? 4=

Iru dq| qrqqhjdwlyh uhdo qxpehu v/ zh dovr qhhg wkh Kloehuw Vrerohy vsdfhv
Kr+,= zkhq v lv dq lqwhjhu p/ K6+, lv wkh vsdfh ri ixqfwlrqv lq O2+,
vxfk wkdw doo wkhlu sduwldo ghulydwlyhv ri rughu � p ehorqj wr O2+,/ sur0
ylghg zlwk wkh xvxdo qrup dqg vhpl0qrup

nynM6El� @ +
6[
&'f

&[
�'f

nC�%C&3�+ yn2u2El�,
�

2 > mymM6El� @ +
6[
�'f

nC�%C63�+ yn2u2El�,
�

2 >

zkhq v lv qrw dq lqwhjhu/ Kr+, lv gh�qhg e| Kloehuwldq lqwhusrodwlrq eh0
wzhhq K6n�+, dqg K6+,/ zlwk p htxdo wr wkh lqwhjudo sduw ri v1 Dv
xvxdo/ Kr

f+, vwdqgv iru wkh forvxuh lq Kr+, ri wkh vsdfh G+, ri lq�qlwho|
gl�huhqwldeoh ixqfwlrqv zlwk d frpsdfw vxssruw lq / dqg K3r+, ghqrwhv

lwv gxdo vsdfh1 Rq wkh joredo erxqgdu| C/ Kr3 �

2 +C, iru doo v A �
2 vwdqgv

iru wkh vsdfh ri wudfhv ri ixqfwlrqv lq Kr+,1 Vlplodu vsdfhv rq d sduw ri
C fdq eh gh�qhg e| uhvwulfwlrq1

Iurp qrz rq/ zh dvvxph wkdw C dgplwv wkh ghfrpsrvlwlrq +415, dqg
wkdw erwk �_ dqg �? kdyh srvlwlyh phdvxuhv lq C1 Wkh yduldwlrqdo vsdfh

[ @ iy 5 K�+,> y @ 3 rq �_j> +514,

lv d forvhg vxevsdfh ri K�+,1 Pruhryhu wkh wudfh rshudwru= y :$ y�K? lv

olqhdu dqg frqwlqxrxv iurp [ rqwr K
�

2

ff+�?, +zh uhihu wr ^46` +Fkds1 4/ Wk1

441:, iru wkh gh�qlwlrq ri K
�

2

ff+�?,,1

Qrz/ iru dq| i lq O2+, dqg j lq wkh gxdo vsdfh K
�

2

ff+�?,
� ri K

�

2

ff+�?,/
zh frqvlghu wkh iroorzlqj yduldwlrqdo sureohp=

Ilqg x lq [ vxfk wkdw

;y 5 [> d+x> y, @

]
l
i+{,y+{, g{. kj> yl> +515,

zkhuh wkh elolqhdu irup d+�> �, lv gh�qhg e|

d+x> y, @

]
l
judgx � judg y g{>

zkloh k�> �l vwdqgv iru wkh gxdolw| sdlulqj ehwzhhq K
�

2

ff+�?,
� dqg K

�

2

ff+�?,1
Ohw F"+, ghqrwh wkh vsdfh ri uhvwulfwlrqv wr  ri lq�qlwho| gl�huhqwldeoh
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ixqfwlrqv rq LU21 Wkhq/ lw lv uhdglo| fkhfnhg iurp wkh ghqvlw| ri G+, lq
K�
f +, dqg ri F"+, _[ lq [/ wkdw wklv sureohp lv htxlydohqw wr v|vwhp

+414,1
Wkh hoolswlflw| ri wkh irup d+�> �, rq [ lv ghulyhg iurp d jhqhudol}hg

Srlqfdu�h~Iulhgulfkv lqhtxdolw|1 Wkxv/ wkh zhoo0srvhgqhvv ri sureohp +515,
lv dq hdv| frqvhtxhqfh ri Od{0Plojudp ohppd1

Sursrvlwlrq 5141 Iru dq| gdwd i lq O2+, dqg j lq K
�

2

ff+�?,
�/ sureohp

+5=5, kdv d xqltxh vroxwlrq x lq [1 Pruhryhu/ wklv vroxwlrq vdwlv�hv/ iru d
frqvwdqw fl rqo| ghshqglqj rq wkh jhrphwu| ri /

nxnM�El� � fl +ninu2El� . njn
M

�

2

ff
EK?��

,= +516,

Lq rughu wr vwdwh wkh uhjxodulw| uhvxowv dqg vlqfh �_ dqg �? duh frqqhfwhg
lq wkh wzr vlwxdwlrqv zh duh lqwhuhvwhg lq/ zh ghqrwh e| e� dqg e2 wkh wzr
srlqwv lq �_ _ �?1 Ohw dovr Y� dqg Y2 eh rshq qhljkerxukrrgv ri e� dqg
e2/ uhvshfwlyho|/ vxfk wkdw Y� _ Y2 @ > dqg dovr wkdw wkh glvwdqfh ri hdfk
Y� wr wkh yhuwlfhv ri  wkdw gr qrw frlqflgh zlwk e� ru e2 lv srvlwlyh1 Zh
�uvw uhfdoo ^45` +Fkds1 8,/ ^48` +Fkds1 L/ { LL ) LLL, wkh uhjxodulw| surshuw|
rxwvlgh Y� ^ Y21

Ohppd 5151 Wkh pdsslqj= +i> j, :$ x/ zkhuh x lv wkh vroxwlrq

ri sureohp +5=5,/ lv frqwlqxrxv iurp +O2+, _ Kr32+,,�K
r3 �

2

1 +�?, lqwr

Kr+q +Y�^Y2,, iru doo v/ 4 ? v ? 6/ zkhuh K
r3 �

2

1 +�?, iru v ? 6 vwdqgv iru
wkh vsdfh ri ixqfwlrqv vxfk wkdw wkhlu uhvwulfwlrqv wr dq| hgjh h frqwdlqhg
lq �? ehorqj wr Kr3 �

2 +h,1
Wklv uhjxodulw| surshuw| lv rswlpdo lq wkh vhqvh wkdw wkh vroxwlrq x ri

sureohp +515, grhv qrw qhfhvvdulo| ehorqj wr K�+, hyhq iru yhu| vprrwk
gdwd i / dv h{sodlqhg lq wkh qh{w olqhv1 Wklv uhtxluhv vrph qrwdwlrq1

Ohw d�/ 4 � l � 7/ ghqrwh wkh yhuwlfhv ri / dqg ohw L_/ uhvs1 L?/ eh wkh
vhw ri lqglfhv l lq i4> = = = > 7j vxfk wkdw d� lv lqvlgh �_/ uhvs1 lqvlgh �?1 Zh
lqwurgxfh wkh v|vwhp ri srodu frruglqdwhv +u�> ��,/ zkhuh u� lv wkh glvwdqfh
wr d� dqg �� lv wkh dqjxodu frruglqdwh htxdo wr 3 ru Z

2
rq wkh wzr hgjhv ri

C wkdw frqwdlq d�1 Zh dovr lqwurgxfh d uhjxodu ixqfwlrq " zlwk frpsdfw
vxssruw lq ^3> �

e
^/ htxdo wr 4 lq d qhljkerxukrrg ri }hur1 Qh{w/ zh frqvlghu

wkh ixqfwlrqv

V_
� +u�> ��, @ "+u�, u

2

� ++orj u�, vlq+5��, . �� frv+5��, .
Z
2
vlq2 ��,>

V?
� +u�> ��, @ "+u�, u

2

� ++orj u�, frv+5��,� �� vlq+5��,,=
+517,

Iru vlpsolflw|/ zh xvh wkh vdph qrwdwlrqv V_
� dqg V?

� iru wkhvh ixqfwlrqv
lq Fduwhvldq frruglqdwhv +{> |, rq 1 Lw lv uhdglo| fkhfnhg wkdw wkh ixqfwlrqv
V_
� dqg V?

� gr qrw ehorqj wr K�+, zkloh erwk �V_
� dqg �V?

� ehorqj wr

7
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K�+, dqg wkh erxqgdu| ydoxh C?V
?
� ehorqjv wr K

�

2 +�?,1 Zh uhihu wr ^4`/
^8`/ ^9` dqg ^45` +Fkds1 8, iru wkh iroorzlqj uhvxow1

Ohppd 5161 Iru dq| gdwd +i> j, lq Kr32+, �K
r3 �

2

1 +�?,/ 6 � v ? 8/
wkhuh h{lvw frqvwdqwv �_� dqg �?� dqg d ixqfwlrq xo lq Kr+q +Y�^Y2,, vxfk
wkdw wkh vroxwlrq x ri sureohp +5=5, dgplwv wkh iroorzlqj h{sdqvlrq

x @ xo .
[
�M U_

�_� V
_
� .

[
�M U?

�?� V
?
� lq  q +Y� ^ Y2,> +518,

zkhuh K
r3 �

2

1 +�?, vwdqgv iru wkh vsdfh ri ixqfwlrqv j vxfk wkdw
+l, iru v A 6/ wkhlu uhvwulfwlrqv wr dq| hgjh h frqwdlqhg lq �? ehorqj wr

Kr3 �

2 +h, dqg/ li �? frqwdlqv wzr hgjhv h dqg h� zlwk frpprq hqgsrlqw d/
wkhvh uhvwulfwlrqv vdwlvi| j��e+d, @ �j��e�+d,/

+ll, iru v @ 6/ K
�

2

1 +�?, lv gh�qhg e| Kloehuwldq lqwhusrodwlrq ehwzhhqK
.

e

1 +�?,

dqg K
D

e

1 +�?,1
Wkh frpsdwlelolw| frqglwlrq lq sduw +l, ri wklv vwdwhphqw frphv iurp wkh

idfw wkdw vprrwk vroxwlrqv x duh vxfk wkdw C%C+x+d, lv xqltxho| gh�qhg1 Lw
rqo| dsshduv lq wkh vhfrqg vlwxdwlrq zkhuh �? lv pdgh ri wzr hgjhv +dqg
zh zrun zlwk ohvv uhjxodu vroxwlrqv lq wklv fdvh/ dv h{sodlqhg ehorz,1

Uhpdun1 Wkh frh�flhqwv �_� dqg �?� fdq eh frpsxwhg h{solflwo| dv d
ixqfwlrq ri wkh gdwd1 Iru lqvwdqfh/ �_� lv htxdo wr �

Z
i+d�,/ vhh ^9`1 Wklv

suryhv wkh rswlpdolw| ri wkh uhjxodulw| uhvxow vwdwhg lq Ohppd 5=51
Vr lw uhpdlqv wr lqyhvwljdwh wkh uhjxodulw| surshuwlhv lq Y� ^ Y21 Khuh/

zh frqvlghu vhsdudwho| wkh wzr vlwxdwlrqv ghvfulehg lq wkh lqwurgxfwlrq1
Wkh fdvh zkhuh �? lv d zkroh hgjh ri  lv fdoohg Vlwxdwlrq L1 Zh uhihu wr ^8`
dqg ^;` +{;, iru wkh qh{w uhvxowv1

Ohppd 5171 Lq Vlwxdwlrq L/ wkh pdsslqj= +i> j, :$ x/ zkhuh x lv wkh

vroxwlrq ri sureohp +5=5,/ lv frqwlqxrxv iurp +O2+,_Kr32+,,�K
r3 �

2

W +�?,

lqwr Kr+Y� ^Y2, iru doo v/ 4 � v ? 7/ zkhuh K
r3 �

2

W +�?, vwdqgv iru wkh vsdfh

K
r3 �

2

W +�?, @

;AAAAAAAAA?AAAAAAAAA=

K
�

2

ff
+�?,

� iru v @ 4/

K
�

2
3r+�?,

� iru 4 ? v ? �

2
/

O2+�?, iru v @ �

2
/

Kr3 �

2 +�?, iru �

2
? v ? 5/

K
�

2

ff
+�?, iru v @ 5/

Kr3 �

2 +�?, _K
�

2

ff
+�?, iru v A 51

+519,

Uhpdun1 Qrwh wkdw wkh uhvxow ri Ohppd 5=7 lv qr orqjhu ydolg lq wkh
fdvh 5 � v ? 7 zkhq wkh ixqfwlrq j grhv qrw ydqlvk dw wkh hqgsrlqwv ri

8



DPL Yro19 Qr14/ 5334 F1Ehuqdugl/ \1Pdgd| .

�?1 Lqghhg/ d vlqjxodu ixqfwlrq/ htxdo wr "+u�, +u� +orj u�, vlq �� . �� frv ��,
dsshduv lq d qhljkerxukrrg ri hdfk yhuwh{ d� zklfk lv dq hqgsrlqw ri �?/
dqg lwv frh�flhqw lv htxdo wr � 2

Z
j+d�,/ dv suryhq lq ^:` dqg ^;`1

Zh qhhg d voljkwo| pruh suhflvh uhvxow1 Ohw xv dvvxph wkdw wkh hqgsrlqwv
ri �? frlqflgh zlwk wkh yhuwlfhv d� ri / l @ 4 dqg 51 Zh frqvlghu wkh
vlqjxodu ixqfwlrqv

V_?
� +u�> ��, @ "+u�, u

�

� ++orj u�, vlq+6��, . �� frv+6��,,> +51:,

zkhuh �� lv fkrvhq wr eh }hur rq �_ dqg htxdo wr Z
2
rq �?1 Zh djdlq uhihu

wr ^;` +{;, iru wkh iroorzlqj uhvxow1

Ohppd 5181 Lq Vlwxdwlrq L/ iru dq| gdwd +i> j, lq Kr32+,�K
r3 �

2

W +�?,/
7 � v ? 9/ wkhuh h{lvw frqvwdqwv �_?� / l @ 4 dqg 5/ dqg d ixqfwlrq xo lq
Kr+Y� ^ Y2, vxfk wkdw wkh vroxwlrq x ri sureohp +5=5, dgplwv wkh iroorzlqj
h{sdqvlrq

x @ xo .
2[

�'�

�_?� V_?
� lq Y� ^ Y2= +51;,

Zh qrz frqvlghu wkh fdvh/ fdoohg Vlwxdwlrq LL/ zkhuh �? lv wkh xqlrq ri
d yhuwh{/ vd| d� iru vlpsolflw|/ dqg ri sduwv ri wkh wzr hgjhv wkdw frqwdlq
d�1 Pruh suhflvho|/ �? lv wkh xqlrq ri wkh wzr vhjphqwv e�d� dqg d�e21
Khuh/ zh ghqrwh e| +��> ��, wkh v|vwhp ri srodu frruglqdwhv vxfk wkdw �� lv
wkh glvwdqfh wr e� dqg �� lv wkh dqjxodu frruglqdwh htxdo wr 3 rq �_ dqg wr
� rq �?1 Zh lqwurgxfh wkh ixqfwlrqv

	�+�� > ��, @ "+��, �
�

2

� vlq+
��
5
,> m @ 4> 5= +51<,

Wkh surri ri wkh iroorzlqj uhvxow fdq eh irxqg lq ^45` +Fkds1 8,1
Ohppd 5191 Lq Vlwxdwlrq LL/ wkh pdsslqj= +i> j, :$ x/ zkhuh x lv

wkh vroxwlrq ri sureohp +5=5,/ lv frqwlqxrxv iurp O2+, � Kr3�

2 +�?, lqwr
Kr+Y�^Y2, iru doo v/ 4 � v ? �

2
1 Pruhryhu/ iru dq| gdwd +i> j, lq +O2+,_

Kr32+,,�Kr3 �

2 +�?,/
�

2
� v ? D

2
/ wkhuh h{lvw frqvwdqwv ��/ m @ 4 dqg 5/

dqg d ixqfwlrq xo lq Kr+Y� ^ Y2, vxfk wkdw wkh vroxwlrq x ri sureohp +5=5,
dgplwv wkh iroorzlqj h{sdqvlrq

x @ xo .
2[

�'�

�� 	� lq Y� ^ Y2= +5143,

Uhpdun1 Qrwh wkdw doo h{sdqvlrqv +5=8,/ +5=;, dqg +5=43, duh frqwlq0
xrxv/ lq wkh vhqvh wkdw wkh Kr0qrup ri wkh ixqfwlrq xo dqg wkh devroxwh
ydoxhv ri wkh frqvwdqwv duh erxqghg dv d ixqfwlrq ri wkh qrupv ri i dqg j1
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Uhpdun1 Wkh vlqjxodulwlhv V_
� / V

?
� / V

_?
� dqg 	�/ lqwurgxfhg suhylrxvo|/

duh wkh orfdo ohdglqj rqhv1 Pruh suhflvho|/ iru dssursuldwh vlqjxodu exw
vprrwkhu ixqfwlrqv V_W

� / V?W
� / V_?W

� dqg 	W
� / h{sdqvlrqv +5=8,/ +5=;, dqg

+5=43, fdq eh lqfuhdvhg/ uhvshfwlyho|/ dv iroorzv

x @ xWo .
[
�MU_

�_� V
_
� .

[
�MU_

�_W� V_W
� .

[
�MU?

�?� V
?
� .

[
�MU?

�?W� V?W
� lq  q +Y� ^Y2,>

+5144,

x @ xWo .
2[

�'�

�_?� V_?
� .

2[
�'�

�_?W� V_?W
� lq Y� ^ Y2> +5145,

x @ xWo .
2[

�'�

�� 	� .
2[

�'�

�W� 	
W
� lq Y� ^ Y2> +5146,

dqg iru uhjxodu gdwd i dqg j?/ wkh ixqfwlrq xWo qrz ehorqjv wr wkh vsdfhv
Kr+ q +Y� ^ Y2,, ru wr Kr+Y� ^ Y2, iru kljkhu ydoxhv ri v1

�� 5TiU|h@* _�tUhi|�3@|�L? �? |�i �ht| t�|�@|�L?

Iru vlpsolflw| dqg dv looxvwudwhg lq wkh iroorzlqj �jxuh/ zh qrz dvvxph wkdw
�? frlqflghv zlwk wkh hgjh `� 4> 4^�i4j ri 1

Iljxuh 4
Wkh glvfuhwl}dwlrq sdudphwhu lv d srvlwlyh lqwhjhu Q 1 Iru dq| qrqqhjd0

wlyh lqwhjhu q/ ohw LS ?+, ghqrwh wkh vsdfh ri uhvwulfwlrqv wr  ri sro|qrpldov
zlwk wzr yduldeohv { dqg | dqg ghjuhh � q zlwk uhvshfw wr hdfk yduldeoh1
Wkh glvfuhwh vsdfh lv

[� @ LS� +, _[=

Lw lv dq hdv| pdwwhu wr fkhfn wkdw wkh glphqvlrq ri [� lv Q+Q � 4,1

:
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Zh uhfdoo wkh pdlq surshuwlhv ri wkh Jdxvv~Oredwwr irupxod rq wkh
lqwhuydo ` � 4> 4^= zlwk �f @ �4 dqg �� @ 4/ wkhuh h{lvwv d xqltxh vhw ri
Q � 4 qrghv �� / 4 � m � Q � 4/ dqg Q . 4 zhljkwv ��/ 3 � m � Q / vxfk
wkdw wkh iroorzlqj htxdolw| krogv iru doo sro|qrpldov � ri ghjuhh � 5Q � 4=

]
�

3�
�+�, g� @

�[
�'f

�+��, ��=

Li +O?,?Df ghqrwhv wkh idplo| ri Ohjhqguh sro|qrpldov +zkhuh hdfk O? kdv
ghjuhh q dqg vdwlv�hv= O?+4, @ 4,/ wkh �� / 4 � m � Q � 4/ duh wkh }hurv ri
O�
� dqg wkh zhljkwv ��/ 3 � m � Q / duh srvlwlyh/ jlyhq e|

�� @
5

Q+Q . 4,O2� +��,
=

Wkxv/ iru dq| ixqfwlrqv x dqg y frqwlqxrxv rq / zh duh lq d srvlwlrq wr
gh�qh e| whqvrul}dwlrq d glvfuhwh surgxfw

++x> y,,� @
�[
�'f

�[
�'f

x+��> ��,y+��> ��, ����=

D vlplodu rqh fdq eh gh�qhg rq doo ixqfwlrqv x dqg y frqwlqxrxv rq �?=

++x> y,,�cK? @
�[
�'f

x�K?+��,y�K?+��,��=

Ohw dovr L� vwdqg iru wkh Odjudqjh lqwhusrodwlrq rshudwru dw wkh qrghv
+��> ��,/ 3 � l> m � Q / zlwk ydoxhv lq LS� +, dqg LK?� eh wkh Odjudqjh
lqwhusrodwlrq rshudwru dw wkh qrghv �� ri �?/ 3 � l � Q / zlwk ydoxhv lq
wkh vsdfh LS� +�?, ri sro|qrpldov zlwk ghjuhh � Q zlwk uhvshfw wr wkh
wdqjhqwldo frruglqdwh rq �?1

Qrz/ iru dq| i frqwlqxrxv rq  dqg j frqwlqxrxv rq �?/ zh frqvlghu
wkh iroorzlqj yduldwlrqdo sureohp=

Ilqg x� lq [� vxfk wkdw

;y� 5 [� > d� +x� > y� , @ ++i> y� ,,� . ++j> y� ,,�cK? > +614,

zkhuh wkh elolqhdu irup d� +�> �, lv gh�qhg e|

d� +x� > y� , @ ++C%x� > C%y� ,,� . ++C+x� > C+y� ,,� =

Zh �uvw fkhfn wkh zhoo0srvhgqhvv ri wklv sureohp1

;
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Ohppd 6141 Wkhuh h{lvw srvlwlyh frqvwdqwv � dqg � lqghshqghqw ri Q
vxfk wkdw wkh irup d� +�> �, vdwlv�hv wkh iroorzlqj surshuwlhv ri frqwlqxlw|

;x� 5 [� > ;y� 5 [� > d� +x� > y� , � � nx�nM�El�ny�nM�El�> +615,

dqg ri hoolswlflw|

;x� 5 [� > d� +x� > x� , � � nx�n2M�El�= +616,

Surri1 E| xvlqj d Fdxfk|~Vfkzdu} lqhtxdolw| lq d� +x� > y� , dqg wkh
htxlydohqfh ri wkh vhpl0qrup m � mM�El� dqg qrup n�nM�El� rq [ +vhh Sursr0
vlwlrq 514,/ zh duh uhgxfhg wr suryh wkdw/ iru dssursuldwh frqvwdqwv �� dqg
��/

;x� 5 [� > �� mx� m2M�El� � d� +x� > x� , � �� mx� m2M�El�= +617,

Qrwh wkdw wkh whup +C%x� ,
2 kdv ghjuhh � 5Q �5 zlwk uhvshfw wr {/ vr wkdw

wkh h{dfwqhvv surshuw| ri wkh txdgudwxuh irupxod lpsolhv wkdw wkh vxp rq
wkh l lq wkh �uvw whup ri d� +x� > x� , fdq eh uhsodfhg e| wkh lqwhjudo zlwk
uhvshfw wr {1 Xvlqj d vlplodu dujxphqw iru wkh vhfrqg whup |lhogv wkdw

d� +x� > x� , @

] �

3�

�[
�'f

+C%x� ,
2+{> ��, �� g{.

] �

3�

�[
�'f

+C+x� ,
2+��> |,�� g|=

Zh uhfdoo ^6` +Uhp1 4616,/ ^7` +Ohppd 515, wkdw/ zlwk reylrxv gh�qlwlrq iru
LS� +�4> 4,/

;*� 5 LS� +�4> 4,> n*�n2u2E3�c�� �
�[
�'f

*2� +��,�� � 6 n*�n2u2E3�c��= +618,

Lqvhuwlqj wklv lqwr wkh suhylrxv olqh jlyhv +617, zlwk �� @ 4 dqg �� @ 61
Sursrvlwlrq 6151 Iru dq| gdwd i frqwlqxrxv rq  dqg j frqwlqxrxv rq

�?/ sureohp +6=4, kdv d xqltxh vroxwlrq x� lq [� 1 Pruhryhu/ wklv vroxwlrq
vdwlv�hv/ iru d frqvwdqw fl rqo| ghshqglqj rq /

nx�nM�El� � fl +nL�inu2El� . nLK?� jnu2EK?�,= +619,

Surri1 Wkh h{lvwhqfh dqg xqltxhqhvv ri wkh vroxwlrq lv dq reylrxv
frqvhtxhqfh ri Ohppd 614 frpelqhg zlwk Od{0Plojudp ohppd1 Lq rughu
wr suryh +6=9,/ zh wdnh y� htxdo wr x� lq +614, dqg xvh +6=6,/ zklfk ohdgv
wr

� nx�n2M�El� � d� +x� > x� , @ ++i> x� ,,� . ++j> x� ,,�cK? =

<
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Lw iroorzv iurp wkh gh�qlwlrq ri wkh vfdodu surgxfwv wkdw/ lq wkh suhylrxv
olqh/ i dqg j fdq eh uhsodfhg e| L�i dqg LK?� j/ uhvshfwlyho|1 E| xvlqj
Fdxfk|~Vfkzdu} lqhtxdolw|/ zh ghulyh

� nx�n2M�El� � ++L�i>L�i,,
�

2

� ++x� > x� ,,
�

2

�.++LK?� j> LK?� j,,
�

2

�cK?
++x� > x� ,,

�

2

�cK?
=

Xvlqj rqfh pruh +6=8, lq hdfk gluhfwlrq jlyhv

� nx�n2M�El� � < nL�inu2El�nx�nu2El� . 6 nLK?� jnu2EK?�nx�nu2EK?�=

Vr wkh ghvluhg lqhtxdolw| iroorzv wkdqnv wr wkh wudfh wkhruhp1

Zh duh qrz lqwhuhvwhg lq wkh d sulrul huuru hvwlpdwh ehwzhhq wkh vroxwlrq
x ri sureohp +515, dqg wkh vroxwlrq x� ri sureohp +614,1 Ohw y� eh dq|
dssur{lpdwlrq ri x lq wkh vsdfh [�3� @ LS�3�+, _ [ ri sro|qrpldov
ri ghjuhh � Q � 4 zlwk uhvshfw wr { dqg | zklfk vdwlvi| wkh erxqgdu|
frqglwlrqv lq [1 Zh ghgxfh iurp +616, dqg wkh glvfuhwh sureohp +614, wkdw

� nx� � y�n2M�El� � d� +x� � y� > x� � y� ,

@ �d� +y� > x� � y� , . ++i> x� � y� ,,� . ++j> x� � y� ,,�cK? =

Lw iroorzv iurp wkh h{dfwqhvv surshuw| ri wkh txdgudwxuh irupxod wkdw
d� +y� > x� � y� , frlqflghv zlwk d+y� > x� � y� ,1 Vr xvlqj sureohp +515,
|lhogv

� nx� � y�n2M�El� � d+x� y� > x� � y� ,

�
]
l
i+{,+x� � y� ,+{, g{. ++i> x� � y� ,,�

�kj> x� � y� l. ++j> x� � y� ,,�cK? =

Frpelqlqj wklv zlwk d wuldqjoh lqhtxdolw| ohdgv wr wkh iroorzlqj yhuvlrq ri
Vwudqj*v vhfrqg ohppd/ iru d frqvwdqw f lqghshqghqw ri Q /

nx� x�nM�El� � f
�

lqi
��Mf�3�

nx� y�nM�El�

. vxs
��Mf�

U
l i+{,z� +{, g{� ++i>z� ,,�

nz�nM�El�

. vxs
��Mf�

kj> z� l � ++j> z� ,,�cK?
nz�nM�El�

�
= +61:,

43
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Wkh odvw wzr whupv lq wkh uljkw0kdqg vlgh ri +61:, duh lvvxhg iurp wkh
xvh ri qxphulfdo lqwhjudwlrq/ dqg hydoxdwlqj wkhp uholhv rq vwdqgdug du0
jxphqwv1 Li ��3� ghqrwhv wkh ruwkrjrqdo surmhfwlrq rshudwru iurp O2+,
rqwr LS�3�+,/ zh kdyh iru dq| z� lq [�]

l
i+{,z� +{, g{� ++i>z� ,,�

@

]
l
+i ���3�i,+{,z� +{, g{� ++L�i ���3�i> z� ,,� >

zkhqfh/ gxh wr +618,/

vxs
��Mf�

U
l i+{,z� +{, g{� ++i>z� ,,�

nz�nM�El�

� 43 ni ���3�inu2El� . < ni � L�inu2El�=
Wkh dssur{lpdwlrq surshuwlhv ri wkh rshudwruv ��3� dqg L� duh zhoo nqrzq
^6` +Wkpv :14 ) 4715,/ ^7` +Surs1 517 dqg 51<,/ wkh| ohdg wr wkh iroorzlqj
hvwlpdwh= li wkh ixqfwlrq i ehorqjv wr Kj+,/ � A 4/ wkhq

vxs
��Mf�

U
l i+{,z� +{, g{� ++i>z� ,,�

nz�nM�El�
� fQ3j ninMjEl�= +61;,

Vlploduo|/ li �K?
�3� ghqrwhv wkh ruwkrjrqdo surmhfwlrq rshudwru iurp O2+�?,

rqwr LS�3�+�?,/ zh kdyh

vxs
��Mf�

kj> z� l � ++j> z� ,,�cK?

nz�nM�El�
� 7 nj��K?

�3�jnu2EK?�.6 nj�LK?� jnu2EK?�>

zklfk jlyhv wkh vhfrqg hvwlpdwh ^6` +Wkpv 914 ) 4617,/ ^7` +Surs1 514 )
51:,= li wkh ixqfwlrq j ehorqjv wr K� +�?,/ � A �

2 /

vxs
��Mf�

kj> z� l � ++j> z� ,,�cK?
nz�nM�El�

� fQ3� njnM� EK?�= +61<,

Vr lw uhpdlqv wr vwxg| wkh dssur{lpdwlrq huuru lqi��Mf�3� nx�y�nM�El�1
Wkh vwdqgdug hvwlpdwh lv suryhq lq ^6` +{:, dqg lq ^7` +Surs1 518 ) 519,=
iru dq| ixqfwlrq y lq Kr+,/ v � 4/

lqi
��Mf�

ny � y�nM�El� � fQ�3r nynMrEl�= +6143,

Krzhyhu zh lqwhqg wr voljkwo| lpsuryh lw/ e| wdnlqj lqwr dffrxqw wkh h{solflw
nqrzohgjh ri wkh vlqjxodu ixqfwlrqv lqwurgxfhg lq Vhfwlrq 51 Zh mxvw uhfdoo
wkh pdlq vwhsv iru ghulylqj dq rswlpdo erxqg1

44
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Vwhs 4= Ohw �� ghqrwh wkh ruwkrjrqdo surmhfwlrq rshudwru iurp O2+�4> 4,
rqwr LS� +�4> 4,1 Zh uhfdoo ^6` +{6, wkdw wkh Ohjhqguh sro|qrpldov O? vdw0
lvi| wkh gl�huhqwldo htxdwlrq

++4� �2,O�?,
� . q+q. 4,O? @ 3>

khqfh wkh| duh wkh hljhqixqfwlrqv ri wkh Vwxup~Olrxylooh rshudwru D gh�qhg
e|

D* @ �++4� �2,*�,�= +6144,

Wklv rshudwru lv vhoi0dgmrlqw dqg srvlwlyh gh�qlwh/ vr wkdw zh fdq lqwurgxfh
iru doo qrqqhjdwlyh uhdo qxpehuv v wkh grpdlq ri Dr=

G+Dr, @ i* 5 O2+�4> 4,> Dr* 5 O2+�4> 4,j>

zklfk lv surylghg zlwk wkh judsk qrup1 Wkhq/ wkh iroorzlqj hvwlpdwh lv
suryhq lq ^5` +Ohppd 8,/ ^6` +Uhp1 916,/ iru doo ixqfwlrqv * lq G+D

r
2 ,/

v � 3/

n*� ��*nu2E3�c�� � Q3r n*n
(E�

r
2 �
= +6145,

Ohw xv dovr uhfdoo iurp ^5` +Ohppd :, wkh iroorzlqj ohvv vwdqgdug surshuw|/
ydolg iru doo ixqfwlrqv * lq G+D

r
2 ,/ v A 4/

n��*� � +��*,
�nu2E3�c�� � Q23r n*n

(E�
r
2 �
= +6146,

Uhpdun1 Lw lv uhdglo| fkhfnhg wkdw Kr+�4> 4, lv lpehgghg lq G+D
r
2 ,/

vr wkdw hvwlpdwh +6=45, lv prvw riwhq xvhg zlwk wkh qrup n � n
(E�

r
2 �

uhsodfhg

e| n � nMrE3�c��1 Krzhyhu wklv lpehgglqj lv vwulfw= lqghhg lw lv suryhq lq ^<`
dqg ^43` wkdw/ zkhq v lv dq lqwhjhu p/

G+D
6
2 , @ i* 5 O2+�4> 4,> +4� �2,

6
2 g6* 5 O2+�4> 4,j= +6147,

Vwhs 5= Rq wkh vtxduh / zh gh�qh wkh iroorzlqj vsdfhv e| whqvrul}d0
wlrq/ iru dq| qrqqhjdwlyh uhdo qxpehu v/

Y r+, @ O2+�4> 4>G+D
r
2
+ ,, _G+D

r
2
% >O

2+�4> 4,,> +6148,

zkhuh D% dqg D+ ghqrwh wkh rshudwru D dssolhg zlwk uhvshfw wr wkh { dqg
| yduldeohv/ uhvshfwlyho|1 Lqghhg/ wkh ruwkrjrqdo surmhfwlrq rshudwru ��

iurp O2+, rqwr LS� +, frlqflghv zlwk wkh whqvrul}hg surgxfw �%� � �+� /
zkhuh �%� dqg �+� vwdqg iru wkh rqh0glphqvlrqdo rshudwru �� dssolhg zlwk
uhvshfw wr wkh { dqg | gluhfwlrqv1 Qrwlqj wkdw �+� frppxwhv zlwk erwk

45
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�%� dqg wkh ghulydwlyh zlwk uhvshfw wr {/ dqg vwduwlqj iurp wkh wuldqjoh
lqhtxdolw|

nC%+y ���y,nu2El� � nC%y � �+� +C%y,nu2El� . n�+� +C%y � �%� +C%y,,nu2El�
.n�+� +�%� +C%y,� C%+�

%
�y,,nu2El�

wrjhwkhu zlwk lwv dqdorjxh iru C++y � ��y,/ zh ghulyh wkh iroorzlqj uhvxow
iurp +6145, dqg +6146,+vhh ^5` +Surs1 43, iru pruh ghwdlov,= iru dq| ixqfwlrq
y lq Y r+,/ v A 4/ vxfk wkdw judg y ehorqjv wr Y |+,2/ w � 3/

ny ���ynM�El� � f +Q23r nynT rEl� .Q3| njudg ynT |El�2,= +6149,

Krzhyhu/ wkh rshudwru �� grhv qrw suhvhuyh wkh }hur frqglwlrqv rq �_/
khqfh lw grhv qrw pds [ lqwr [� 1

Vwhs 6= Ohw ��/ 4 � c � 7/ ghqrwh wkh hgjhv ri 1 Zh uhfdoo iurp ^47`
wkh iroorzlqj uhvxow1

Ohppd 6161 Iru 4 � c � 7/ wkhuh h{lvwv d oliwlqj rshudwru U�
� iurp

wkh vsdfh LS� +��, lqwr LS� +, vxfk wkdw/ iru dq| *� lq LS� +��,/ U
�
�*�

lv htxdo wr *� rq ��/ ydqlvkhv rq wkh rssrvlwh hgjh wr ��/ dqg vdwlv�hv

nU�
�*�nM�El� � f n*�n

M
�
2 EK��

= +614:,

Pruhryhu/ wkhuh h{lvwv d oliwlqj rshudwru �U�
� iurp wkh vsdfh ri sro|qrpldov

lq LS� +��, ydqlvklqj dw rqh ru wzr hqgsrlqwv d� ri �� lqwr LS� +, vxfk
wkdw/ iru dq| *� lq LS� +��,/ �U�

�*� lv htxdo wr *� rq ��/ ydqlvkhv rq wkh
rssrvlwh hgjh wr �� dqg rq wkh rwkhu hgjh frqwdlqlqj wkh d�/ dqg vdwlv�hv

n �U�
�*�nM�El� � f n*�n �M

�
2 EK��

> +614;,

iru dq dssursuldwh qrup n � n
�M
�
2 EK��

+vhh ^47`,1

Zh gr qrw zulwh h{solflwo| wkh qrup n � n
�M
�
2 EK��

iru vlpsolflw|/ krzhyhu

qrwh wkh iroorzlqj surshuw|= iru dq| ixqfwlrq y lq K�+, ydqlvklqj rq wkh
rwkhu hgjh frqwdlqlqj d�/

nyn
�M
�
2 EK��

� f nynM�El�= +614<,

Dvvxph wkdw wkh wkuhh hgjhv lq �_ duh wkh ��/ 4 � c � 6/ dqg wkdw �2
vwdqgv iru wkh rssrvlwh hgjh wr �?1 Wkh �qdo lghd lv wr vhw

z� @ ��y �U2
� ^+��y,�K2 `> y� @ z� � �U�

� ^z� �K� `� �U�
� ^z� �K�`=

Lqghhg/ z� ydqlvkhv rq wkh wzr yhuwlfhv lq �� _�2 dqg �� _�2/ vr wkdw y�
ehorqjv wr [� 1 Pruhryhu zh ghulyh iurp +614:, dqg +614;, wkdw

ny � z�nM�El� � ny ���ynM�El� . f n��yn
M

�
2 EK2�

>

46
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ny � y�nM�El� � ny � z�nM�El� . f nz�n �M
�
2 EK��

. f nz�n �M
�
2 EK��

=

E| qrwlqj wkdw y ydqlvkhv rq ��/ �2 dqg ��/ wklv |lhogv

ny � z�nM�El� � ny ���ynM�El� . f ny ���yn
M

�
2 EK2�

>

ny � y�nM�El� � ny � z�nM�El� . f ny � z�n �M
�
2 EK��

. f ny � z�n
�M
�
2 EK��

=

Wkdqnv wr wkh wudfh wkhruhp dqg +614<,/ wklv ohdgv wr wkh �qdo hvwlpdwh= iru
dq| ixqfwlrq y lq Y r+, _[ / v A 4/ vxfk wkdw judg y ehorqjv wr Y |+,2/
w � 3/

lqi
��Mf�

ny � y�nM�El� � f +Q23r nynT rEl� .Q3| njudg ynT |El�2,= +6153,

Dqg/ ri frxuvh/ hvwlpdwhv +6143, dqg +6153, krog zlwk [� uhsodfhg e| [�3�

+exw zlwk d voljkwo| prgl�hg frqvwdqw,1
Wkh lqwhuhvw ri zrunlqj zlwk wkh vsdfhv Y r+, lqvwhdg ri Kr+, frphv

iurp wkh iroorzlqj ohppd1 Zh uhihu wr ^5` +Surs1 47 ) Uhp1 48, iru lwv
surri1

Ohppd 6171 Ohw V eh dq| ixqfwlrq ri w|sh

V+u�> ��, @ "+u�, u
b
� +orj u�,

R *+��,>

zkhuh l ehorqjv wr i4> � � � > 7j/ � A 3/ s lv hlwkhu }hur ru 4/ dqg * ehorqjv wr
F"+^3> Z2 `,1 Wkhq wkh ixqfwlrq V ehorqjv wr Kr+, iru doo v ? �. 4 dqg wr
Y r+, iru doo v ? 5+� . 4,1 Pruhryhu/ wkhuh h{lvwv d frqvwdqw f vxfk wkdw/
iru doo uhdo qxpehu �/ 3 ? � ? 4/

nVnT 2Ebn��3#El� � f �3
�
2 = +6154,

Zh duh qrz lq d srvlwlrq wr vwdwh wkh pdlq uhvxow ri wklv vhfwlrq1
Wkhruhp 6181 Dvvxph wkdw wkh ixqfwlrq i ehorqjv wr Kj+,/ � A 4/

dqg wkdw wkh ixqfwlrq j ehorqjv wr K�
W +�?,/ � A �

2 1 Wkhq/ wkh iroorzlqj huuru
hvwlpdwh krogv ehwzhhq wkh vroxwlrq x ri sureohp +5=5, dqg wkh vroxwlrq x�
ri sureohp +6=4,=

nx� x�nM�El� � f vxsiQ3j> Q3� > Q3e +orjQ,
�
2j +ninMjEl� . njnM� EK?�,=

+6155,

Surri1 Wkdqnv wr +61:, wr +61<,/ lw vx�fhv wr hvwlpdwh wkh dssur{l0
pdwlrq huuru whup lqi��Mf�3� nx � y�nM�El�1 Zh �uvw dvvxph wkdw wkh
gdwd i dqg j duh vprrwk/ qdpho| wkdw wkh| ehorqj wr Kj+,/ � � 6/ dqg
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wr K�
W +�?,/ � � .

2 1 E| frpelqlqj Ohppdv 516 dqg 518/ zh revhuyh wkdw x
dgplwv wkh frqwlqxrxv h{sdqvlrq

x @ xo .
e[
�'�

�_� V
_
� .

2[
�'�

�_?� V_?�

zlwk xo lq Kr+, iru doo v ? 81 Vr wkh lghd lv wr fkrrvh dq dssur{lpdwlrq
y� ri x ri w|sh

y� @ yo� .
e[
�'�

�_� V
_
�� .

2[
�'�

�_?� V_?�� =

Lqghhg/ zh ghulyh iurp Ohppd 617 wkdw/ iru doo � A 3/ wkh ixqfwlrq V_�
ehorqjv wr Y S3#+, dqg dovr wkdw lwv judglhqw ehorqjv wr Y e3#+,2 +vlqfh
erwk C%V

_
� dqg C+V

_
� duh ri wkh vdph w|sh dv wkh ixqfwlrq V lq Ohppd 617/

zlwk � @ 4,1 Wkhq/ dsso|lqj +6153, |lhogv wkdw wkhuh h{lvwv d sro|qrpldo
V_�� lq [�3� vxfk wkdw/ iru dq| � A 3/

nV_� � V_��nM�El� � fQ#3e +nV_� nT S3#El� . njudgV_� nT e3#El�2,=

Xvlqj +6154, jlyhv

nV_� � V_��nM�El� � fQ#3e �3
�
2 >

vr wkdw wdnlqj � htxdo wr +orj Q,3� ohdgv wr

nV_� � V_��nM�El� � fQ3e +orj Q,
�
2 = +6156,

E| d vlpsohu dujxphqw +wkh V_?� duh vprrwkhu wkdq wkh V_� ,/ vwloo uho|lqj rq
+6153, dqg Ohppd 617 / zh dovr ghulyh wkh h{lvwhqfh ri d V_?�� lq [�3� vxfk
wkdw

nV_?� � V_?��nM�El� � fQ3e= +6157,

Ilqdoo|/ wkh ixqfwlrq xo ehorqjv wr Kr+,/ v ? 8/ vr wkdw xvlqj +6143, jlyhv/
iru dq| � A 3/

lqi
�o�Mf�3�

nxo � yo�nM�El� � fQ#3e nxonMD3#El�=

Pruhryhu lw iroorzv iurp h{sdqvlrq +5144, dqg +6154, wkdw/ wkhuh dovr/

nxnMD3#El� ehkdyhv olnh f �3
�
2 1 Wdnlqj rqfh pruh � htxdo wr +orjQ,3�

dqg xvlqj wkh frqwlqxlw| ri h{sdqvlrqv +518, dqg +51;, jlyhv wkh ghvluhg
uhvxow1
Zkhq rqh ri wkh gdwd i dqg j lv qrw vprrwk/ wkh vroxwlrq x ru lwv uhjxodu
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sduw xo ehorqjv wr Kr+,/ v � plqi� . 5> � . �
2j1 Vr wkh dssur{lpd0

wlrq huuru rq x ehkdyhv olnh f vxsiQ3j3�> Q3�3 �
2 j/ zklfk lv vpdoohu wkdq

f vxsiQ3j> Q3�j1 Wkhuh dovr zh rewdlq wkh ghvluhg hvwlpdwh1
Zh frqfoxgh wklv vhfwlrq e| ghulylqj dq hvwlpdwh ri wkh huuru lq O2+,

wkdqnv wr wkh Dxelq~Qlwvfkh gxdolw| dujxphqw1
Fruroodu| 6191 Li wkh dvvxpswlrqv ri Wkhruhp 6=8 duh vdwlv�hg/ wkh

iroorzlqj huuru hvwlpdwh krogv ehwzhhq wkh vroxwlrq x ri sureohp +5=5, dqg
wkh vroxwlrq x� ri sureohp +6=4,=

nx� x�nu2El� � f vxsiQ3j> Q3� > Q3D +orjQ,
�
2j +ninMjEl� . njnM� El�,=

+6158,

Surri1 Dv vwdqgdug/ surylqj wkh hvwlpdwh uholhv rq wkh irupxod

nx� x�nu2El� @ vxs
�Mu2El�

U
l+x� x� ,+{,k+{, g{

nknu2El�
= +6159,

Lqghhg/ iru dq| k lq O2+,/ zh frqvlghu wkh iroorzlqj sureohp zlwk pl{hg
erxqgdu| frqglwlrqv +��z @ k lq >

z @ 3 rq �_>
C?z @ 3 rq �?=

+615:,

Lw iroorzv iurp Ohppdv 515 dqg 517 wkdw lwv vroxwlrq z ehorqjv wr K2+,
dqg vdwlv�hv

nznM2El� � f nknu2El�= +615;,

E| lqwhjudwlqj e| sduwv/ zh rewdlq]
l
+x� x� ,+{,k+{, g{ @ d+x� x� > z,=

Vr xvlqj sureohpv +515, dqg +614, |lhogv iru dq| z� lq [�3�]
l
+x� x� ,+{,k+{, g{ @ d+x� x� > z � z� ,

.

]
l
i+{,z� +{, g{�++i>z� ,,�.kj> z� l�++j> z� ,,�cK? = +615<,

Vr fkrrvlqj z� dv dq dffxudwh dssur{lpdwlrq ri z +vhh +6143,,/ dqg dsso|0
lqj rqfh pruh +61;, dqg +61<, ohdg wr wkh ghvluhg hvwlpdwh1

Iru vprrwk gdwd i dqg j dqg xs wr wkh +orjQ,
�
2 zklfk lv qhjoljleoh/

wkh huuru ehkdyhv olnh fQ3e lq K�+,/ olnh fQ3D lq O2+,1 Lw lv h{dfwo| ri
wkh vdph rughu dv iru d vwdqgdug Glulfkohw sureohp +vhh ^5` +{715,,/ zklfk
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lv qrw vxusulvlqj vlqfh wkh ohdglqj vlqjxodulwlhv duh wkrvh ri wkh _Glulfkohw%
fruqhuv d� dqg de1

Uhpdun1 Ohw xv frqvlghu iru d zkloh wkh fdvh zkhuh �? lv wkh xqlrq
ri wzr rssrvlwh hgjhv ri 1 Wkxv/ doo wkh yhuwlfhv ri  ehorqj wr �_ _ �?/
dqg wkh vlqjxodulwlhv wkhuh duh zhdnhu wkdq iru _Glulfkohw% fruqhuv1 Vr/ li
wkh dvvxpswlrqv ri Wkhruhp 6=8 krog/ hvwlpdwhv +6=55, dqg +6=58, fdq eh
uhsodfhg e|

nx� x�nM�El� � f vxsiQ3j> Q3� > Q3S +orjQ,
�
2j +ninMjEl� . njnM� EK?�,>

+6163,

nx� x�nu2El� � f vxsiQ3j> Q3� > Q3. +orjQ,
�
2 j +ninMjEl� . njnM� EK?�,=

+6164,
Wkh frqyhujhqfh rughu lv vwloo kljkhu khuh1

e� 5TiU|h@* i*i4i?| _�tUhi|�3@|�L? �? |�i tiUL?_ t�|�@|�L?

Zh qrz frqvlghu Vlwxdwlrq LL/ lq wkh iroorzlqj vshfldo jhrphwu|= �? lv wkh
xqlrq ri wkh wzr hgjhv i4j�`4� %> 4` dqg `4� %> 4`� i4j/ zlwk 3 ? % � 4/
vr wkdw lw frqwdlqv wkh fruqhu d� zlwk frruglqdwhv +4> 4,1 Dv looxvwudwhg lq
Iljxuh 5/ zh dovr ghqrwh e| e� dqg e2 wkh hqgsrlqwv ri �? zlwk frruglqdwhv
+4> 4� %, dqg +4� %> 4,/ uhvshfwlyho|/ e| �?� wkh vhjphqw e�d� dqg e| �?2
wkh vhjphqw d�e21 Wkh lghd lv wr wdnh lqwr dffrxqw wkh fdvh zkhuh % fdq
eh vpdoo1

Iljxuh 5
Lq ylhz ri wkh glvfuhwl}dwlrq/ zh lqwurgxfh d sduwlwlrq ri  lqwr irxu

uhfwdqjohv &/ 4 � n � 7/ gh�qhg dv iroorzv=

� @ `4� %> 4^2> 2 @`� 4> 4� %^�`4� %> 4^>

� @ `� 4> 4� %^2> e @`4� %> 4^�`� 4> 4� %^=

Lw fdq eh qrwhg wkdw hdfk &/ 4 � n � 7/ frqwdlqv wkh yhuwh{ d& ri 1

4:
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Wkh glvfuhwl}dwlrq sdudphwhu � khuh lv d sdlu ri srvlwlyh lqwhjhuv +Q>P,1
Lqghhg/ lq rughu wr kdqgoh srvvleo| vpdoo ydoxhv ri %/ zh lqwurgxfh wkh irxu
orfdo vsdfhv= zlwk wkh qrwdwlrq ri Vhfwlrq 6/ ]�

B lv wkh vsdfh LS� +�, dqg ]�
B

lv wkh vsdfh LS� +�,/ zkloh ]
2
B lv wkh vsdfh LS�c� +2, ri uhvwulfwlrqv wr 2

ri sro|qrpldov zlwk ghjuhh � P zlwk uhvshfw wr { dqg � Q zlwk uhvshfw
wr | dqg ]e

B lv wkh vsdfh LS�c� +e, ri uhvwulfwlrqv wr e ri sro|qrpldov
zlwk ghjuhh � Q zlwk uhvshfw wr { dqg � P zlwk uhvshfw wr |1 Zlwk wkhvh
fkrlfhv/ lw fdq eh revhuyhg wkdw wkh vsdfhv ri wudfhv ri ixqfwlrqv lq ]&

B dqg
]&�

B / 4 � n ? n� � 7/ frlqflgh rq wkh lqwhuidfh C& _ C&� 1 Vr zh gh�qh wkh
glvfuhwh vsdfh

[B @ iyB 5 [ > yB �l&
5 ]&

B > 4 � n � 7j=
Qrwh wkdw/ vlqfh [B lv lpehgghg lq [ / wkh ixqfwlrqv lq [B duh frqwlqxrxv
wkurxjk wkh lqwhuidfhv dqg vdwlvi| wkh uljkw erxqgdu| frqglwlrqv1

E| wudqvodwlrq dqg krprwkhw| ri wkh Jdxvv~Oredwwr qrghv dqg zhljkwv
lqwurgxfhg lq Vhfwlrq 6/ zh lqwurgxfh wkh Q . 4 qrghv ��� dqg zhljkwv

��� / 3 � m � Q / rq ^4� %> 4` vxfk wkdw wkh txdgudwxuh irupxod lv h{dfw rq

LS 2�3�+4 � %> 4,/ wkh P . 4 qrghv ��� dqg zhljkwv ��� / 3 � m � P / rq
^�4> 4� %` vxfk wkdw wkh txdgudwxuh irupxod lv h{dfw rq LS 2�3�+�4> 4� %,1
Wklv ohdgv wr gh�qh wkh irxu _orfdo% glvfuhwh surgxfwv

++x> y,,�B @
�[
�'f

�[
�'f

x�l�
+��� > ��� ,y�l�

+��� > ��� , ��� ��� >

++x> y,,2B @
�[
�'f

�[
�'f

x�l2
+��� > ��� ,y�l2

+��� > ��� , ��� ��� >

++x> y,,�B @
�[
�'f

�[
�'f

x�l�
+��� > ��� ,y�l�

+��� > ��� ,��� ��� >

++x> y,,eB @
�[
�'f

�[
�'f

x�le
+��� > ��� ,y�le

+��� > ��� , ��� ��� >

dqg �qdoo| wkh joredo surgxfw

++x> y,,B @
e[

&'�

++x> y,,&B =

Vlploduo|/ rq �?/ zh gh�qh wkh orfdo surgxfwv

++x> y,,�BcK? @
�[
�'f

x�K?�+�
�
� ,y�K?�+�

�
� ,��� >

4;
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++x> y,,2BcK? @
�[
�'f

x�K?2+�
�
� ,y�K?2+�

�
� ,��� >

dqg wkh joredo rqh

++x> y,,BcK? @
2[

�'�

++x> y,,�BcK? =

Zh dovr ghqrwh e| L&B wkh Odjudqjh lqwhusrodwlrq rshudwru dvvrfldwhg zlwk
wkh qrghv ri wkh glvfuhwh surgxfw ++�> �,,&B dqg e| LB wkh joredo lqwhusrodwlrq
rshudwru +l1h1 vxfk wkdw lwv uhvwulfwlrq wr hdfk &/ 4 � n � 7/ frlqflghv zlwk

L&B ,1 Vlplodu gh�qlwlrqv duh xvhg iru wkh rshudwruv LK?c�B dqg LK?B 1
Wkh glvfuhwh sureohp qrz uhdgv/ iru dq| i frqwlqxrxv rq  dqg j frq0

wlqxrxv rq �?/
Ilqg xB lq [B vxfk wkdw

;yB 5 [B> dB+xB> yB, @ ++i> yB,,B . ++j> yB,,BcK? > +714,

zkhuh wkh elolqhdu irup dB+�> �, lv gh�qhg e|

dB+xB> yB, @ ++C%xB> C%yB,,B . ++C+xB> C+yB,,B=

Uhpdun1 Zulwlqj wkh glvfuhwh sureohp lv d olwwoh pruh frpsoh{ wkdq
lq Vhfwlrq 6/ ehfdxvh ri wkh xvh ri grpdlq ghfrpsrvlwlrq1 Krzhyhu/ ohw xv
iru d zkloh frqvlghu d glvfuhwl}dwlrq ri sureohp +5=5, lq wklv vlwxdwlrq dqg
zlwkrxw grpdlq ghfrpsrvlwlrq1
4, Li d frqiruplqj glvfuhwl}dwlrq lv xvhg/ uho|lqj rq wkh edvlf frqiruplqj
vsdfh [� @ LS� +, _[/ lw lv uhdglo| fkhfnhg wkdw ixqfwlrqv lq wklv vsdfh
kdyh d }hur wudfh rq wkh zkroh erxqgdu| C1 Wkxv wkhuh lv qr frqyhujhqfh
ri wkh ehvw dssur{lpdwlrq ri x lq [� iru doo ixqfwlrqv x lq [ wkdw gr qrw
ydqlvk rq �?1
5, Lq wkh fdvh ri d qrqfrqiruplqj glvfuhwl}dwlrq/ uho|lqj iru lqvwdqfh rq
wkh vsdfh ri sro|qrpldov lq LS� +, wkdw ydqlvk dw doo qrghv �� +lqwurgxfhg
lq Vhfwlrq 6, zklfk ehorqj wr �_/ wkh glvwdqfh ri hdfk ixqfwlrq 	� gh�qhg

lq +5=<, wr hdfk ehvw dssur{lpdwlrq zrxog ehkdyh olnh fQ3�

2 +orjQ,
�

2 1 Zh
lqwhqg wr suryh wkdw wkh frqyhujhqfh rughu ri sureohp +7=4, lv kljkhu1

Wkh surshuwlhv ri wkh irup dB+�> �, duh ghulyhg iurp wkh htxlydohqfh ri
wkh vhpl0qrup m � mM�El� dqg qrup n � nM�El� rq [ wrjhwkhu zlwk h{dfwo| wkh
vdph dujxphqwv dv lq wkh surri ri Ohppd 614 dssolhg rq hdfk vxegrpdlq
&1 Vr zh vnls wkh surri ri wkh iroorzlqj ohppd1

Ohppd 7141 Wkhuh h{lvw srvlwlyh frqvwdqwv � dqg � lqghshqghqw ri �
vxfk wkdw wkh irup dB+�> �, vdwlv�hv wkh iroorzlqj surshuwlhv ri frqwlqxlw|

;xB 5 [B>;yB 5 [B> dB+xB> yB, � � nxBnM�El�nyBnM�El�> +715,

4<
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dqg ri hoolswlflw|

;xB 5 [B> dB+xB> xB, � � nxBn2M�El�= +716,

Wklv ohdgv wr wkh zhoo0srvhgqhvv uhvxow1
Sursrvlwlrq 7151 Iru dq| gdwd i frqwlqxrxv rq  dqg j frqwlqxrxv rq

�?/ sureohp +7=4, kdv d xqltxh vroxwlrq xB lq [B1 Pruhryhu/ wklv vroxwlrq
vdwlv�hv/ iru d frqvwdqw fl rqo| ghshqglqj rq wkh jhrphwu| ri /

nxBnM�El� � fl +nLBinu2El� . nLK?B jnu2EK?�,= +717,

Ohw qrz �3 eh wkh sdlu ri lqwhjhuv +P � 4> Q � 4,1 Wkh vsdfh [B3 lv
reylrxvo| gh�qhg dv wkh vsdfh [B zkhq uhsodflqj Q e| Q � 4 dqg P e|
P � 41 Wkhq/ wkh vdph dujxphqwv dv lq Vhfwlrq 6 ohdgv wr wkh dqdorjxh ri
+61:,/ iru d frqvwdqw f lqghshqghqw ri �/

nx� xBnM�El� � f
�

lqi
�BMfB3

nx� yBnM�El�

. vxs
�BMfB

U
l i+{,zB+{, g{� ++i>zB,,B

nzBnM�El�

. vxs
�BMfB

kj> zBl � ++j> zB,,BcK?
nzBnM�El�

�
= +718,

Ohw qrz ]B vwdqg iru wkh vsdfh

]B @ iyB 5 O2+,> yB �l& 5 ]&
B > 4 � n � 7j>

dqg ohw ]B3 eh lwv dqdorjxh zlwk Q uhsodfhg e| Q � 4 dqg P uhsodfhg e|
P �41 Li �B3 ghqrwhv wkh ruwkrjrqdo surmhfwlrq rshudwru iurp O2+, rqwr
]B3/ zh ghulyh iurp wkh vdph dujxphqwv dv lq Vhfwlrq 6 wkdw

vxs
�BMfB

U
l i+{,zB+{, g{� ++i>zB,,B

nzBnM�El�
� 43 ni��B3inu2El�.< ni�LBinu2El�=

+719,
Qrwh wkdw hdfk ni ��B3inu2El� dqg ni � LBinu2El� fdq eh hydoxdwhg vhs0
dudwho| rq hdfk vxegrpdlq &1 Krzhyhu/ lq rughu wr wdnh lqwr dffrxqw wkh
odujh dvshfw udwlr ri wkh dqlvrwurslf grpdlqv 2 dqg e/ zh qhhg vrph
vshfldo dujxphqwv1

Zh lqwurgxfh wkh frqwlqxrxv slhfhzlvh d�qh pdsslqj I wkdw vhqgv
wkh grpdlq  rqwr wkh vtxduh a @`� 4> 6� 5%^2 dqg hdfk vxegrpdlq &/
4 � n � 7/ rqwr d vtxduh a& zlwk ohqjwk ri hgjh htxdo wr 5� % +vhh Iljxuh
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6,1 Pruh suhflvho|/ li * vwdqgv iru wkh pdsslqj � :$ 4� %. 230
0 +�� 4. %,/

� wkh ixqfwlrq I�l� = +{> |, :$ +a{ @ *+{,> a| @ *+|,, pdsv � rqwr
a� @`4� %> 6� 5%^2/
� wkh ixqfwlrq I�l2= +{> |, :$ +a{ @ {> a| @ *+|,, pdsv 2 rqwr a2 @
`� 4> 4� %^�`4� %> 6� 5%^/
� wkh ixqfwlrq I�l� lv vlpso| wkh lghqwlw|/ vr wkdw a� @ �/

� wkh ixqfwlrq I�le= +{> |, :$ +a{ @ *+{,> a| @ |, pdsv e rqwr ae @
`4� %> 6� 5%^�`� 4> 4� %^1

Zh xvh wkh vwdqgdug qrwdwlrq az @ z � I3� iru doo ixqfwlrqv z gh�qhg
rq 1

Iljxuh 6

Zh djuhh wr ghqrwh a�	%
& dqg a�	+

& wkh lqwhuydov vxfk wkdw wkh grpdlq a& lv

htxdo wr wkh surgxfw a�	%
& � a�	+

&1 Zh qhhg wkh _dqlvrwurslf% vhpl0qrupv

m azmMr
	%
E	l&�

@
�]

	\	+
&

my+�> a|,m2
MrE	\	%

&
�
ga|

� �

2

>

m azm
Mr
	+
E	l&�

@
�]

	\	%
&

my+a{> �,m2
MrE	\	+

&
�
ga{

� �

2

=

Ohppd 7161 Dvvxph wkdw wkh ixqfwlrq i ehorqjv wr Kj+,/ � A 41
Wkhq/ wkh iroorzlqj hvwlpdwh krogv

vxs
�BMfB

U
l i+{,zB+{, g{� ++i>zB,,B

nzBnM�El�
� f +%jQ3j .P3j, ninMjEl�= +71:,

Surri1 Uho|lqj rq +719,/ zh �uvw hvwlpdwh wkh txdqwlw| ni��B3inu2El�1
Zh djuhh wr ghqrwh e| �	%? dqg �	+? wkh rshudwru �? lqwurgxfhg lq Vhfwlrq 6
+vhh +6145,, zkhq wudqvodwhg wr a�	%

& dqg a�	+
&/ uhvshfwlyho| +zh vnls wkh n lq

wklv qrwdwlrq iru vlpsolflw|,1 Wkhq lw fdq eh fkhfnhg wkdw/ iru 4 � n � 7/
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wkh ixqfwlrq ai&B @ ++�B3i, � I3�,�	l& frlqflghv zlwk �	%6&
� �	+?& ai�	l& / zlwk

+p�> q�, @ +Q � 4> Q � 4,> +p2> q2, @ +P � 4> Q � 4,>

+p�> q�, @ +P � 4>P � 4,> +pe> qe, @ +Q � 4>P � 4,= +71;,

Iurp +6145, dqg +6147, frpelqhg zlwk Eudpeoh~Kloehuw lqhtxdolw|/ zh gh0
ulyh

n ai � ai&B nu2E	l&� � fp3j
& m ai mMj

	%
E	l&�

. q3j& m ai mMj
	+
E	l&�

=

Zkhq jrlqj edfn wr &/ wklv |lhogv wkh ghvluhg hvwlpdwh1 D vlplodu dujx0
phqw krogv iru wkh whup ni � LBinu2El� vlqfh/ wkhuh dovr/ hdfk L&B lv wkh
whqvrul}hg surgxfw ri wzr rqh0glphqvlrqdo lqwhusrodwlrq rshudwruv1

Zh vnls wkh surri ri wkh qh{w ohppd zklfk lv pxfk vlpsohu/ vlqfh �?
lv pdgh ri wzr vhjphqwv zlwk htxdo ohqjwkv dqg lv pdsshg e| I rqwr wzr
hgjhv ri wkh vtxduh a�1

Ohppd 7171 Dvvxph wkdw wkh ixqfwlrq j ehorqjv wr K� +�?,/ � A �
2 1

Wkhq/ wkh iroorzlqj hvwlpdwh krogv

vxs
�BMfB

kj> zBl � ++j> zB,,BcK?
nzBnM�El�

� f %� Q3� njnM� EK?�= +71<,

Uhpdun1 Orfdo uhjxodulw| ri wkh ixqfwlrqv i dqg j rq wkh vxegrpdlqv
& ru sduwv �?� ri wkh erxqgdu| �? fdq dovr eh wdnhq lqwr dffrxqw lq wkh
suhylrxv hvwlpdwhv +7=:, dqg +7=<,1 Krzhyhu wklv zrxog ohdg wr d udwkhu
whfkqlfdo vwdwhphqw dqg zh kdyh qr dssolfdwlrqv iru wkdw1

Lw uhpdlqv wr hvwlpdwh wkh dssur{lpdwlrq huuru/ l1h1 wkh glvwdqfh ri x
wr [B31 Wkh dqlvrwurs| ri wkh grpdlqv 2 dqg e pdnhv wkh surri udwkhu
whfkqlfdo1 Zh �uvw suryh wkh dqdorjxh ri hvwlpdwh +6143,1

Ohppd 7181 Wkh iroorzlqj hvwlpdwh krogv iru doo ixqfwlrqv y lq [
vxfk wkdw hdfk y�l& / 4 � n � 7/ ehorqjv wr Kr+&,/ v � 4/

lqi
�BMfB

ny � yBnM�El� � f +%�3rQ�3r .P�3r,
e[

&'�

nynMrEl&�= +7143,

Surri1 Zh uhfdoo ^6` +Wkp 916,/ ^7` +Surs1 516, wkdw/ iru hdfk lqwhuydo
a� dqg hdfk srvlwlyh lqwhjhu q/ wkhuh h{lvwv dq rshudwru ��? iurp K�+a�, rqwr
LS ?+a�, vxfk wkdw/ iru dq| ixqfwlrq a* lq K|+a�,/ w � 4/ ��? a* frlqflghv zlwk
a* dw wkh wzr hqgsrlqwv ri a� dqg vdwlv�hv

m a*� ��? a*mM�E	\� . q n a*� ��? a*nu2E	\� � f q�3| m a*m
M|E	\�= +7144,

Zh ghqrwh e| ��	%? wklv rshudwru dssolhg lq wkh a{ gluhfwlrq rq a�	%
& dqg ��	+?

wklv rshudwru dssolhg lq wkh a| gluhfwlrq rq a�	+
&1 Zh dvvxph wkdw v � 5/ vlqfh
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wkh jhqhudo uhvxow fdq wkhq eh ghulyhg wkdqnv wr dq lqwhusrodwlrq dujxphqw1
Wkh lghd lv qrz wr dvvrfldwh zlwk dq| ixqfwlrq y lq [ vxfk wkdw hdfk y�l&
ehorqjv wr K2+&,/ wkh ixqfwlrq ayB gh�qhg e|

ay
B �	l�

@ ��	%� � ��	+� ay�	l� > ay
B �	l2

@ ��	%� � ��	+� ay�	l2>

ay
B �	l�

@ ��	%� � ��	+� ay�	l� > y
B �	le

@ ��	%� � ��	+� ay�	le>

qh{w wkh ixqfwlrq yB @ ayB � I 1 Lqghhg/ rq hdfk hgjh � ri dq a&/ ayB �K

frlqflghv zlwk d a�l?ay�K/ zlwk q htxdo wr Q ru P dqg � htxdo wr a{ ru a|/
dffruglqj dv � lv sdudooho wr wkh { ru | d{lv1 Vr/ vlqfh y ehorqjv wr [ / ayB
ydqlvkhv rq C a q C a� dqg lv frqwlqxrxv rq a1 Wklv phdqv wkdw yB ehorqjv
wr [B1 Qh{w/ rq a2 iru lqvwdqfh/ zh xvh wkh wuldqjoh lqhtxdolw|

nC	%+ay���	%� ���	+� ay,n
u2E	l2�

� nC	%+ay���	%� ay,n
u2E	l2�

.nC%��	%� +ay���	+� ay,n
u2E	l2�

=

E| dsso|lqj +7144, erwk zlwk w @ 4 dqg w @ v/ zh ghulyh

nC	%+ay � ��	%� � ��	+� ay,n
u2E	l2�

� fP�3r maym
Mr
	%
E	l2�

.Q�3r mC	%aymMr3�
	+

E	l2�
=

Xvlqj wklv hvwlpdwh/ lwv dqdorjxh iru C	+ay dqg wkhlu dqdorjxhv rq wkh rwkhu
vxegrpdlqv/ zh rewdlq wkh ghvluhg hvwlpdwh e| jrlqj edfn wr hdfk vxegr0
pdlq &1

Zh qrz wu| wr lpsuryh wklv hvwlpdwh/ dv lq +6153,1 Zh revhuyh wkdw/ rq
hdfk lqwhuydo `d> e^/ wkh dqdorjxh ri wkh rshudwru D gh�qhg lq +6144, zulwhv

D* @ �++� � d,+e� �,*�,�= +7145,

Wklv ohdgv wr lqwurgxflqj wkh vsdfhv Y r+&, dv lq +6=48,1 Dovr ghqrwlqj e|

D	% dqg D	+ wkh dqdorjxhv ri D rq a�	%
& dqg a�	+

&/ uhvshfwlyho|/ zh lqwurgxfh wkh
zhdnhu dqlvrwurslf vhpl0qrupv

m azm
T r
	%
E	l&�

@
�]

	l&

+D
r
2

	% az,2 ga{ ga|
� �

2

>

m azm
T r
	+
E	l&�

@
�]

	l&

+D
r
2

	+ az,2 ga{ ga|
� �

2

=

Vlplodu qrupv duh xvhg rq wkh grpdlq &/ wkh| duh ghqrwhg e| m � mT r
% El&�

dqg m � mT r
+ El&�

1 Iurp qrz rq/ zh dvvxph wkdw

P � Q> +7146,

zklfk vhhpv udwkhu frkhuhqw lq ylhz ri hvwlpdwhv +71:, dqg +7143,1
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Ohppd 7191 Li dvvxpswlrq +7=46, lv vdwlv�hg/ wkh iroorzlqj hvwlpdwh
krogv iru doo ixqfwlrqv y lq [ vxfk wkdw hdfk y�l& ehorqjv wr Y rn�+&, dqg
+judg y,�l& ehorqjv wr Y r3�+&,

2/ 4 � n � 7/ v � 4/

lqi
�BMfB3

ny � yBnM�El�

� f +Q�3r .P�3r,
e[

&'�

+%3�& nynT rn�El&� . njudg ynT r3�El&�2,> +7147,

zkhuh %& frlqflghv zlwk % iru n @ 4/ 5 dqg 7 dqg lv htxdo wr 4 iru n @ 61

Surri1 Lq d �uvw vwhs/ zh gh�qh d ixqfwlrq azf
B h{dfwo| dv lq wkh surri ri

Ohppd 716/ l1h1 vxfk wkdw hdfk azf
B �l&

/ 4 � n � 7/ lv htxdo wr �	%6&
� �	+?&ay�	l&

iru wkh vdph fkrlfh ri wkh sdluv +p&> q&, dv lq +7=;,1 Qh{w/ zh dsso| vhyhudo
wlphv wkh iroorzlqj surfhgxuh= vwduwlqj iurp d az?

B / zh frqvwuxfw d az?n�
B e|

prgli|lqj wkh ydoxhv ri az?
B rq rqh a& dqg xvlqj wkh dqdorjxh aU&c�

B3 ri wkh
oliwlqj rshudwruv lqwurgxfhg lq Ohppd 616 +zh gr qrw pdnh suhflvh zklfk
ri wkhp/ iru vlpsolflw|,/ zklfk pdsv wkh sro|qrpldo wudfhv rq rqh hgjh a�&c�
ri a& lqwr sro|qrpldov rq a&1 Zh oliw vxffhvvlyho|=
0 wkh ydoxhv ri az?

B / 3 � q � 8/ rq wkh vl{ hgjhv ri wkh a& zklfk duh lpdjhv
e| I ri hgjhv frqwdlqhg lq �_/ h{dfwo| dv lq Vhfwlrq 6/
0 wkh mxps azS

B �	l�
� azS

B �	l2
rq C a� _ C a2 lqwr a2/

0 wkh mxps az.
B �	le

� az.
B �	l�

rq C ae _ C a� lqwr a�/

0 wkh mxps azH
B �	l2

� azH
B �	l�

rq C a2 _ C a� lqwr a�/

0 wkh mxps azb
B �	l�

� azb
B �	le

rq C a� _ C ae lqwr ae

+qrwh wkdw wkh odvw irxu oliwlqjv uhtxluh dvvxpswlrq +7146,,1 Ilqdoo|/ zh wdnh
ayB htxdo wr az�f

B / qh{w yB htxdo wr ayB �I 1 Lw lv uhdglo| fkhfnhg wkdw yB ehorqjv
wr [B3 dqg pruhryhu lw iroorzv iurp +614:, dqg +614;, wkdw

nay � ayBnM�E	l� � f

e[
&'�

nay � azf
BnM�E	l&�

=

Wr hvwlpdwh wkh odvw txdqwlw|/ uho|lqj rq wkh wuldqjoh lqhtxdolw|/ rq a2 iru
lqvwdqfh/

nC	++ay � azf
B,nu2E	l2�

� nC	+y � �	%�3�+C	+y,nu2E	l2� . n�	%�3�+C	+y � �	+�3�+C	+y,,nu2E	l2�
.n�	%�3�+�

	+
�3�+C	+y,� C	++�

	+
�3�y,,nu2E	l2�>
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zh ghulyh iurp +6145, dqg +6146, wkdw

nC	++ay � azf
B,nu2E	l2�

� f
�
P�3r mC	+ymT r3�

	%
E	l2�

.Q�3r mC	+ymT r3�
	+

E	l2�
.Q�3r mym

T rn�
	+

E	l2�

�
= +7148,

Qh{w/ e| jrlqj edfn wr 2/ zh kdyh

nC++y � zf
B,nu2El2�

� f
�
P�3r mC+ymT r3�

% El2�
.Q�3r mC+ymT r3�

+ El2�
. %3�Q�3r mymT rn�

+ El2�

�
=

+7149,
Uho|lqj rq dqdorjrxv hvwlpdwhv iru C	% dqg dovr rq wkh rwkhu grpdlqv a&/
zh rewdlq wkh ghvluhg uhvxow1

Ixuwkhupruh/ hvwlpdwh +7147, fdq eh lpsuryhg e| wkh iroorzlqj dujx0
phqwv1 Zh djdlq vwduw iurp +7149,1 Rq wkh lqwhuydo �0 @`4� %> 4^/ e| xvlqj
wkh dqdorjxh D0 ri D rq �0 dv gh�qhg lq +7145,/ zh revhuyh iurp +6147,
wkdw/ iru dq| srvlwlyh lqwhjhu p/

G+D
6
2
0 , @ i* 5 O2+�0,> +4� �,

6
2 +� � 4 . %,

6
2 g6* 5 O2+�0,j=

Zh gh�qh wkh ixqfwlrq � rq �0 dv wkh glvwdqfh wr C�0/ qdpho|

�+�, @ lqi i4� �> � � 4 . %j=

Wkh lghd lv wkhq wr lqwurgxfh d qhz vfdoh ri vsdfhv hY r+�0,= zkhq v lv d
srvlwlyh lqwhjhu p/

hY 6+�0, @ i* 5 O2+�0,> �+�,
6
2 g6* 5 O2+�0,j> +714:,

surylghg zlwk wkh qdwxudo qrup dqg vhpl0qrup/ dqg/ rwkhuzlvh/ hY r+�0, lv
gh�qhg e| Kloehuwldq lqwhusrodwlrq ehwzhhq hY 6+�0, dqg O2+�0,/ zkhuh p
lv wkh vpdoohvw lqwhjhu A v1 Wkxv/ lw fdq eh fkhfnhg e| dq lqwhusrodwlrq

dujxphqw wkdw/ iru dq| v A 3/ hY r+�0, lv lpehgghg lq G+D
r
2
0 , dqg/ pruhryhu/

wkdw/ li Q lv � v/

;* 5 hY r+�0,> lqi
)�MU��3�E\0�

nD
r
2
0 +*� *� ,nu2E\0� � f %

r
2 m*m

HT rE\0�
+714;,

+wklv frphv iurp wkh idfw wkdw/ iru dq| � lq �0/ 4 � � dqg � � 4 . % duh
vpdoohu wkdq %,1 Qh{w/ rq hdfk &/ zh gh�qh wkh vsdfh hY r+&, e| uhsodflqj

lq wkh gh�qlwlrq +6148, ri Y r+&,/ G+D
r

2

0 , e| hY r+�0, iru doo lqwhuydov �0

lqyroyhg lq wkh gh�qlwlrq ri & +wzlfh iru �/ rqfh iru 2 dqg e,1
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Wkhq frpelqlqj +7149, dqg lwv dqdorjxhv wrjhwkhu zlwk +714;, jlyhv wkh
qh{w uhvxow1

Fruroodu| 71:1 Li dvvxpswlrq +7=46, lv vdwlv�hg/ wkh iroorzlqj hvwlpdwh
krogv iru doo ixqfwlrqv y lq [ vxfk wkdw hdfk y�l&

ehorqjv wr hY rn�+&, dqg

+judg y,�l&
ehorqjv wr hY r3�+&,

2/ 4 � n � 7/ v � 4/

lqi
�BMfB3

ny � yBnM�El�

� f +%
r3�

2 Q�3r .P�3r,
e[

&'�

+nyn
HT rn�El&�

. njudg yn
HT r3�El&�2

,= +714<,

Qrwh wr frqfoxgh wkdw uhsodflqj Y r+&, e| hY r+&, grhv qrw prgli|/ lq
d qhljkerxukrrg ri e� ru e2/ wkh sduw ri wkh zhljkw zklfk lv wkh glvwdqfh
wr wkh hgjh frqwdlqlqj e� ru e2/ vr wkdw wkh iroorzlqj dqdorjxh ri Ohppd
617 krogv1

Ohppd 71;1 Wkh ixqfwlrqv 	�/ m @ 4 dqg 5/ lqwurgxfhg lq +5=<,/ ehorqj

wr hY rn�+&, dqg wkhlu judglhqwv ehorqj wr hY r3�+&,
2/ 4 � n � 7/ iru doo

v ? 51

Zh duh qrz lq d srvlwlrq wr hydoxdwh wkh huuru hvwlpdwh iru sureohp
+714,1

Wkhruhp 71<1 Dvvxph wkdw wkh ixqfwlrq i ehorqjv wr Kj+,/ � A 4/
dqg wkdw wkh ixqfwlrq j ehorqjv wr K� +�?,/ � A �

2 1 Li dvvxpswlrq +7=46,
lv vdwlv�hg/ wkh iroorzlqj huuru hvwlpdwh krogv ehwzhhq wkh vroxwlrq x ri
sureohp +5=5, dqg wkh vroxwlrq xB ri sureohp +7=4,=

nx� xBnM�El�

� f vxsi%jQ3j .P3j> %� Q3� > +%
�

2 Q3� .P3�, +orj+PQ %3
�

2 ,,
�

2 j

+ninMjEl� . njnM� EK?�,= +7153,

Surri1 Khuh dovr/ lw uhpdlqv wr hydoxdwh wkh dssur{lpdwlrq huuru1 Zh
xvh wkh h{sdqvlrq +5143, zkhuh qrz wkh ixqfwlrq xo ehorqjv wr K2+, dqg
fkrrvh wkh ixqfwlrq yB ri wkh irup yoB .

S2
�'� �� 	�B1 Lqghhg/ lw iroorzv

iurp Fruroodu| 71: dqg Ohppd 71;/ wrjhwkhu zlwk wkh idfw wkdw wkh qrup
ri wkh 	� / uhvs1 ri judg	�/ lq hY �3#+,/ uhvs1 lq hY �3#+,2/ ehkdyhv olnh

�3
�

2 / wkdw

lqi
P�BMfB3

n	� � 	�BnM�El� � f �3
�

2 +%
�3#
2 Q#3� .P#3�,=
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Vr/ wdnlqj � htxdo wr +orj+PQ %3
�

2 ,,3� jlyhv

lqi
P�BMfB3

n	� � 	�BnM�El� � f +%
�

2 Q3� .P3�, +orj+PQ %3
�

2 ,,
�

2 = +7154,

Vlploduo|/ lw iroorzv iurp Ohppd 718 wkdw

lqi
�oBMfB3

nxo � xoBnM�El� � f +%Q3� .P3�, nxonM2El�=

Frpelqlqj wkh odvw wzr hvwlpdwhv ohdgv wr wkh ghvluhg uhvxow1
Uhpdun1 Lw iroorzv iurp Ohppdv 5=5 dqg 5=6 wkdw wkh vroxwlrq x ri

sureohp +5=5, lv pruh uhjxodu lq � wkdq lq wkh rwkhu vxegrpdlqv/ vr wkdw
xvlqj sro|qrpldov ri pxfk orzhu ghjuhh rq � zloo qrw glplqlvk wkh frq0
yhujhqfh rughu1 Krzhyhu/ wklv zrxog ohdg wr gl�huhqw julgv rq wkh hgjhv
C2 _ C� dqg C� _ Ce/ vr wkdw zh zrxog udwkhu dyrlg lw1

Zh frqfoxgh zlwk wkh lpsuryhg huuru hvwlpdwh lq O2+, zklfk lv ghulyhg
yld wkh Dxelq~Qlwvfkh gxdolw| dujxphqw1 Zh rqo| jlyh dq deulgjhg surri/
vlqfh lw lv yhu| vlplodu wr wkdw ri Fruroodu| 6191

Fruroodu| 71431 Li wkh dvvxpswlrqv ri Wkhruhp 7=< duh vdwlv�hg/ wkh
iroorzlqj huuru hvwlpdwh krogv ehwzhhq wkh vroxwlrq x ri sureohp +5=5, dqg
wkh vroxwlrq xB ri sureohp +7=4,=

nx� xBnu2El�

� f vxsi%jQ3j .P3j> %� Q3� > +%Q32 .P32, orj+PQ %3
�

2 ,j
+ninMjEl� . njnM� EK?�,= +7155,

Surri1 Zh vwduw iurp wkh irupxod

nx� xBnu2El� @ vxs
�Mu2El�

U
l+x� xB,+{,k+{, g{

nknu2El�
= +7156,

Iru dq| k lq O2+,/ zh vroyh sureohp +615:, dqg zh revhuyh iurp Ohppd
519 wkdw lwv vroxwlrq z dgplwv wkh h{sdqvlrq

z @ zo .
2[

�'�

�� 	�> zlwk nzonM2El� .
2[

�'�

m��m � f nknu2El�= +7157,

Zh kdyh wkh irupxod/ iru doo zB lq [B3/]
l
+x� xB,+{,k+{, g{ @ d+x� xB> z � zB, .

]
l
i+{,zB+{, g{� ++i>zB,,B

5:
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.kj> zBl � ++j> zB,,BcK? =

Vlqfh wkh glvwdqfh ri zo wr [B3 fdq eh hvwlpdwhg iurp Ohppd 718/ xvlqj
+7154, |lhogv wkh ghvluhg uhvxow1

Lq ylhz ri hvwlpdwhv +7153, dqg +7155,/ wkh �qdo lghd lv wr wdnh P dqg
Q vxfk wkdw

� %3
�

2 Q � P � �� %3
�

2 Q> +7158,

iru vrph srvlwlyh frqvwdqwv � dqg �� +wklv ri frxuvh lpsolhv frqglwlrq +7146,,1
Zlwk wklv fkrlfh/ iru vprrwk gdwd i dqg j/ dqg xs wr orj P / wkh huuruv
lq K�+, dqg lq O2+, ehkdyh uhvshfwlyho| olnh fP3� dqg fP321 Vr
wkh frqyhujhqfh rughu zklfk lv rswlpdo +dqg ehwwhu wkdq iru glvfuhwl}dwlrqv
zlwkrxw grpdlq ghfrpsrvlwlrq, lv udwkhu orz exw wklv vhhpv xqdyrlgdeoh
gxh wr wkh zhdn vprrwkqhvv ri wkh vlqjxodu ixqfwlrqv lq wklv vlwxdwlrq1

Uhihuhqfhv

41 Ehuqdugl F1/ Gdxjh P1/ Pdgd| \1 Frpsdwlelolw�h gh wudfhv dx{ duahwhv hw frlqv

g*xq sro|�hguh1 F1U1 Dfdg1 Vf1 Sdulv 664 V�hulh L +5333,/ 9:<09;71

51 Ehuqdugl F1/ Pdgd| \1 Sro|qrpldo dssur{lpdwlrq ri vrph vlqjxodu ixqf0

wlrqv1 Dssolfdeoh Dqdo|vlv= dq Lqwhuqdwlrqdo Mrxuqdo 75 +4<<4,/ 40651

61 Ehuqdugl F1/ Pdgd| \1 Vshfwudo Phwkrgv lq wkh Kdqgerrn ri Qxphulfdo Dqdo0

|vlv Y1 S1J1Flduohw/ M10O1Olrqv hgv1/ Qruwk0Kroodqg +4<<:,/ 53<07;81

71 Ehuqdugl F1/ Pdgd| \1 Vshfwudo/ vshfwudo hohphqw dqg pruwdu hohphqw phwk0

rgv lq Wkhru| dqg Qxphulfv ri Gl�huhqwldo Htxdwlrqv/ Gxukdp 53331

M1I1Eorzh|/ M1S1Frohpdq/ D1Z1Fudlj hgv1/ Vsulqjhu wkh Xqlyhuvlwh{w vhulhv

+5334,/ 408:1

81 Gdxjh P1 Sulydwh frppxqlfdwlrq1 +5334,1

91 Gdxjh P1/ Oxexpd M1/ Qlfdlvh V1 Frh�flhqwv gh vlqjxodulw�hv srxu oh sureo�hph

gh Glulfkohw vxu xq sro|jrqh1 F1U1 Dfdg1 Vf1 Sdulv 637 V�hulh L +4<;:,/ 7;60

7;91

:1 Gdxjh P1/ Qlfdlvh V1/ Erxuodug P1/ Oxexpd M1 Frh�flhqwv ghv vlqjxodulw�hv

srxu ghv sureo�hphv dx{ olplwhv hoolswltxhv vxu xq grpdlqh �d srlqwv frqltxhv1

L1 U�hvxowdwv j�hq�hudx{ srxu oh sureo�hph gh Glulfkohw1 Prg�ho1 Pdwk1 hw Dqdo1

Qxp�hu1 57 +4<<3,/ 5:0851

;1 Gdxjh P1/ Qlfdlvh V1/ Erxuodug P1/ Oxexpd M1 Frh�flhqwv ghv vlqjxodulw�hv

srxu ghv sureo�hphv dx{ olplwhv hoolswltxhv vxu xq grpdlqh �d srlqwv frqltxhv1

LL1 Txhotxhv rs�hudwhxuv sduwlfxolhuv1 Prg�ho1 Pdwk1 hw Dqdo1 Qxp�hu1 57

+4<<3,/ 676069:1

5;



. Vshfwudo hohphqw glvfuhwl}dwlrqv ri wkh DPL Yro19 Qr14/ 5334

<1 Gruu P1 Wkh dssur{lpdwlrq wkhru| iru wkh s0yhuvlrq ri wkh �qlwh hohphqw

phwkrg1 VLDP M1 Qxphu1 Dqdo1 54 +4<;7,/ 44;30453:1

431 Gruu P1 Wkh dssur{lpdwlrq ri vroxwlrqv ri hoolswlf erxqgdu|0ydoxh sureohpv

yld wkh s0yhuvlrq ri wkh �qlwh hohphqw phwkrg1 VLDP M1 Qxphu1 Dqdo1 56

+4<;9,/ 8;0:91

441 Jludxow Y1/ Udylduw S10D1 Ilqlwh Hohphqw Phwkrgv iru wkh Qdylhu~Vwrnhv

Htxdwlrqv/ Wkhru| dqg Dojrulwkpv1 Vsulqjhu0Yhuodj +4<;9,1

451 Julvydug S1 Hoolswlf Sureohpv lq Qrqvprrwk Grpdlqv1 Slwpdq +4<;8,1

461 Olrqv M10O1/ Pdjhqhv H1 Sureo�hphv dx{ olplwhv qrq krprj�hqhv hw dssolfd0

wlrqv/ Yro1 41 Gxqrg +4<9;,1

471 Pdgd| \1 Uho�hyhphqw gh wudfhv sro|qarpldohv hw lqwhusrodwlrqv kloehuwlhqqhv

hqwuh hvsdfhv gh sro|qarphv1 F1U1 Dfdg1 Vf1 Sdulv 63< V�hulh L +4<;<,/ 7960

79;1

481 Udxjho J1 U�hvroxwlrq qxp�hultxh gh sureo�hphv hoolswltxhv gdqv ghv grpdlqhv

�d frlqv1 Wk�hvh 6�hph f|foh/ Xqlyhuvlw�h gh Uhqqhv +4<:;,1
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