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Pdq| dxwkruv/ olnhbBia +4<46,/��W�N,tNA +4<4:053,/�NANANOj +4<54,/
�AN +4<57058, dqg 7W��ji�A +4<59,/ kdyh vwxglhg yleudwlrqv ri ehdpv
zkrvh vhfwlrqv lq d pdwkhpdwlfdoo| vlpsoh zd| duh ghshqglqj rq devflvvd>
lq doo wklv fdvhv wkh ehdp kdv rqh hqg exlow lq dqg rwkhu hqg iuhh1

Pdq| rwkhu dxwkruv/ olnh �uj�uuji +4<5;,/ �i�Aj,,� +4<5<,/ liB,,
+4<63,/ QN�jAj6tji +4<65,/ 8iN,B +4<66067,/ Ci�WN6� +4<69,/ kdyh
vwxglhg wkh vdph sureohp zlwk d vlpso| vxssruwhg ehdp1 Gxulqj |hduv/
pdq| phwkrgv frqqhfwhg zlwk frpsxwlqj wkh hljhqydoxhv ri gl�huhqwldo
rshudwruv iru yleudwlrqv ri ehdpv kdyh ehhq lqwurgxfhg/ iru h{dpsoh e|
Ud|ohljk0Ulw}/ Zh|o/ Frxudqw/ Slfrqh/ Fduohpdq/ Wulfrpl/ Zhlqvwhlq/ Dj0
prq dqg Ilfkhud1

Dv d pdwwhu ri idfw lq d sdshu ri J1 Ilfkhud wkh dwwhpswv ri wkhvh
dxwkruv kdyh ehhq uh0hqjdjhg1

Lq wklv sdshu zh uh0hqjdjh wkh Wulfrpl*v phwkrg dqg lq wkh sduwlfxodu
fdvh ri zhgjh0vkdshg ehdp zh zulwh klv uhvxowv dqg zh frpsduh lw zlwk
Ilfkhud*v uhvxowv jrw zlwk ruwkrjrqdo lqyduldqwv phwkrg1

Dw odvw/ e| xvlqj dq lwhudwlyh phwkrg iru frpsxwlqj wkh hljhqydoxhv ri
vhfrqg nlqg Iuhgkrop lqwhjudo rshudwruv +vhh ^4`/ ^8`,/zh vkrz wkdw lw lv
srvvleoh wr rewdlq ehvw dssur{lpdwlrqv ri hljhqydoxhv1
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Wulfrpl ^:` xvhg d phwkrg iru frpsxwlqj dq dssur{lpdwlrq ri wkh �uvw
fulwlfdo iuhtxhqf| iru d vlpso| vxssruwhg ehdp1 Jlyhq d qrw wrr odujh ehdp
zlwk klv edu|fhqwulf d{lv frlqflglqj zlwk { d{lv/ wkh yleudwlrqv htxdwlrq lv
h{suhvvhg e|

C2
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�
HM+{,
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�
. ��+{,

C2|

Cw2
@ 3 +514,

zkhuh �+{, lv wkh vxuidfh ri d wudqvyhuvh vhfwlrq/ M+{, ~ wkh prphqw ri
lqhuwld zlwk uhvshfw wr wkh edu|fhqwulf d{lv qrupdo wr phdvxuh ri wkh +{> |,
sodqh/ � dqg H duh uhvshfwlyho| wkh ghqvlw| dqg \rxqj*v prgxoxv ri ehdp*v
pdwhuldo1

Zh vxssrvh wkdw wkh ohqjwk ri ehdp lv htxdo wr rqh/ vr wkdw { 5 ^3> 4`1

Diwhu vxlwdeoh wudqvirupdwlrqv +514, ehfrphv

g2

g{2

�
m+{,

g2x
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@ �p+{,x+{, +515,

zlwk
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D
> p+{, @
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E
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E

D
�2 +516,

zkhuh D/ E duh vxlwdeoh frqvwdqwv dqg � lv wkh iuhtxhqf| ri fkdudfwhulvwlf
yleudwlrqv ri wkh ehdp1

Vxssrvh zh nqrz wkh �uvw hljhqydoxh ��/ e| xvlqj wkh odvw ri +516,
zh fdq �qg wkh �uvw hljhqiuhtxhqf| �� ri wkh ehdp1 Wklv lv dq lpsruwdqw
lqirupdwlrq ehfdxvh li gxulqj wkh shulrglf h{flwdwlrqv ri ehdp wkh iuhtxhqf|
lv qrw ohvv wkdq ��/ gdqjhurxv uhvrqdqfh skhqrphqd duh srvvleoh1

Iru frpsxwlqj wkh dssur{lpdwlrqv ri hljhqydoxhv/ Wulfrpl/ vwduwlqj
iurp frqglwlrqv

x+3, @ x��+3, @ x+4, @ x��+4, @ 3 > +517,

fkdqjhg +514, lqwr dq lqwhjudo htxdwlrq zlwk v|pphwulf nhuqho
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f
N+{> |,X+{,g{ +518,

zkhuh X+{, @
s
p+{,x+{, dqg N+{> |, @

s
p+{,p+|,J+{> |,> J+{> |, lv

Juhhq ixqfwlrq ri gl�huhqwldo vhoidgmrlqw htxdwlrq
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�
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Lq wklv zd| wkh sureohp +515,0+517, ehfrphv dq lqwhjudo htxdwlrq zlwk
v|pphwulf nhuqho +518,1

Wklv htxdwlrq/ e| ohdylqj rxw wkh nqrzq ghyhorsphqwv ri wklv wkhru|
+vhh iru h{dpsoh ^8`,/ ohdgv wr wkh qh{w irupxodh=

d, d orzhu dssur{lpdwhg ydoxh ��� ri wkh �uvw hljhqydoxh lv jlyhq e|
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m+|,
g{g|

dqg pf/ m� duh uhvshfwlyho| plqlpxp ri p+{, dqg pd{lpxp ri m+{,1

e, dq xsshu dssur{lpdwhg ydoxh ���� ri wkh �uvw hljhqydoxh lv jlyhq e|

���� @ �e

] �

f
m+{, vlq2 q{ g{] �

f
p+{, vlq2 q{g{

= +5143,

Iru wkh sduwlfxodu fdvh ri d zhgjh0vkdshg ehdp/ zh kdyh=

m+{, @ +4� �{,� > p+{, @ 4� �{ > +5144,

zkhuh � 5 ^3> 4` lv wkh wklqqlqj frh�flhqw ri wkh frqvlghuhg ehdp1

Zlwk sduwlfxodu fkrlfh � @ 3>8/ htxdwlrqv +51<,/ +5143, jlyh wkh iroorzlqj
hvwlpdwhv iru ��=

7<><5489:68 ? �� ? 8:>48869;95 = +5145,
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Lq ^6` lw lv srvvleoh wr �qg wkh qxphulfdo uhvxowv rewdlqhg e| wkh ruwkrjrqdo
lqyduldqwv phwkrg iru frpsxwlqj hljhqydoxhv ri gl�huhqwldo sureohpv zkhq
wkh Juhhq ixqfwlrq ru lq dq| fdvh vxlwdeoh nhuqho duh nqrzq1

Lq wkh sduwlfxodu fdvh ri zhgjh0vkdshg ehdp/ wkh sureohp fdq eh zulw0
whq

g2

g{2

�
+4� �{,�

g2x

g{2

�
@ �+4� �{,x+{,

x+3, @ x��+3, @ x+4, @ x��+4, @ 3 > 3 ? { ? 4 = +614,

Wklv sureohp zlwk ruwkrjrqdo lqyduldqwv phwkrg lv mxvw vwxglhg e| P1S1
Frodxwwl ^5`1

Zh vkrz lq Wdeoh L wkh orzhu dqg xsshu dssur{lpdwlrq ri ydoxhv �&
+n @ 4> 5> = = = > 46, iru sureohp +614, zlwk � @ 3>81

Zh qrwh wkdw iru �� wkh Wulfrpl*v uhvxow +5145, lv frqvlghudeoh lpsuryhg1

83>:4956396 ? �� ? 83>:4956399
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45743; ? �. ? 4576<3
543:59 ? �H ? 545444
667393 ? �b ? 66<98:
7<;6<7 ? ��f ? 84:8:9
:34549 ? ��� ? :8:<96
<5;::6 ? ��2 ? 43:766:
4499;94 ? ��� ? 4837;6:
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Wkh xvh ri wkh ruwkrjrqdo lqyduldqwv phwkrg lq rughu wr dssur{lpdwh wkh
hljhqydoxhv ri gl�huhqwldo sureohp ohdgv vrphwlphv wr yhu| fxpehuvrph
frpsxwdwlrqv vr lw lv ehwwhu wr xvh wkh qh{w phwkrg/ fdoohg wkh lqyhuvh
lwhudwlrq phwkrg1

Zh suhplvh wkdw wkh lqwhjudo htxdwlrq +518, lv d krprjhqhrxv Iuhgkrop

4<
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htxdwlrq ri vhfrqg nlqg

*+{,� �

] �

f
N+{> |,*+|,g| @ 3 +714,

wklv fdq eh zulwwhq

+M � � N,* @ 3 +715,

zlwk rshudwru N = O2^3> 4`$ O2^3> 4` dvvrfldwhg wr wkh nhuqho N+{> |, jlyhq
e|

N* @ + N*,+{, @

] �

f
N+{> |,*+|,g|

dqg wkh lghqwlw| rshudwru L1
Zh h{sodlq qrz wkh lqyhuvh lwhudwlrqv phwkrg1

E| zulwlqj +715, lq wkh irup

+ N� � L,* @ 3 > zlwk � @ �3� +716,

wkdw lv

N* @ �* +717,

wkh hljhqydoxhv ri rshudwru N fdq eh sxw lq rughu dv d ghfuhdvlqj vhtxhqfh
zlwk uhjdug wr wkhlu prgxol

3 ? = = = � m��m � m�2m � m��m = +718,

Lq wkh sduwlfxodu fdvh ri N+{> |, v|pphwulf N+{> |, @ N+|> {,/ khuplwldq
srvlwlyh N+{> |, @ N+|> {,/ +N*>*, A 3 li * 9 @3 lq O2^3> 4` lq wkh odvw
irupxod wkh prgxoxv vljqv fdq eh dyrlghg=

3 ? = = = � �� � �2 � �� =

Vxssrvh zh nqrz dq lqlwldo dssur{lpdwlrq �� ri wkh vhdufkhg hljhqydoxh
�� / m � 5/ vxfk wkdw

m��� �� m ?
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iru d vxlwdeoh fkrlfh ri wkh lqwhjhu �1 Lq sudfwlfh lq wklv frqglwlrq wkh
hljhqydoxhv zloo eh uhsodfhg e| wkhlu Ud|ohljk0Ulw} dssur{lpdwlrqv/ iru vxi0
�flhqwo| odujh �=
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Iurp htxdwlrq +715, zh jhw=

+N� ��L,! @ +�� ��,! +71;,

Frqvhtxhqwo|/ li �� lv dq hljhqydoxh ri N zlwk hljhqixqfwlrq !� / wkhq
�� � �� lv dq hljhqydoxh ri N � ��L zlwk hljhqixqfwlrq !� 1 E| zulwlqj +71;,
lq wkh irup

+N� ��L,3�! @ +�� ��,3�! +71<,

lw iroorzv wkdw +�� � ��,3� lv dq hljhqydoxh ri +N � ��L,3� zlwk wkh vdph
hljhqixqfwlrq !� 1

E| xvlqj frqglwlrq +71:,/ iru � vx�flhqwo| odujh/ wkh hljhqydoxh +�� �
��,3� ehfrphv wkh +xqltxh, hljhqydoxhv ri pd{lpxp prgxoxv iru wkh rshu0
dwru +N� ��L,3�1 Wklv ohdgv wr wkh srvvlelolw| wr dsso| wkh Nhoorj phwkrg
+vhh ^7`, lq rughu wr dssur{lpdwh +�� � ��,3� dqg d fruuhvsrqglqj hljhq0
ixqfwlrq1 Wklv fdq eh grqh lq wkh xvxdo zd|/ vwduwlqj iurp dq duelwudu|
ixqfwlrq $f +zklfk wkhruhwlfdoo| vkrxog qrw eh ruwkrjrqdo wr wkh hljhqvsdfh
dvvrfldwhg zlwk +�� � ��,3�,/ dqg gh�qlqj wkh vhtxhqfh

$?n� =@ +N� ��L,3�$? > +q @ 3> 4> 5> = = =,= +7143,

Wkhq +vhh ^7`,=

olp
?<"

n$?n�n2
n$?n2

@ +�� � ��,3� > olp
?<"

$2?

n$2?n2
@ 	!� = +7144,

Diwhu frpsxwlqj zlwk suhvfulehg dffxudf| wkh hljhqydoxh

�� =@ +�� � ��,3� >

rqh �qgv

�� @
4

��
. �� >

vr wkdw/ e| uhfdoolqj � @ �3� +�� @= ��3�,/ zh rewdlq iru wkh fkdudfwhulvwlf
ydoxhv ri wkh nhuqho wkh h{suhvvlrq

�� @
����

��. ��
=

Lw lv lpsruwdqw wr qrwh wkdw +dv lq wkh �qlwh glphqvlrqdo fdvh, zh fdq
dyrlg wkh ghwhuplqdwlrq ri wkh lqyhuvh rshudwru +N� ��L,3�/ vlqfh wkh htxd0
wlrq +7143, lv htxlydohqw wr

+N� ��L,$?n� @ $? > q @ 3> 4> 5> = = = = +7145,
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Krzhyhu/ wklv ohdgv wr wkh qhfhvvlw| wr vroyh qxphulfdoo|/ dw hdfk vwhs/
d Iuhgkrop lqwhjudo htxdwlrq ri wkh �uvw nlqg1 Wklv fdq eh grqh e| xvlqj
gl�huhqw phwkrgv/ qdpho| zh frxog xvh/ h1j1/ wkh Idvw Jdohunlq phwkrg/
ru wkh Q|vwu�rp phwkrg1 Wkh odwwhu phwkrg zdv xvhg/ vlqfh lw wxuqhg rxw
wr eh yhu| vlpsoh dqg h�flhqw erwk zlwk uhvshfw wr wlph dqg qxpehu ri
lwhudwlrqv1

Wkh udwh ri frqyhujhqfh ri wkh phwkrg lv jlyhq e| wkh irupxod=

n$?n2
n$fn2

@ R^+��+�� � ��,,?` >

zkhuh �� 9 @+�� � ��,3� ghqrwhv d vxlwdeoh hljhqydoxh ri +N� ��L,3� +vhh ^9`,1
Dv d pdwwhu ri idfw/ e| wkh qxphulfdo srlqw ri ylhz/ wkh xvh ri Q|vwu�rp

phwkrg lq wkh vroxwlrq ri htxdwlrq +7146, lv vxevwdqwldoo| htxlydohqw wr
wkh vxevwlwxwlrq ri wkh ruljlqdo nhuqho N+{> |, e| dq dssur{lpdwlqj nhu0
qho hN+{> |, jlyhq e| d vxlwdeo| gh�qhg wzr0glphqvlrqdo vwhs ixqfwlrq +l1h1
lqvwhdg ri wkh ruljlqdo rshudwru/ zh frqvlghu dq dssur{lpdwlqj �qlwh gl0
phqvlrqdo rshudwru jlyhq e| d vxlwdeoh pdwul{,1

Lq rughu wr gh�qh wklv �qlwh glphqvlrqdo rshudwru/ dqg wr glvfxvv wkh
dffxudf| ri rxu dssur{lpdwlrq zh lqwurgxfh vrph qrwdwlrqv1

Ohw q eh wkh qxpehu ri qrghv lq wkh dssolfdwlrq ri wkh Q|vwu�rp phwkrg/
dqg ghqrwh e| {�> {2> = = = > {? +ru |�> |2> = = = > |?, wkh nqrwv ri wkh prgl�hg
Jdxvv0Ohjhqguh txdgudwxuh irupxod rq wkh { +ru |, d{lv/ dqg e| z�> z2> = = = > z?

wkh fruuhvsrqglqj Fkulvwr�ho frqvwdqwv1

Lq wkh vhtxho zh vxssrvh wkdw wkh nhuqho lv vx�flhqwo| uhjxodu lq T =@
^3> 4` � ^3> 4`/ dqg suhflvho| vxfk wkdw wkh Shdqr0Mrugdq phdvxuh ri wkh
hyhqwxdo vlqjxodulwlhv ri N lq T lv }hur1 Wklv dvvxpswlrq lv qdwxudo/ ghdolqj
zlwk d frpsdfw rshudwru1

Glylgh T lqwr wkh vxe0vtxduhv T�c� gh�qhg e| T�c� =@ i+{> |,m
S�3�

,'� z, �

{ �
S�

,'�z,>
S�3�

&'�z& � | �
S�

&'�z&j/ dvvxplqj
S�3�

r'�zr =@ 3/ li l @ 4/
dqg uhfdoolqj wkdw reylrxvo|

S?
r'�zr @ 41 Ghqrwh e| TW�c� wkrvh sduwlfxodu

vxe0vtxduhv lq zklfk N+{> |, lv qrw erxqghg/ wkhq gh�qh

hN+{> |, @ N+{�> |�,> li +{> |, 5 T�c�N�c� > li +{> |, 5 TW�c� +7146,

zkhuh N�c� duh vxfk frqvwdqwv wkdw

nN+{> |,� hN+{> |,nu2E��c�'
W

�c��
? hsv >

zkhuh hsv ghqrwhv wkh vpdoohvw srvlwlyh qxpehu xvhg e| wkh frpsxwhu +l1h1
wkh pdfklqh hsvlorq,1 Wklv frqglwlrq fdq dozd|v eh vdwlv�hg surylghg wkdw
q lv vx�flhqwo| odujh1
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Wkhq wkh qxphulfdo frpsxwdwlrq e| xvlqj wkh lqyhuvh lwhudwlrq phwkrg
|lhogv wr dssur{lpdwlqj wkh h{dfw hljhqydoxhv ��� / +m @ 4> 5> = = = > q, ri wkh

nhuqho hN+{> |,1

Dq|zd|/ e| xvlqj wkh zhoo nqrzq Durqv}dmq Wkhruhp +vhh h1j1 ^6`/ lw lv
srvvleoh wr �qg dq xsshu erxqg iru wkh devroxwh huuru m�� � ��� m/ zklfk lv
jlyhq vlpso|/ iru hyhu| m/ e| wkh hvwlpdwh

m�� � ��� m � nN+{> |,� hN+{> |,nu2E'�=

Wkhq/ lq rughu wr �qg dq dssur{lpdwlrq ��� / zklfk lv h{dfw/ zlwk uhvshfw
wr wkh fruuhvsrqglqj �� / xs wr wkh s0wk gljlw/ lw lv vx�flhqw wr lqfuhdvh q

+dqg hyhqwxdoo| wr xvh dgdswlyh frpsrvlwh txdgudwxuh irupxodv/ lqfuhdvlqj
wkh qxpehu ri nqrwv forvh wr wkh vlqjxodulwlhv, lq vxfk d zd| wkdw wkh ixuwkhu
lqhtxdolw| nN+{> |,� hN+{> |,nu2E'� ? 3=8� 433R krogv wuxh1

Wklv fdq dozd|v eh grqh/ dqg shuplwv wr frqwuro wkh huuru ri rxu ds0
sur{lpdwlrq/ lqghshqghqwo| e| wkh xvh ri wkh ruwkrjrqdo lqyduldqwv phwkrg1

D� ��4ih�U@* hit�*|t

E| xvlqj iru N rshudwru wkh Ud|ohljk0Ulw} phwkrg iru wkh orzhu erxqgv

dqg wkh lwhudwlyh phwkrg ghvfulehg lq Vhfwlrq 7 iru wkh xsshu erxqgv/ dqg

sxwwlqj � @ 3=8/ zh kdyh rewdlqhg wkh �& dssur{lpdwlrqv ri Wdeoh LL1

4><:4:8869: H � 335 ? �� ? 4><:4:8869; H � 335

4>4<634<:6: H � 336 ? �2 ? 4>4<6353355 H � 336

5>69;73:487 H � 337 ? �� ? 5>69;746;;8 H � 337

:>84883;584 H � 338 ? �e ? :>848:38<7: H � 338

6>3;66:7778 H � 338 ? �D ? 6>3;6;7<;:; H � 338

4>7;;75:7:9 H � 338 ? �S ? 4>7;<7583;5 H � 338

;>36<56477< H � 339 ? �. ? ;>38:7<;636 H � 339

7>:478459;7 H � 339 ? �H ? 7>:787<;;<7 H � 339

5><774798<8 H � 339 ? �b ? 5><<67:7559 H � 339

4><653;6737 H � 339 ? ��f ? 5>339777: H � 339

4>64<658947 H � 339 ? ��� ? 4>7593<73<< H � 339

<>63;3995:: H � 33: ? ��2 ? 43>:99;<686 H � 33:

9>97856:<;< H � 33: ? ��� ? ;>8:3334387 H � 33:

Frqvhtxhqwo| zh kdyh irxqg iru wkh hljhqydoxhv �& wkh iroorzlqj ds0

sur{lpdwlrqv
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83>:49557643< ? �� ? 83>:4956399

;6:><<3555:77 ? �2 ? ;6;>53<4

7555>4;3;965; ? �� ? 7555>57:

46544>57 ? �e ? 46638>;5

65759 ? �D ? 65765

97<47 ? �S ? 9:4;8

457644 ? �. ? 4576<3

4;83;7 ? �H ? 545444

66<569 ? �b ? 66<98:

746856 ? ��f ? 84:8:9

:89<68 ? ��� ? :8:<96

438;<55 ? ��2 ? 43:766:

4798:74 ? ��� ? 4837;6:

Uhpdun 8141 Wkh lqyhuvh lwhudwlrq phwkrg kdv ehhq lpsohphqwhg e|

xvlqj dq dojrulwkp zulwwhq lq Iruwudq e| S1 Qdwdolql dqg F1 Idofrqh1

Diwhu vrph dwwhpswv zh fdq vhh wkdw wkh dffxudf| ri hljhqydoxh dssur{0

lpdwlrq lqfuhdvhv zkhq wkh qxpehu ri qrghv dqg lwhudwlrqv lv lqfuhdvhg1

Ixuwkhupruh/ wkh frqyhujhqfh lv prqrwrqlf1 Wdeoh LLL kdv ehhq frpsxwhg

e| xvlqj 68 qrghv dqg 93 lwhudwlrqv1

Dfnqrzohgjhphqwv

Wklv zrun zdv vxssruwhg e| wkh ixqgv ri wkh P1X1U1V1W1

Uhihuhqfhv

41 Duhqd Y1P1/ Jhupdqr E1/ Ulffl S1H1 Rq d phwkrg iru frpsxwlqj wkh hljhq0

ydoxhv ri vhfrqg nlqg Iuhgkrop rshudwruv1 M1 Dssolhg Pdwk1 dqg lqirupdwlfv

+lq sulqw,1

51 Frodxwwl P1S1 Vxooh yleud}lrql wudvyhuvdol gl xqd elhood fxqhliruph dssrjjldwd

djol hvwuhpl1 M1 Olqfhl0Uhqg1 Vf1 �v1 pdw1 h qdw1/4<9;/ Yro1 [OLY1

61 Ilfkhud J1 Phwrgl h ulvxowdwl frqfhuqhqwl o*dqdolvl qxphulfd h txdqwlwdwlyd1

Dwwl Dff1 Qd}1 Olqfhl/ Phprulh 4<:7/ yro1 [LL/ Vh}1 L1

71 Plnkolq V1J1 Lqwhjudo htxdwlrqv dqg wkhlu dssolfdwlrqv1 5qg Hg1 Shujdprq

Suhvv/ R{irug 4<971

81 Qdwdolql S1/ Qrvfkhvh V1/ Ulffl S1H1 Dssur{lpdwlrq ri wkh hljhqydoxhv ri

vhfrqg nlqg Iuhgkrop rshudwruv dqg dssolfdwlrqv1 Surfhhg1 Lqw1 Zrunvkrs

rq Ruwkrjrqdo Sro|qrpldov Pdgulg/ 4<<; +lq sulqw,
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. Qxphulfdo dssur{lpdwlrq ri hljhqydoxhv111 DPL Yro18/ Qr15/ 5333

91 Vwuxpphoo I1/ Khlqhu N1 Lqwurgxfwlrq wr qxphulfdo dqdo|vlv1 Vfrwwlvk Dfd0

ghplf Suhvv/ Hglqexujk/ 4<;31

:1 Wulfrpl I1J1 Ulfhufkh gl Lqjhjqhuld1 Pdu}r0Dsuloh 4<69/ yro1 [LY1

;1 Ylydqwl J1 Hohphqwl ghood whruld ghooh htxd}lrql lqwhjudol olqhdul1 Plodqr/

Krhsol 4<49/ :30:8/ :</ ;4 h ;71
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