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2QH VSHFLDO FDVH RI GLVWULEXWLRQ GHQVLW\ DW D SRLQW LV FRQVLGHUHG� 7KH SUREOHP LV

VROYHG E\ WKH PHWKRG RI SDUDPHWULF VWDWLVWLFV DQG E\ WKH PHWKRGV RI PD[LPDO OLNHOLKRRG

DQG PRPHQWV� $ FODVV RI GHQVLWLHV RI KLJK RUGHU LV FRQVLGHUHG DQG DV\PSWRWLF HqFLHQF\

RI WKH FRQVWUXFWHG HVWLPDWH LV HVWDEOLVKHG�

Nh| zrugv dqg skudvhv= /LNHOLKRRG� 'HQVLW\ RI PRPHQWV� $V\PSWRWLFV� &RPSHW�

LWLYH HVWLPDWH�

DPV vxemhfw fodvvl�fdwlrq= ��*���

�� W?|hL_�U|�L?

Lq wkh suhvhqw zrun zh frqvlghu rqh vshfldo fdvh ri hvwlpdwlrq ri glvwulex0
wlrq ghqvlw| dw d srlqw1 Wkh sureohp lv vroyhg e| xvlqj wkh phwkrgv ri
sdudphwulf vwdwlvwlfv/ wkh phwkrg ri pd{lpdo olnholkrrg dqg wkh phwkrg ri
prphqwv1 Wkh uhvxowv rewdlqhg e| Zhlvv dqg Zroirzlw} ^6` duh jhqhudol}hg1
Zh frqvlghu fodvvhv ri ghqvlwlhv Z ri kljkhu rughu dqg vxssrvh wkdw wkhuh
h{lvw ghulydwlyhv ri kljkhu rughu zklfk duh erxqghg dw d srlqw ri ghqvlw|
hvwlpdwlrq1

Ohw [�>[2> = = = >[? eh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp
yduldeohv/ revhuydeoh e| d vwdwlvwlfldq/ zlwk dq xqnqrzq ghqvlw| i 1 i lv dv0
vxphg wr ehorqj wr d fodvv ri ghqvlwlhv frqvlvwlqj ri pruh wkdq rqh hohphqw1
Ohw D eh dq duelwudu| srlqw lq U @ +�4>4,1 Ohw xv frqvwuxfw dq hvwlpdwh
+pruh suhflvho|/ d vhtxhqfh ri hvwlpdwhv, i+D, xqghu gl�huhqw dvvxpswlrqv
iru i lq wkh qhljkerukrrg ri wkh srlqw D1 Dvvxph wkdw wkh iroorzlqj wzr
dvvxpswlrqv rq wkh dffhswdelolw| ri d fodvv ri hvwlpdwhv duh ixo�oohg=

+L,= %? @ q3k> 3 ? � ? 4= +414,
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+LL,1 Doo wkh hvwlpdwhv xqghu frqvlghudwlrq ehorqj wr wkh fodvv Y +%?,1
Wkh fodvv Y +%?, frqvlvwv ri hvwlpdwhv i+D, zklfk iru q @ 4> 5> = = = duh wkh
ixqfwlrqv ri rqo| wkrvh [*v zklfk irxqg wkhpvhoyhv lq +D� %?>D. %?,1

Gh�qlwlrq 4141 Ghqvlw| i+|, zloo eh fdoohg d ixqfwlrq ri wkh fodvv Zr

+v � 5 lv d qdwxudo qxpehu,/ li lw vdwlv�hv wkh iroorzlqj wzr frqglwlrqv=
+4, 3 ? d�� � i+D, � d��� ?4>
+5, lq wkh lqwhuydo L @ +D� k>D. k,/ wkhuh h{lvw doo ghulydwlyhv xs wr

wkh v0wk rughu lqfoxvlyh/ dqg dw wkh srlqw D wkh| duh ohvv lq devroxwh ydoxh
wkdq vrph frqvwdqw d�2 A 3/ dqg iru doo | 5 L

i+|, @ i+D, . i �+D,+| �D, . = = =.
iEr�+D,

v$
+| �D,r.

.i+|,m| �Dmrn@>

zkhuh mi+|,m � d��2 ?4 dqg 3 ? d ? 41
Lq wkh lqwhuydo L @ +D� k>D. k, zh zulwh

i+|, @ i+D,^4 . n+| �D,`> | 5 L>

zkhuh

n+|, @ n�| . n2|
2 . = = =. nr|

r .R+m|mrn@,> +415,

n� @ R+4,> l @ 4> v=

Ghqrwh

N+%?, @

] 0?

30?

n+|,g|

iru q vxfk wkdw q3k ? k1
Vxssrvh �uvw wkdw N+%?, lv nqrzq1 Ohw \�> \2> ===> \� eh wkrvh dprqj

[�>[2> ===> [? zklfk olh lq wkh lqwhuydo +D� �?>D. �?, Wkh mrlqw ixqfwlrq
suredelolw| ri Q dw p dqg suredelolw| ghqvlw| ixqfwlrq ri \�> \2> = = = > \6 dw
|�> |2> = = = > |6 lv

q$

p$+q�p,$
^i+D,+5%? .N+%?,,`

6^4� i+D,+5%? .N+%?,,`
?36�

�
6\
�'�

i+D,^4 . n+|� �D,`

i+D,^5%? .N+%?,`
>

iurp zklfk zh rewdlq wkh pd{lpdo olnholkrrg hvwlpdwru ei? iru i+D,=

ei? @
Q

q+5%? .N+%?,,
= +416,

5



. Hvwlpdwlrq ri suredelolw| ghqvlw| dw111 DPL Yro18/ Qr15/ 5333

Lw lv fohdu wkdw H ei? @ i+D,1 Lq ylhz ri +414, zh �qg wkdw

�2+ ei?, @ 
+qk3�,= +417,

Uhpdun 4141 Hyhu|zkhuh lq zkdw iroorzv wkh xvh zloo eh pdgh ri
wkh iroorzlqj qrwdwlrq= � @ R+xo, ghqrwhv wkdw m�q3om lv erxqghg deryh
xqlirupo| zlwk uhvshfw wr q dqg wr doo i iurp wkh fodvv Zr1 � @ 
+qo,
ghqrwhv wkdw m�q3om lv erxqghg deryh dqg ehorz xqlirupo| zlwk uhvshfw wr
q dqg i lq Zr1 Ilqdoo|/ RR/ 
R ghqrwh wkdw R/ 
 krog uhvshfwlyho| zlwk
suredelolw| zklfk fdq eh fkrvhq duelwudulo| forvh wr xqlw|1 Dffruglqj wr
wkh Prxdyu|0Odsodfh wkhruhp/ wkh glvwulexwlrq

^ ei? � i+D,` �G+ ei?,3�*2
whqgv wr wkh qrupdo glvwulexwlrq zlwk wkh phdq 3 dqg glvshuvlrq 4> qrwh wkdw
wkh qrupdol}lqj idfwru +G ei?,�*2 @ 
+qE�3k�*2, dqg wkh udqgrp yduldeoh
Q @ 
R+q

�3k,1 Lw iroorzv iurp Wkhruhp 614 ^7` wkdw ei? lv dv|pswrwlfdoo|
h�hfwlyh lq wkh vhqvh wkdw iru doo frpshwlwlyh hvwlpdwhv W?/ vdwlvi|lqj erwk
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zh kdyh
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Frqvlghu qrz wkh fdvh/ lq zklfk N+%?, lv xqnqrzq1 Lw iroorzv iurp
+415, wkdw

N+%?, @
2
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? .
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D ne%
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? .R+%rn@n�? ,> li v lv hyhq=

Frqvlghu wkh fdvh/ zkhuh v lv rgg/ dqg �qg hvwlpdwhv ri wkh sdudphwhuv
n2> ne> = = = > nr3�1

Wr rewdlq hvwlpdwhv ri en2> ene> = = = >enr3�/ zh dfw dv iroorzv= ohw M @ +D�
q3q >D. q3q,/ � ? �1 Ohw ]

�
> ]

2
> = = = > ]

�E?�
eh wkrvh ri wkh revhuyhg [ �v

zklfk irxqg wkhpvhoyhv lq M1 Lw lv fohdu wkdw wkh frqglwlrqdo ghqvlw| dw wkh
srlqw { @ | .D ri wkh lqwhuydo M lv

iW+| .D@M, @
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@
4 . n�| . n2|

2 . = = =. nr|
r .R+|rn@,

5q3q . 2
�n2q

3�q . = = =. 2
rnr3�q

3rq .R+q3qErn�n@�,
= +41:,

Wkhuhiruh

Hm]
�
�Dm6 @

] ?3q
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m|m6^4 . n�| . n2|

2 . = = =. nr|
r .R+|rn@,`g|

5q3q . 2&2
� q3�q . = = =. 2

rnr3�q
3rq .R+q3qErn�n@�,

>

zkhuh 4 � p � r3�
2 / v A 51

Lw lv qrw gl�fxow wr fdofxodwh wkdw

Hm]
�
�Dm6 @

@
�

6n�q
36q . &2

6n�q
3E6n2�q . = = =. &r3�

6nrq
3qE63�nr� .R+q3qE6nrn@�,

4 . �
�n2q

32q . &e
D q

3eq . = = =. �
rnr3�q

3qEr3�� .R+q3qErn@�,
=

Ghqrwh

o?6+n2> = = = > nr3�, @
4

p. 4
q36q .

n2
p. 6

q3E6n2�q . = = =.

.
nr3�
p. v

q3qE63�nr� .R+q3qE6nrn@�,

�?+n2> ne> = = = > nr3�, @
4

6
n2q

32q .
ne
8
q3eq . = = =.

4

v
nr3�q

3qEr3��.

.R+q3qErn@�,= +41;,

Wkhq

Hm]
�
�Dm6 @ o?6+n2> = = = > nr3�,^4� �? . �2? . � � �`= +41<,

Ghqrwh

T?6 @
4

P+q,

�E?�[
�'�

m]
�
�Dm6> p @ 4>

v� 4

5
> v A 5=

Qh{w/ xvlqj wkh phwkrg ri prphqwv iru hvwlpdwlqj wkh xqnqrzq sdudph0
whuv/ zh frqvwuxfw d v|vwhp ri htxdwlrqv

o?�+n2> ne> = = = > nr3�,^4� �? . �2? . � � �` @ T?�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

o? r3�
2
+n2> ne> = = = > nr3�,^4� �? . �2? . � � �` @ T? r3�

2
+4143,
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Uhwdlqlqj lq +4143, wkh whupv xs wr wkh rughu q3qE63�nr� lqfoxvlyh/ p @

4> r3�2 / dqg vroylqj wkh v|vwhp zlwk uhvshfw wr n2> ne> = = = > nr3�/ zh rewdlq

hvwlpdwhv ri wkh sdudphwhuv en2>ene> = = = > enr3�1
Wkxv/ iru wkh hvwlpdwh ri N+%?, zh fdq wdnh

eN+%?, @
5

6
en2%�? . = = =.

5

v
enr3�%r?>

dqg iru wkh hvwlpdwh ri i+D,

eiW @ Q

q^5%? . eN+%?,`
= +4144,

Wkh fdvh/ zkhuh v lv dq hyhq qxpehu/ lv frqvlghuhg dqdorjrxvo|1
Frqvlghu dw juhdwhu ohqjwk d sduwlfxodu fdvh/ iru h{dpsoh/ zkhq v @ 8/

l1h1/ i 5ZD1
Iurp +41;, zh rewdlq

o?�+n2> ne, @
4

5
q3q .

n2
7
q3�q .

ne
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6
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ne
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4

6
n2q

32q .
ne
8
q3eq .R+q3qEDn@�,=

Khqfh wkh v|vwhp ri htxdwlrqv +4143, wdnhv wkh irup

4

5
q3q .

4
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n2q

3�q .
45ne � 8n22
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q3Dq @ T?�>

4

6
q32q .

7
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n2q

3eq .
7+4;ne � :n22,

<78
q3Sq @ T?2>

dqg wkh vroxwlrq ri wkdw v|vwhp zloo eh

en2 @ 6

5
q2q

k
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u
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7

6
q32q+�?� � 47q32q�?�,

l
>

ene @ 68

5
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zkhuh
�?� @ 45q2q+qqT?� � 4@5,>

�?� @ q2q+�?2 ��?�,>

�?2 @
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7
q2q+q2qT?2 � 4@6,> +4145,
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Ixuwkhu/ iurp +41;, dqg +41<, zh jhw

HT?� @
4

5
q3q

k
4 .

n2
9
q32q .

45ne � 8n22
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q3eq .R+q3qEDn@�,
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>
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4

6
q2q

k
4 .

7

48
q32q .

7+4;ne � :n22
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q3eq .R+q3qEDn@�,
l
>

GT?� @ 
+q3E�nq�,>

GT?2 @ 
+q3E�n�q�,=

Wkhuhiruh

T?� @
4

5
q3q

k
4 .

n2
9
q32q .

45ne � 8n22
<3

q3eq .R+q3qEDn@�,
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.

.
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3
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4

6
q32q

k
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7
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n2q

32q .
7+4;ne � :n22,

648
q3eq .R+q3qEDn@�,

l
.

.
R+q
3

E�n�q�
2 ,=

Wklv dqg htxdwlrqv +4145, reylrxvo| lpso|

�?� @ n2 .
45ne � 8n22

48
q32q .R+q3qE�n@�, . 
R+q

3
E�3Dq�

2 ,>

�?2 @ n2 .
4;ne � :n22

54
q32q .R+q3qE�n@�, . 
R+q

3
E�3Dq�

2 ,

�?� @
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5
ne .R+q3qE�n@�, . 
R+q

3
E�3bq�

2 ,=

Khqfh en2 @ n2 .R+q3qE2n@�, . 
R+q
3

E�3Dq�
2 ,>

ene @ ne .R+q3qE�n@�, . 
R+q
3

E�3bq�
2 ,=

Ghqrwh

G? @ N+%?,� eN+%, @
5

6
+n2 � en2,%�? . 5

8
+ne � ene,%D? .R+%Sn@? , @

@ R+q3qE2n@�, . 
R+q
3�k3 E�3Dq�

2 , .R+q3Dk3qE�n@�,.

.
R+q
3Dk3

E�3bq�
2 , .R+q3kESn@�,= +4146,

Wkhq

ei?W � ei? @
QG?

q
^5%? .N+%?,`

3�^5%.N+%?,�G?`
3�
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dqg rzlqj wr wkh idfw wkdw Q @ 
R+q
�3k,/ iurp wkh odwwhu htxdwlrq dqg

iurp +4146, zh rewdlq

ei?W � ei? @ R+q3qE2n@�32k, . 
R+q
32k3

E�3Dq�
2 ,.

.R+q3ek3qE�n@�, . 
R+q
3ek3 E�3bq�

2 ,.

.R+q3kEDn@�,= +4147,

Frqvlghu qrz wkh sureohp ghdolqj zlwk wkh vdpsolqj ri � zklfk lq
wkh vhtxho zloo doorz xv wr fdofxodwh ei?W1 Exw iru wklv sxusrvh zh kdyh wr
pdlqwdlq wkh ydolglw| ri wkh htxdwlrq

olp
?<"

Si � uq
k3�
2 ? ei?W � i+D, ? uq

k3�
2 j @

@ olp
?<"

Si � uq
k3�
2 ? ei? � i+D, ? uq

k3�
2 j +4148,

iru dq| �{hg u A 3/ vlqfh lq wklv fdvh iurp +4=9, zh kdyh

olp
?<"

Si � uq
k3�
2 ? ei?W � i+D, ? uq

k3�
2 j �

� olp
?<"

Si � uq
k3�
2 ? W? � i+D, ? uq

k3�
2 j

iru dq| u A 3 dqg dq| frpshwlwlyh hvwlpdwh W?/ vxfk dv lqglfdwhg lq +4=8,1
Lq rughu iru +4148, wr eh ixo�oohg/ lq ylhz ri +417, lw lv vx�flhqw wkdw

ei?W � ei+D, @ rR+q
k3�
2 ,= +4149,

E| yluwxh ri +4147,/ htxdwlrq +4149, lv ixo�oohg li

� A �

8�. 7� A 4� 5d�

44� A 4� 5�d

<� . 5�+4 . d, A 4= +414:,

Li d lv xqnqrzq/ wkhq d qxpehu juhdwhu wkdq �
�� lv frqvlghuhg wr eh

vdwlvidfwru| vdpsolqj ri �/ zkloh � zh fkrrvh vxfk wkdw 4@44 ? � ? �1 Li
d lv nqrzq/ zh fkrrvh � dqg � vxfk wkdw frqglwlrqv +414:, eh ixo�oohg1

Uhpdun 4151 Fdvhv Z�>Z2 dqg Z� zhuh frqvlghuhg lq ^6`1 Fdvh Ze

fdq eh irxqg lq ^4`1

:
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2� ��*|��@h�@|i �@ti�

Ohw[� @ +[
E��
� > [

E��
2 , eh lqghshqghqw/ xqlirupo| glvwulexwhg wzr0glphqvlrqdo

udqgrp yduldeohv zlwk dq xqnqrzq ghqvlw| i+|�> |2,1 Ohw D @ +D�>D2, eh
dq duelwudu| �{hg srlqw1 Frqvwuxfw dq hvwlpdwh ri i+D�>D2, xqghu gl�huhqw
+dv lq rqh0glphqvlrqdo fdvh, dvvxpswlrqv=

+L,1 %? @ q3k/ � A 3/
+LL,1 Doo wkh hvwlpdwhv xqghu frqvlghudwlrq ehorqj wr wkh fodvv Y +%?,1

Wkh fodvv Y +%?, frqvlvwv ri wkh hvwlpdwhv i+D�>D2, zklfk iru q @ 4> 5> = = =
duh wkh ixqfwlrqv ri rqo| wkrvh [ �v zklfk irxqg wkhpvhoyhv lq +D��%?>D�.
%?,� +D2 � %?>D2 . %?,1

Gh�qlwlrq 5141 Ghqvlw| i lv vdlg wr eh d ixqfwlrq ri wkh fodvv Zr

+v � 4, li lw vdwlv�hv wkh iroorzlqj frqglwlrqv=
4, 3 ? d�� � i+D�>D2, � d��� ?4>
5, lq wkh lqwhuydo L @ +D� � k>D� . k, � +D2 � k>D2 . k, wkhuh h{lvw

doo sduwldo ghulydwlyhv ri wkh v0wk rughu ri ghqvlw| i+|�> |2,/ dqg dw wkh srlqw
D @ +D�> D2, wkh| doo duh ohvv lq devroxwh ydoxh wkdq d frqvwdqw d�2 A 3/ dqg
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Iurp wklv zh rewdlq wkh hvwlpdwh ri pd{lpdo olnholkrrg ri i+D,/

ei? @
Q

q^7%2? .N+%?,`
=

Reylrxvo|/ H ei? @ i+D�>D2,/ G+ ei?, @ 
+q2k3�, dqg wkh udqgrp yduldeoh
Q @ 
R+q

�32k,/ 3 ? � ? �
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Uhihuhqfhv

41 Phodphg L1D1 Rqh phwkrg ri hvwlpdwlrq ri dq xqnqrzq ghqvlw| dw d srlqw1

Zdu}vfkhlqolfknhlwvwkhrulh Yhuz1 Jhe1 : +4<9:,/ 65:0668+lq uxvvldq,1
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