
PDWKHPDWLFDO PRGHO RI RSWLPDO ORQJWHUP
IXQFWLRQLQJ RI WKH HQHUJ\ V\VWHP

M1 Jlrujreldql/ P1 Qdfknheld/ D1 Wrurqmdg}h

Q1 Pxvnkholvkylol Lqvwlwxwh ri Frpsxwdwlrqdo Pdwkhpdwlfv
ri Dfdghp| ri Vflhqfhv ri Jhrujld

+Uhflhyhg= 491451<9> uhylvhg 4;1381<<,

�Mt|h@U|

$ PDWKHPDWLFDO PRGHO RI RSWLPDO ORQJWHUP IXQFWLRQLQJ RI WKH HQHUJ\ V\VWHP RI

WKH UHJLRQ LV VXJJHVWHG� 7KH PRGHO LV RI D PDWKHPDWLFDO SURJUDPPLQJ W\SH� 7KH

PLQLPXP RI WRWDO DQQXDO H[SHQGLWXUHV RU WKH PLQLPXP RI WKH ZHLJKWHG VXP RI WKH

VKRUWDJHV RI WKH HOHFWULF HQHUJ\ LV WDNHQ DV D FULWHULRQ RI RSWLPXP�

Nh| zrugv dqg skudvhv= 6HULHV� UHDUUDQJHPHQW� DOPRVW HYHU\ZKHUH FRQYHUJHQFH�

QRUPHG VSDFH� 2UOLF] VSDFH� 5DGHPDFKHU IXQFWLRQV� PDWKHPDWLFDO H[SHFWDWLRQ�

DPV vxemhfw fodvvl�fdwlrq= ��$��� ��%���

�� W?|hL_�U|�L?

Gxulqj wkh zrun ri wkh hqhuj| v|vwhp/ lqfoxglqj ydulrxv w|shv ri srzhu
vwdwlrqv/ wkhuh dulvhv d sureohp ri rswlpdo ixqfwlrqlqj ri wkh v|vwhp1 Wkh
ixqfwlrqlqj ri d v|vwhp lv d v|qfkurqrxv zrun ri doo hqhuj| eorfnv1 Lq idfw/
lw phdqv d uhjxodwlrq ri vwrudjh ri zdwhu dqg ixho1 Wkh zrun ri hqhuj|
v|vwhp lv frqvlghuhg wr eh rswlpdo/ li iru d jlyhq +ghwhuplqhg ru udqgrp,
whpsrudu| vfkhgxoh ri ghpdqg wkh fulwhulrq ri rswlpxp uhdfkhv lwv h{wuhph
ydoxh1 Xvxdoo| wkh plqlpxp ri wrwdo h{shqglwxuh ru wkh pd{lpxp ri wkh
surgxfhg hohfwulf hqhuj| lv wdnhq dv d fulwhulrq ri rswlpxp1

Wkhuh duh pdq| vflhqwl�f zrunv ghglfdwhg wr wkh rswlpdo uhjlphv ri
hohfwulf v|vwhpv dqg vhsdudwh hqhuj| eorfnv1 Lq sduwlfxodu/ pdwkhpdwlfdo
prghov frpsrvhg e| phdqv ri g|qdplf surjudpplqj duh prvw uhpdundeoh
^5/6/7/:`1 Wkh| duh yhu| h{whqvlyh 0 surylghg wkdw wkh| fdq wdnh lqwr dffrxqw
doo whfkqlfdo uhtxluhphqwv ri wkh sureohp dqg fdq eh qxphulfdoo| uhdol}hg
iru sudfwlfdoo| dq| surgxflqj ixqfwlrq ri dq duelwudu| dqdo|wlfdo qdwxuh1
Krzhyhu/ wkhvh prghov duh qrw sudfwlfdoo| xvhixo iru wkh v|vwhpv zklfk
frqwdlq pruh wkdq wzr k|gurhohfwulf vwdwlrqv1

Lq wklv oljkw prghov ri pdwkhpdwlfdo surjudpplqj duh pruh xvhixo1
Vxfk prghov duh xvhg erwk iru surmhfwlqj dqg frpsrvlqj vkruwwhup dqg
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orqjwhup zrun vfkhgxohv ri wkh hqhuj| v|vwhpv1 Wkhuh duh ydulrxv prghov ri
wklv w|sh ^4/8/9/;/</43`/ vrph ri wkhp lqfoxgh wkh zkroh ixho0hqhuj| frpsoh{/
surmhfwlqj ri wkh hohfwulf wudqvplvvlrq olqhv/ hwf1/ exw doo ri wkhp gr kdyh
rqh frpprq idxow 0 hlwkhu wkh idfwru ri rswlpdo uhjxodwlrq ri vwrudjh ri
zdwhu dqg ixho lv qrw wdnhq lqwr dffrxqw ^4/8/9/43`/ ru wklv idfwru grhv qrw
sduwlflsdwh lq wkh pdwkhpdwlfdo prgho ^;/<`1

Vxjjhvwhg pdwkhpdwlfdo prgho lv ghyrlg ri wkh idxowv qrwhg deryh dqg
lq rxu rslqlrq lw ghvfulehv wkh srvhg sureohp zhoo hqrxjk1

Ohw xv vwduw wr frpsrvh wkh pdwkhpdwlfdo prgho1 Iru wklv sxusrvh
ohw*v hqxphudwh wkh sdudphwhuv/ zklfk sudfwlfdoo| gh�qh wkh srvhg sureohp1
Qrwh �uvw ri doo/ wkdw gxh wr wkh shulrglflw| ri wkh zdwhu glvfkdujh lw lv
qdwxudo wr wdnh rqh |hdu dv d nh| krul}rq ri sodqqlqj1 Wkh krul}rq ri
sodqqlqj lv glylghg lqwr shulrgv1 Xvxdoo| wkh f|fohv frqvlvwlqj ri rqh zhhn
+85 shulrgv,/ wzr zhhnv +59 shulrgv,/ rqh prqwk +45 shulrgv, dqg ri rqh
txduwhu +7 shulrgv, duh frqvlghuhg1 Ohw xv frqvlghu jhqhudoo| Q shulrgv
iru rqh |hdu/ q k|gurhohfwulf srzhu vwdwlrqv/ p wkhupdo srzhu vwdwlrqv dqg
wkh iroorzlqj lqgh{= w @ 4> 5> = = = > Q > l @ 4> 5> = = = > q> m @ 4> 5> = = = >p1 Ohw
iru wkh shulrg w u| eh wkh ghpdqghg hohfwulf hqhuj|/ ��| eh wkh �rz ri wkh
zdwhu iurp wkh ulyhu lqwr wkh zdwhu uhvhuyrlu ri l0wk k|gurhohfwulf vwdwlrq
+ghwhuplqhg ru d udqgrp yduldeoh zlwk wkh jlyhq glvwulexwlrq,1 Ehvlghv
zh duh jlyhq wkh olplwhg fdsdflwlhv Q� dqg P� ri wkh k|gur dqg wkhupdo
vwdwlrqv uhvshfwlyho|/ orzhu dqg xsshu olplwv y� dqg Y� ri wkh yroxph ri
zdwhu lq wkh l0wk uhvhuyrlu/ wkh txdqwlw| ri wkh surylghg ixho N� iru wkh m0wk
wkhupdo vwdwlrq shu |hdu/ olplwhg sdvvlqj fdsdflw| S ri wkh wudqvplvvlrq
olqhv iru h{sruwlqj dqg lpsruwlqj wkh hohfwulf hqhuj|1

Iru wkh frqyhqlhqfh zh vkdoo eh phdvxulqj doo wkh yduldeohv/ lqfoxglqj
wkh txdqwlwlhv ri zdwhu dqg ixho zlwk wkh htxlydohqw txdqwlwlhv ri hohfwulf
hqhuj|1

Ohw xv lqwurgxfh wkh iroorzlqj qrwdwlrqv=
{�|~zdwhu glvfkdujh iurp wkh l0wk uhvhuyrlu lqwr wkh wxuelqhv gxulqj wkh

shulrg w>
��|~ryhu�rz ri xqxwlol}hg zdwhu iurp wkh l0wk uhvhuyrlu gxulqj wkh shulrg

w>
|�|~txdqwlw| ri ixho/ xwlol}hg e| wkh m0wk wkhupdo vwdwlrq gxulqj wkh

shulrg w>
}n| dqg }3| ~vrog dqg sxufkdvhg hqhuj| uhvshfwlyho| gxulqj wkh shulrg w>
d� dqg e�~h{shqvhv iru surgxflqj wkh xqlw ri wkh hohfwulf hqhuj| iru wkh

l0wk k|gurhohfwulf dqg m0wk wkhupdo vwdwlrq uhvshfwlyho|>
g|~d shqdow| iru odfn ri wkh xqlw ri hohfwulf hqhuj| iru wkh shulrg w>
j~d shqdow| iru wkh ryhu�rz ri wkh xqlw ri xqxwlol}hg zdwhu>
fn| dqg f3| ~wkh frvw ri wkh xqlw ri vrog dqg sxufkdvhg hohfwulf hqhuj|

uhvshfwlyho| iru wkh shulrg w1
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{�|/ ��|/ |�|/ }n| / }3| +l @ 4> q> m @ 4>p> w @ 4> Q, duh wkh ghvluhg
txdqwlwlhv zklfk kdyh wr vdwlvi| wkh frqglwlrqv ri wkh sureohp1 Iluvw ri doo
wkh| pxvw reh| wkhvh wzr0vlghg frqvwudlqwv

3 � {�| � Q�> ;l> w>

3 � |�| � P�> ;m> w>

3 � }n| � S> ;w>

3 � }3| � S> ;w =

+414,

Khuh ehorz zh eulqj frqvwudlqwv zklfk h{suhvv wkh vxevwdqfh ri wkh
sureohp= frqvwudlqwv iru wkh xvdjh ri ixho

�[

|'�

|�| � N� > ;m > +415,

frqvwudlqwv uhodwhg wr wkh fdsdflwlhv ri wkh uhvhuyrluv

y� � yf� .
�[

|'�

+��| � {�| � ��|, � Y�> ;l> � @ 4> Q > +416,

frqvwudlqwv wkdw vdwlvi| wkh ghpdqg

?[

�'�

{�| .
6[

�'�

|�| � }n| . }3| � u|> ;w = +417,

Li wkh v|vwhp frqwdlqv fdvfdgh k|gurhohfwulf vwdwlrqv zlwk qxpehuv
o> o . 4> = = = +qxpehulqj grzqzdugv,/ wkhq iru wkh o0wk vwdwlrq +uhvhuyrlu,
frqvwudlqw +416, uhpdlqv ydolg dqg iru wkh uhvw ri wkhp lw zloo kdyh d udwkhu
gl�huhqw irup

y,n& � yf,n& .
So

|'�+{,n&3�c| . �,n&3�c| � {,n&c| � �,n&c| . �,n&c|, � Y,n&>

;�> n @ 4> 5> = = =
+418,

zkhuh yf� lv dq lqlwldo fdsdflw| ri zdwhu lq wkh l0wk uhvhuyrlu dqg �,n&c| lv dq
dgglwlrqdo lq�rz rq wkh vhfwlrq +o.n�4> o.n, gxulqj wkh shulrg w/ li vxfk
lq�rz h{lvwv1

Dv d zkroh/ lq wkh hqhuj| v|vwhp d vshfl�f fruuhodwlrq dprqj wkh shdn
dqg edvh hohfwulf hqhujlhv kdv wr eh ixo�oohg rq hyhu| vwdjh1 Li }3| edvh hqhuj|
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lv sxufkdvhg dqg }n| shdn hqhuj| lv vrog/ wkhq zh h{suhvv lw dv iroorzv=

�| �

?[

�'�

{�| � }n|

6[

�'�

|�| � }3|

� �| = +419,

Wkhvh duh doo wkh frqglwlrqv dqg frqvwudlqwv wr zklfk wkh oderxu ri wkh
v|vwhp pxvw eh vxemhfwhg1 Lq wklv frqqhfwlrq wkh yduldeohv {�|> |�|> ��|> }

n
| > }

3

|

kdyh wr eh fkrvhq lq rughu wr dfklhyh wkh ehvw h�hfw1

Dv wkh fulwhulrq ri h�flhqf| zh wdnh d plqlpxp ri wkh vxppdul}hg
h{shqglwxuhv1 Wkh vxppdul}hg h{shqglwxuhv shu |hdu duh h{suhvvhg dv iro0
orzv=
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+41:,

Wkh odvw phpehu lq +41:, h{suhvvhv d zhljkwhg dqqxdo vkruwdjh1

Dv dqrwkhu fulwhulrq ri rswlpxp zh frqvlghu wkh ixqfwlrqdo=

I +{�|> |�|> ��|> }
n
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Wkh vljql�fdqfh ri wkh odvw phpehu lq +41;, zloo eh glvfxvvhg ehorz1
Qrwh/ wkdw wkh uhodwlrq dprqj wkh frh�flhqwv lq +41:, dqg +41;, duh irupdoo|
uhsuhvhqwhg dv iroorzv=

g AA fn A f3 A e A d AA j = +41<,

Wkxv zh uhfhlyhg wkh iroorzlqj sureohp ri pdwkhpdwlfdo surjudpplqj=
�qg wkh ydoxhv ri yduldeohv {�|/ |�|/ ��|/ }

n
| / }

3

| vdwlvi|lqj wkh frqvwudlqwv
+414,~+419, dqg plqlpl}lqj wkh ixqfwlrqdo +41:, ru +41;,1

Ohw xv �qdoo| pdnh vrph uhpdunv=
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~ vlqfh wkh sdudphwhuv ��|/ �,|/ u| duh wkh udqgrp yduldeohv/ zh ghdo zlwk
wkh sureohp ri vwrfkdvwlf surjudpplqj1 Lw lv qdwxudo wr xvh d phwkrg ri
vhtxhqwldo fruuhfwlrq wr vroyh wklv sureohp= �uvw zh vroyh wkh ghwhuplqhg
sureohp ~ wkh udqgrp sdudphwhuv duh uhsodfhg e| wkh phdq ydoxhv ri vwd0
wlvwlfdo gdwd ri wkh suhylrxv |hduv1 Lq fdvh ri wkh vljql�fdqw glvfuhsdqflhv
ehwzhhq wkh yluwxdo dqg sodqqlqj ydoxhv ri udqgrp yduldeohv/ zh fruuhfw
wkh sodqqlqj dffruglqj wr wkh qhzo| iruhfdvwhg gdwd>

~ dv zh kdyh phqwlrqhg deryh/ wkh txdqwlw| ri zdwhu lv phdvxuhg e|
wkh xqlwv ri hohfwulf hqhuj|1 Khuh dq revwdfoh dsshduv1 Wkh frqqhfwlrq
ehwzhhq wkh txdqwlw| ri hohfwulf hqhuj| [ dqg wkh h{shqglwxuh ri zdwhu T
lv jlyhq e| wkh irupxod [ @ <> ;4�KT ^;`/ zkhuh K lv d ixoo suhvvxuh ri
zdwhu lq wkh wxuelqh dqg � lv d frh�flhqw ri h�flhqf| ri wkh djjuhjdwhv
ri wkh hohfwulf srzhu vwdwlrq1 Exw lq wkh surfhvv ri zrun ri wkh vwdwlrq T
dqg K duh fruuhodwhg dqg wklv fruuhodwlrq/ lq jhqhudo/ lv frpsolfdwhg dqg lv
gl�huhqw iru ydulrxv hohfwulf vwdwlrqv zlwk zdwhu uhvhuyrluv1 Wkhuh lv rqo|
rqh zd| rxw ~ wdnlqj phdq ydoxhv shu txduwhu +ru shu prqwk/ li srvvleoh,
dv K1 Lq wklv fdvh zh ghdo zlwk wkh prgho ri olqhdu surjudpplqj>

~ wkh frqvwudlqwv +419, duh zulwwhq iru wkh fdvh/ zkhq edvh hqhuj| lv
sxufkdvhg dqg shdn lv vrog1 Rwkhuzlvh +419, fdq eh hdvlo| dowhuhg1

~ d ihz zrugv derxw dq lqhtxdolw| +417,1 Lw lv dffhswhg wr zulwh dq
lqyhuvh lqhtxdolw| ru htxdwlrq1 Wkh lqyhuvh ri +417, vhhpv xquhdo wr xv/ dqg
wkh htxdwlrq/ li wkh vlwxdwlrq shuplwv/ zrxog/ ri frxuvh/ uh�hfw h{dfwo| zkdw
zh ghvluh1 Iru wkh uhjlrqv zlwk wkh odfn ri hohfwulf hqhuj| wkh frqvwudlqwv
rxjkw wr kdyh wkh irup +417,/ ehvlghv lw zloo eh vxlwdeoh iru rwkhu fdvhv vlqfh
wkh| zloo eh wudqviruphg lq wkh htxdwlrq gxh wr wkh frqglwlrq +<,>

~ wkh yduldeohv ��, duh �fwlwlrxv1 Krzhyhu vpdoo lv wkh frh�flhqw j/ wkh
lqhtxdolw| +416, zloo eh dxwrpdwlfdoo| ixo�oohg dqg j pxvw eh wdnhq dv vpdoo
dv wr qhjohfw lwv lq�xhqfh rq wkh ydoxh ri remhfwlyh ixqfwlrq1

Wkh prgho/ vxjjhvwhg khuh/ kdv ehhq dssolhg wr wkh hqhuj| v|vwhp ri
Jhrujld1 Dv d krul}rq ri sodqqlqj zdv wdnhq rqh |hdu/ glylghg lqwr 45 shul0
rgv +prqwkv,1 Wkh shulrgv zhuh hqxphudwhg iurp Dsulo1 Dv d �rz ri zdwhu
lqwr wkh uhvhuyrlu phdq uhsuhvhqwdwlyh vdpsohv shu prqwk/ dffruglqj wr wkh
vwdwlvwlfdo gdwd ri suhylrxv |hduv/ dqg iruhfdvwhg gdwd iru wkh ghpdqg u|
zhuh wdnhq1 Dv wkh ixoo suhvvxuh K� lq wkh wxuelqhv iru hdfk k|gurvwdwlrq
zlwk uhvhuyrlu dyhudjh dqqxdo suhvvxuh zdv wdnhq1 Wkxv wkh sureohp kdv
ehhq vroyhg dffruglqj wr wkh vwdqgdug vfkhpd ri olqhdu surjudpplqj1 Wkh
plqlpxp ri wrwdo h{shqglwxuhv vhuyhg dv wkh rswlpdo fulwhulrq1 Wkh edo0
dqfhv ri hohfwulf hqhuj| +417, zhuh wdnhq lqwr dffrxqw vhsdudwho| iru edvlf
dqg iru shdn hqhujlhv iru hdfk prqwk ~ lq wkh zlqwhu shulrg wkh edvlf pdgh
xs 93( dqg lq wkh vxpphu shulrg ~ 73( ri wkh frqvxpdeoh hqhuj|1 Wkh
v|vwhp frqvlvwhg ri rqh wkhupdo dqg 5: k|gurhohfwulf srzhu vwdwlrqv/ 46
dprqj wkhp zlwk zdwhu uhvhuyrluv1
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Wzr yduldqwv zhuh frpsxwhg e| LEP SF DW1 Iru wkh �uvw rqh wkh
v|vwhp zdv frqvlghuhg forvhg ~ lw zdv qrw doorzhg wr vhoo ru wr sxufkdvh
hohfwulf hqhuj|1 Iru dqrwkhu lw zdv shuplwwhg wr sxufkdvh edvlf dqg wr vhoo
shdn hqhuj| +lq dgglwlrq wkh udwlr ri f3| zlwk fn| zdv rqh kdoi,1 Lq erwk
yduldqwv wkh wkhupdo vwdwlrqv dqg k|gurhohfwulf vwdwlrqv zlwkrxw uhvhuyrluv
zrunhg lq d edvlf uhjlph1 K|gurvwdwlrqv zlwk uhvhuyrluv lq wkh �uvw rqh
zrunhg sduwldoo| lq edvlf uhjlph dqg lq wkh vhfrqg rqh ~ doprvw hqwluho|
lq wkh shdn uhjlph1 Dw wkh h{shqvh ri vhoolqj ri shdn hqhuj| wkh vhfrqg
yduldqw jlyhv d vljql�fdqw hfrqrplf h�hfw1 Pruhryhu/ lw vkrxog eh qrwhg/
wkdw dffruglqj wr wkh rewdlqhg rswlpdo vfkhgxohv wkh zdvwh ri zdwhu ��| zdv
revhuyhg rqo| lq wkh vpdoo uhvhuyrluv dqg lq wkh lqlwldo shulrgv1
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<1 Wkh phwkrgv ri rswlpl}dwlrq ri uhjlphv ri hqhuj| v|vwhpv1Hglwhg e| Jruq0

vkwhlq Y1 P1 P1/ hp %Hqhujrl}gdw%/ 4<;4 +lq uxvvldq,1
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+uhsxeolf, rq wkh edvlv ri v|vwhpv ri prghov1 Dfdg1 Vflhq1 XVVU/ Vflhqwl�f

frxqflo rq wkh frpsoh{ sureohp %Rswlpdo sodqqlqj dqg frqwuro ri qdwlrqdo

hfrqrp|%/ P1/ 4<:: +lq uxvvldq,1
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