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Wr uhvroyh d qxpehu ri dvwursk|vlf sureohpv rqh kdv wr lqyhvwljdwh wkh
g|qdplfv ri wkh jdv erglhv wkdw lqwhudfw zlwk d judylwdwlqj �hog1 Lw lv fohdu
wkdw wkh frqfhswlrqv ri dvwursk|vlf sureohpv lqyhvwljdwlrq fdq eh edvhg rq
wkh vwdwhphqw dqg vroxwlrq ri d qxpehu ri jdv prwlrq g|qdplf sureohpv1
Wkhvh sureohpv duh uhjdughg dv wkhruhwlf prghov wkdw lqfoxgh lpsruwdqw
shfxoldulwlhv ri wkh prwlrq dqg hyroxwlrq ri vwduv1

Wkh phwkrgv/ ghylfhv dqg frqvlghudwlrqv ri prghuq wkhruhwlfdo jdv g|0
qdplfv dqg dhurg|qdplfv pxvw eh xvhg iru wkh frqvwuxfwlrq dqg lqyhv0
wljdwlrq ri vxfk prghov dqg wkh vwdwhphqw dqg vroxwlrq ri fruuhvsrqglqj
phfkdqlf sureohpv uhodwhg wr dvwursk|vlf rqhv1

Qxphulfdo prghoolqj ri sureohpv ri surfhvvhv wkdw wdnh sodfh lq wkh
qxfohl ri vwduv kdv ehhq zlgho| xvhg iru hvwdeolvklqj wkh skhqrphqd ri
vxshuqrydh �dvkhv ^40 6`1Pdlq dwwhqwlrq lv sdlg wr sk|vlfdo surfhvvhv uhodwhg
wr wkhuprqxfohdu uhdfwlrqv dqg vsuhdglqj ri qhxwulqrxv udgldwlrq1 Ohvv
dwwhqwlrq lv sdlg wr wkh jdv g|qdplfv dv d zkroh1 Lw zdv frqvlghuhg iru d
orqj wlph wkdw qhxwulqrxv/ iruphg lq hohfwulf vhl}xuh dqg udgldwhg e| wkh
fhqwudo qxfohxv ri d vwdu pxvw wudqvihu d udgldo frpsrqhqw ri lwv lpsxovh
wr wkh h{whuqdo od|huv ri wkh vwdu/ wkxv fdxvlqj dq vxshuqrydh h{sorvlrq1
Krzhyhu/ zh kdg wr uhmhfw vxfk phfkdqlvp ri h{sorvlrq diwhu wkh glvfryhu|
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+ wkhruhwlfdoo| dqg h{shulphqwdoo|, lq zhdn lqwhudfwlrq ri qhxwudo fxuuhqwv
wkdw ohdg wr nhhslqj ri qhxwulqrxv lq wkh vwdu qxfohxv ^7`1

Wklv zrun sursrvhv dq dv|pswrwlf phwkrg ri vroxwlrq iru d v|vwhp ri
qrqolqhdu qrqkrprjhqhrxv htxdwlrqv ri rqh fodvv ri pl{hg sureohpv zlwk
dq xqnqrzq h{whuqdo erxqgdu| lq wkh grpdlq1 Wkh v|vwhp ri htxdwlrqv
ghvfulehv dq dgldedwlf vskhulfdo dqg v|pphwulfdo prwlrq ri d judylwdwlqj
jdv/ zkloh d prylqj vkrfn ru ghwrqdwlrq zdyh +d vskhulfdo vxuidfh zkhuh wkh
vroxwlrq xqghujrhv wkh �uvw nlqg ri glvfrqwlqxlw| , lv wkh h{whuqdo erxqgdu|
ri wkh grpdlq1

Wkh sureohp ri d fhqwudo h{sorvlrq ri d qrqkrprjhqhrxv jdv vskhuh
+vwdu, wkdw lv edodqfhg lq lwv rzq judylwdwlqj �hog lv glvfxvvhg dv wkh �uvw
whvw sureohp1 Wkh dv|pswrwlf phwkrg ri d wklq vkrfn od|hu lv xvhg iru
wkh vroxwlrq1 Dqdo|wlfdo irupxodh ri wkh �uvw wzr dssur{lpdwlrqv ri wkh
vroxwlrq duh irxqg 1 Jdv glvshuvlrq lq wkh ydfxxp diwhu wkh vkrfn zdyh
erg| frphv rxw rq wkh vxuidfh lv dovr ghvfulehg1

Wkh sureohp ri d fhqwudo h{sorvlrq +wf ? 3 lv wkh lqvwdqfh ri h{sorvlrq,
ri d krprjhqhrxv jdv vskhuh froodsvlqj dw }hur suhvvxuh dqg iroorzhg e| d
wkhuprqxfohdu ghwrqdwlrq lv glvfxvvhg khuh1 Wkh �uvw wzr dssur{lpdwlrqv
iru wkh prwlrq odz dqg wkh wkhuprg|qdplf fkdudfwhulvwlfv ri wkh phglxp
duh fdofxodwhg1 Wkh dqdo|vlv ri wkh vroxwlrq vkrzv wkdw ehjlqqlqj iurp d
fhuwdlq lqvwdqfh d glvvhplqdwlqj ghwrqdwlqj zdyh ehjlqv wr eh eurxjkw wr
wkh fhqwuh1

41 Ohw xv glvfxvv wkh htxdwlrqv ri wkh dgldedwlf vskhulfdo dqg v|pphw0
ulfdo prwlrq ri d jdv wkdw duh zulwwhq lq Odjudqjh*v irup ^8`
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Khuh p lv wkh u+p> w, udglxv vskhuh pdvv/ n lv wkh judylwdwlrq frqvwdqw/
� lv wkh dgldedwlf lqglfdwru/ i+p, lv wkh ixqfwlrq frqqhfwhg zlwk wkh glv0
wulexwlrq ri hqwurs| e| Odjudqjh*v p frruglqdwh1 u @ u+p> w, lv phglxp
prwlrq odz/ s+p> w, lv phglxp suhvvxuh/ �+p> w, lv phglxp ghqvlw|1

Wkh �uvw htxdwlrq ri v|vwhp +4, lv wkh prwlrq htxdwlrq/ wkh vhfrqg htxd0
wlrq lv wkh dgldedwlrq htxdwlrq/ wkh wklug htxdwlrq lv wkh pdvv frqwlqxlw|
htxdwlrq1 u+p> w,> s+p> w,> �+p> w, ixqfwlrqv duh xqnqrzq1

Wkh lqwhjudo htxdwlrq ri wkh hqhuj| ri wkh jdv od|hu vlwxdwhg ehwzhhq
wkh p @ 3 dqg p @ P+w, vxuidfhv lv dv iroorzv=
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Khuh W> X> Y duh wkh nlqhwlf/ lqqhu dqg srwhqwldo +judylwdwlrq, hqhujlhv
ri wkh jdv/ T lv wkh hqhuj| h{fuhwhg gxulqj wkh exuqlqj ri d jdv pdvv xqlw
rq wkh p @ P+w, vxuidfh/ H lv wkh h{sorvlrq hqhuj|/ p @ P+w, lv wkh
odz ri prwlrq vkrfn +T @ 3, ru ghwrqdwlrq +T 9@ 3, zdyh zlwk jdv pdvv/
U @ u+P+w,> w, lv wkh udglxv ri d vkrfn ru ghwrqdwlrq zdyh1 4/5 lqglfhv
ghqrwh fruuhvsrqglqjo| wkh jdv srvlwlrq lq iurqw ri dqg ehklqg wkh zdyh1

Erxqgdu| frqglwlrqv rq wkh p @ P+w, glvfrqwlqxlw| duh dv iroorzv
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Li erxqgdu| frqglwlrqv +6, duh vroyhg zlwk uhvshfw wr sdudphwhuv ri wkh
jdv ehklqg wkh zdyh zh jhw wkh iroorzlqj
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Ehvlghv/ wkh frqwlqxlw| ri Hxohu*v dqg Odjudqjh*v yduldeohv rxjkw wr eh
wdnhq lqwr dffrxqw1

^u`2� @ 3> ^p`2� @ 3= +8,

Lq idfw/ zh jhw d pl{hg sureohp iru wkh v|vwhp +4, ri qrqolqhdu/ qrqkr0
prjhqhrxv htxdwlrqv/ zkhuh wkh u+p> w,> s+p> w,> �+p> w, ixqfwlrqv duh xq0
nqrzq1

Lqlwldo frqglwlrqv +w @ wf/ skrqh, ghwhuplqh wkh lqlwldo vwdwh ri d jdv
vskhuh dqg duh wkh h{dfw u�+p> w,> s�+p> w,> ��+p> w, vroxwlrqv ri wkh +4, v|v0
whp1

Wkxv/ wkh pl{hg sureohp lv frqvlghuhg lq wkh grpdlq 
= 
 @ iw 5 +wf> wW,>
p 5 +3>P+w,,j > zkhuh wf lv wkh prphqw ri h{sorvlrq/ wW lv wkh prphqw ri
wlph zkhq wkh zdyh frphv rxw rq wkh vxuidfh ri wkh erg|/ ru wkh prphqw
ri froodsvh1

Erxqgdu| frqglwlrqv rq wkh h{whuqdo xqnqrzq erxqgdu| p @ P+w, duh
olnh +7,/+8,/ dqg u+p> w, @ 3 zkhq p @ 31

51 Iru wkh prvw ri wkh jdvhv % @ �23�
�2n�

lv d vpdoo sdudphwhu1 Ehvlghv/
lw lv lqfoxghg lq +4, dv d v|vwhp ri htxdwlrqv/ lq wkh erxqgdu| frqglwlrqv
+7, dqg lq wkh lqwhjudo htxdwlrq +5,/ zkhqfh wkh U+w, odz ri zdyh prwlrq
lv hvwdeolvkhg1

Wkxv/ wkh dqdo|vlv ri wkh v|vwhp ri htxdwlrqv dqg erxqgdu| frqglwlrqv
pdnhv lw fohdu wkdw wkh vroxwlrq fdq eh vrxjkw iru ehklqg wkh zdyh zlwk
uhvshfw wr wkh vpdoo sdudphwhu % dv d nlqg ri vhyhudo ghfrpsrvlwlrqv1

Exw wkh ghfrpsrvlwlrq ehfrphv luuhjxodu qhdu wkh v|pphwu| fhqwuh
+p @ 3, ^80:`1 Iru wkh vroxwlrq uhjxodul}dwlrq lq wklv grpdlq zh xvh wkh
phwkrg ri frqvhfxwlyh dssur{lpdwlrq wkh hvvhqfh ri zklfk lv wkdw wkh php0
ehuv ri wkh vhulhv duhd % pdlqwdlqhg lq wkh }hur dssur{lpdwlrq �f+p> w, ri
wkh h{suhvvlrq � +p> w, = Wkhq wkh �uvw dssur{lpdwlrq iru wkh phglxp pr0
wlrq dqg zdyh odzv lv irxqg iurp wkh frqwlqxlw| htxdwlrq e| phdqv ri wkh
erxqgdu| frqglwlrq u+3> w, @ 3 dqg wkh }hur dssur{lpdwlrq1 Wkh �uvw ds0
sur{lpdwlrqv ri wkh s +p> w, dqg �+p> w, ixqfwlrqv zloo eh irxqg lq wkh uhvw
ri wkh v|vwhp +4, ri htxdwlrqv1

8:
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Wkh ghvfulehg phwkrg pdnhv lw srvvleoh wr vroyh txlwh d zlgh fodvv ri
pl{hg sureohpv ri d v|vwhp ri htxdwlrqv +4,1 Lw lv qdwxudo wkdw wkh fkrlfh
ri ghfrpsrvlwlrq ghshqgv rq wkh lqlwldo vwdwh ri wkh jdv vskhuh +wkh h{dfw
vroxwlrq ehiruh wkh zdyh, dqg rq wkh hqhuj| ri wkh h{sorvlrq1

61 Ohw xv glvfxvv wkh sureohp ri wkh fhqwudo h{sorvlrq dw wkh w @ 3
prphqw ri d krprjhqhrxv jdv vskhuh +vwdu, edodqfhg lq lwv rzq judylwdwlrq
�hog dv wkh �uvw whvw sureohp1

Wkxv/ wkh h{dfw vroxwlrq ri wkh v|vwhp ri htxdwlrqv +4, wkdw fruuh0
vsrqgv wr wkh krprjhqhrxv jdv vskhuh edodqfhg lq lwv rzq judylwdwlrq �hog��
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lv wdnhq dv dq lqlwldo frqglwlrq +skrqh,1 Wkh judylwdwlrq frq0

vwdqw/ wkh vskhuh vxuidfh ghqvlw| dqg wkh vskhuh udglxv duh wdnhq dv pdlq
xqlwv ri glphqvlrq
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Lw dulvhv iurp +9, wkdw wkh suhvvxuh s lv htxdo wr }hur rq wkh vskhuh
vxuidfh +u @ 4,/ l1h1 wkh u @ 4vskhuh lv d erxqgdu| ehwzhhq d vwdu dqg wkh
lqwhuvwhoodu vsdfh/ dv wkh ghqvlw| ri wkh lqwhuvwhoodu jdv � � 4332eju@vp�=

Erxqghgqhvv frqglwlrqv ri wkh erg| pdvv
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Zh jhw wkh pl{hg sureohp zkhuh wkh v|vwhp ri htxdwlrqv lv olnh +4,/ wkh
hqhuj| lqwhjudo htxdwlrq 0 +5, +wf @ 3> �� @ �2 @ �> T @ 3,> wkh erxqgdu|
frqglwlrqv 0 +7,
+�� @ �2 @ �> T @ 3,> wkh lqlwldo frqglwlrqv 0 +9,1

Ohw xv lqwurgxfh d vpdoo sdudphwhu % @ �3�
�n� =

Wkh dqdo|vlv ri wkh hqhuj| lqwhjudo htxdwlrq dqg wkh frqglwlrq ri wkh
h{lvwhqfh ri d vwurqj vkrfn zdyh ehiruh wkh prphqw ri wkh erg| frplqj
rxw rq wkh vxuidfh ohdgv xv wr wkh frqglwlrq H @ Hf@%

2> Hf @ R
'
+4,=

8;



. Rq wkh dv|pswrwlf phwkrg ri vroxwlrq ri111 DPL Yro17/ Qr15/4<<<

Ehvlghv/ wkh wlph ri vkrfn zdyh prwlrq ehiruh wkh vskhuh frphv rxw rq
wkh vxuidfh zloo eh ri

s
%vhulhv1 Wkdw*v zk| iru wkh vdnh ri vlpsolflw| zh

fdq dgglwlrqdoo| surwudfw wkh wlph � @ w@
s
%=

Wkh dqdo|vlv ri wkh v|vwhp ri htxdwlrqv dqg wkh erxqgdu| frqglwlrqv
kdv vkrzq xv wkdw wkh vroxwlrq ehklqg wkh vkrfn zdyh fdq eh vrxjkw iru dv
wkh iroorzlqj ghfrpsrvlwlrq=
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Xvlqj wkh phqwlrqhg uhjxodul}dwlrq phwkrg wkh sureohp vroxwlrq lq }hur
dssur{lpdwlrq zloo eh zulwwhq grzq dv iroorzv=
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Khuh Wf+p, lv wkh prphqw ri wlph zkhuh wkh vkrfn zdyh sdvvhv wkh sduwlfoh
zlwk Odjudqjh*v p frruglqdwh1

Lq wkh qh{w dssur{lpdwlrq zh vkdoo jhw wkh iroorzlqj iurp wkh frqwlqxlw|
htxdwlrq=

7�

6
u� @

7�

6
U� �

�]
6

%gp

�f+p> � ,
= +<,

Wr hvwdeolvk wkh �uvw dssur{lpdwlrq U�+�, ri wkh vkrfn zdyh prwlrq
odz zh vkdoo xvh wkh erxqgdu| frqglwlrq lq wkh fhqwuh= u @ 3 zkhq p @ 3=
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Ghwdlohg fdofxodwlrqv lq fruuhodwlrq +<, zlwk wkh xvh ri +;, zloo jlyh xv
jdv dqg vkrfn zdyh prwlrq odzv=
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Lw lv qrwhzruwk| wkdw J/I lqwhjudov iru wkh udwlrqdo $ duh d{suhvvhg lq
hohphqwdu| ixqfwlrqv +lqwhjudov iurp gl�huhqwldo elqrpldov,1

Xvlqj wkh odz ri prwlrq +43, ri wkh jdv irxqg ehklqg wkh vkrfn zdyh zh
vkdoo fdofxodwh s�+p> �, gd ��+p> �, iurp wkh prwlrq dqg dgldedwlrq htxd0
wlrqv1 Wkh frqvwuxfwlrq ri wkh �uvw dssur{lpdwlrq lv frpsohwho| ghwhuplqhg
e|
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.
Uf��

6Hf+4� $,

�
�/kP�k

f J +�> $,� ��3kP 23k
f I +�> $,

�
>

U� @
Uf

6
+�5+9� $,� oq 5 . �, >

W�+p, @
8� $

9
WJ+p, ^5+9� $,� oq 5�

� ��

Hf +4� $,

�
�/kp�kJ +4> $,� ��3kp23kI +4> $,

��
=

71 Wkh vkrfn zdyh frphv rxw rq wkh erg| vxuidfh dw wkh wW prphqw ri
wlph wkdw lv hvwdeolvkhg iurp wkh frqglwlrq U+wW, @ 4 dqg fdofxodwhg iurp
+:,/ +;,/ +43,

wW @

s
%

8� $
+
7�

6Hf
,�*2

wkdw zloo fdxvh wkh ghfrpsrvlwlrq ri wkh iuhh glvfrqwlqxlw| iroorzhg e| jdv
h{sdqvlrq lq wkh ydfxxp1

Ohw xv pdnh lw fohdu wkdw wkh glvfxvvhg vpdoo sdudphwhu dv|pswrwlf
phwkrg fdq dovr eh xvhg iru wkh ghvfulswlrq ri wkh surfhvv ri wkh edvlf jdv
pdvv dgldedwlf glodwlrq lq wkh ydfxxp1

Wkh jdv prwlrq htxdwlrqv duh olnh +4, zkhuh ixqfwlrq i+p, lv ghwhuplqhg
iurp wkh vroxwlrq ehiruh wkh dsshdudqfh ri wkh vkrfn zdyh +dgldedwlf glod0
wlrq, rq wkh vskhuh vxuidfh=

i+p, @ 9%�H�20/kp3�n20/k

5
74 . �p

�
+�p,/k � +�p,

�3k�
9Hf+4� $,

6
8 = +44,

Zh jhw wkh iroorzlqj iurp wkh prwlrq htxdwlrq lq }hur dssur{lpdwlrq
dqg wkh erxqgdu| frqglwlrq s+PW> w, @ 3

u @ U+w,> s @

��

U

7�U2
+PW �p, .

4

;�Ue
+P2

W
�p2,> +45,

zkhuh PW @ 7�� lv wkh erg| pdvv1
Wkh ixqfwlrq U+w, lv ghwhuplqhg iurp wkh hqhuj| lqwhjudo htxdwlrq1 Eh0

vlghv/ lw lv fohdu wkdw vroxwlrq +;, lv xvhg dv lqlwldo frqglwlrqv zkhq w @ wW

-E|�]
�

�3�*2+|,g| @ w� wW> +46,
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49�2�

6 +� � 4, +8� 5$,
� 49�2�

8� 5$
=

Lw dulvhv iurp +5,/ +45,/ +46, wkdw wkh iroorzlqj fruuhodwlrqv duh wuxh
iru wkh nlqhwlf/ lqqhu dqg srwhqwldo +judylwdwlrq, hqhujlhv ri wkh jdv vskhuh
glodwdeoh lq wkh ydfxxp

W

HW

@ 4�
�
4� 9%�H

HW

�
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US0
.

P2
W
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� 4

US0
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�
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@ � P2
W

5HWU
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Wkh dqdo|vlv ri +47, pdnhv lw fohdu wkdw rqo| wkh lqqhu hqhuj| ri wkh erg|
lv lpsruwdqw dw wkh lqlwldo vwdjh ri glodwlrq U � 4+dw wkh glvwdqfhv ri wkh
udglxv vhulhv ri d vwdu,1 Exw dw USo � 5�*ES0� glvwdqfhv ri wkh nlqhwlf dqg
lqqhu hqhujlhv ri jdv vskhuh duh douhdg| frpsdudwlyh/ dqg zkhq U � UWW �
%3�*E�S0� lw lv wkh nlqhwlf hqhuj| wkdw edvlfdoo| frqwulexwhv wr wkh hqhuj|
htxdwlrq1 Gxulqj wkh zkroh vwdjh ri glodwlrq wkh judylwdwlqj hqhuj|/ ru lw
lv ri %2 vhulhv1

Zh jhw wkh iroorzlqj iurp +4, dqg +44,

7�

6

Cu�

Cp
@

4

�
@

5
745Hf�

s
�20/kp3�n20/k

3
C4 .

�p
�
+�p,

/k � +�p,
�3k�

9Hf+4� $,

4
D
6
8
�320

=

+48,

Wkh erxqgdu| frqglwlrq u @ 3 zkhq wdnlqj lqwr dffrxqw p @ 3 dqg
+45, fruuhodwlrqv/ wkh lqwhjudwlrq ri +48 , jlyhv wkh iroorzlqj

u @ +6�,�*�U+w,

%
4

6�

�
p

PW

�S0k

. 4�
�
4� p

PW

�20
&�*�

= +49,

Ehvlghv/ wkh odz ri glodwdeoh jdv erxqgdu| prwlrq lv ghwhuplqhg e| wkh
irupxod

UW+w, @ U+w, ^� +9� $,`�*� =

Lqfoxglqj wkh vroxwlrq irxqg iru wkh phglxp prwlrq odz +46,/ +49, lqwr
wkh v|vwhp +4,/ dqg xvlqj +44, zh fdq �qg wkh qh{w dssur{lpdwlrqv iru
ghqvlw| dqg suhvvxuh glvwulexwlrq1
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Wkh dqdo|vlv ri wkh rewdlqhg phglxp prwlrq odz +49, pdnhv lw fohdu
wkdw doprvw wkh zkroh pdvv ri wkh glodwlqj jdv zloo eh jdwkhuhg lq wkh wklq
od|hu zlwk wkh fhqwuh u � U+w, dqg zlwk % oq % vhulhv uhodwlyh wr wklfnqhvv1
Zkhq U � UWW lw dulvhv iurp +46, wkdw

U+w, @

�
5H

PW

��*2

w

�
4� 4

5
w3S0 .
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�
w3S0

��
>

w � wWW @

�
5��

Hf

��*2

%
S03�
S0 =

Zkhq wkh lqlwldo ghqvlw| glvwulexwlrq lv olnh +9, wkh vroxwlrq rewdlqhg
vkrzv xv wkdw wkh wklq vkrfn od|hu lv qrw ghvwur|hg xqwlo wkh vkrfn zdyh
frphv rxw wkh erg| vxuidfh +wkh edvlf pdvv ri wkh jdv dffxpxodwhg lq wkh
vpdoo grpdlq ehklqg wkh zdyh,1 Diwhuzdugv/ zkhq wkh jdv vskhuh glodwhv lq
wkh ydfxxp wkh edvlf pdvv ri wkh jdv lv dovr dffxpxodwhg lq wkh wklq od|hu
wkdw lv douhdg| uhpryhg iurp wkh erxqgdu| ri wkh erg|1

Wkxv/ wkh dqdo|vlv ri wkh rewdlqhg vroxwlrq pdnhv lw fohdu wkdw zkhq wkh
h{sorvlrq hqhuj| lv txlwh elj wkh lqlwldoo| qrqkrprjhqhrxv vhoi0judylwdwlqj
jdv vskhuh +vwdu, zloo eh frpsohwho| glodwhg lq wkh ydfxxp +lqwhuvwhoodu
phglxp, zlwkrxw fhqwudo judylwdwlrq uhpdlqghu diwhu wkh vkrfn zdyh frphv

rxw rq lwv vxuidfh1 Ehvlghv/ wkh erxqgdu| ri wkh erg| pryhv ^� +9� $,`�*�

wlphv idvwhu wkdq wkh edvlf jdv pdvv1 Wkh shupdqhqw vshhg jdv glodwlrq lq
wkh ydfxxp zloo eh wdnlqj sodfh iru txlwh d orqj wlph w � wWW=

81 Ohw xv glvfxvv wkh sureohp ri d fhqwudo h{sorvlrq +wf ? 3 lv wkh
prphqw ri h{sorvlrq, iroorzhg e| d wkhuprqxfohdu ghwrqdwlrq ri d krpr0
jhqhrxv jdv vskhuh froodsvlqj dw }hur suhvvxuh1

Wkh h{dfw vroxwlrq ri wkh htxdwlrqv +4, fruuhvsrqglqj wr wkh krprjh0
qhrxv sduderolf frpsuhvvlrq +froodsvh, ri gxvw +jdv suhvvxuh s @ 3, lv wdnhq
dv lqlwldo gdwd1 Ehvlghv/ wkh judylwdwlrq frqvwdqw/ wkh prphqw ri h{sorvlrq
dqg wkh hqhuj| wf> H duh wdnhq dv edvlf glphqvlrq xqlwv

u @

�
<p+4� �,2

5

��*�
> � @

4

9�+4� �,2
> s @ 3> � @ 4� w

wf
= +4:,

Zh rewdlq d pl{hg sureohp lq wkh grpdlq 



 @ i� 5 +3> 4, > p 5 +3>P +�,,j >
zkhuh wkh v|vwhp ri htxdwlrqv lv olnh +4,/ wkh hqhuj| lqwhjudo htxdwlrq lv
olnh +5,/ wkh erxqgdu| frqglwlrqv duh olnh +7,/ wkh lqlwldo frqglwlrqv duh olnh
+4:,1

Ohw xv lqwurgxfh d vpdoo sdudphwhu % @ �23�
�2n�

=
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Wkh dqdo|vlv ri wkh v|vwhp ri htxdwlrqv dqg wkh erxqgdu| frqglwlrqv
pdnhv lw fohdu wkdw wkh vroxwlrq fdq eh vrxjkw ehklqg wkh ghwrqdwlqj zdyh
dv wkh iroorzlqj ghfrpsrvlwlrq

u @ Uf+�, . %K+p> �, . � � �> U+�, @ Uf+�, . %U�+�, . � � �> +4;,

s @ sf+p> �, . %s�+p> �, . � � �> � @
�f+p> �,

%
. ��+p> �, . � � �=

Lqfoxglqj wkh ghfrpsrvlwlrq +4;, lqwr wkh v|vwhp ri htxdwlrqv +4,/ lq wkh
lqwhjudo htxdwlrq +5, dqg wkh erxqgdu| frqglwlrqv +7,/ zh vkdoo rewdlq
wkh }hur dssur{lpdwlrq ri wkh sureohp vroxwlrq xvlqj wkh uhjxodul}dwlrq
phwkrg1
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zkhuh ixqfwlrq Pf+� , lv wkh h{dfw vroxwlrq ri Fdxfk|*v vshfldo sureohp

6+4� �,2||
��
. +4� �,2|�2 � 7+4� �,||� � |2 @ 3> � 5 +3> 4,>

| @ |+�,> |+3, @ 3> olp
�<fn
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@ .4

dqg lv dv iroorzv=

Pf+�, @ +4� �,3
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= +53,
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Lqfoxglqj wkh +53, lqwr wkh irupxod +4<,/ zh vkdoo rewdlq wkh }hur ds0
sur{lpdwlrq ri wkh udglxv ri wkh ghwrqdwlrq zdyh dqg ri wkh phglxp prwlrq
odz1

Uf+�, @

�
<

5

� �
�

+4� �,
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I
�.

2e

k
4� +4� �,

I
�.
�

l �
e
= +54,

Lq irupxod +4<, � @ Wf+p, lv wkh prphqw ri wlph zkhq wkh ghwrqdwlqj
zdyh sdvvhv wkh sduwlfoh zlwk Odjudqjh*v p frruglqdwh dqg lv ghwhuplqhg
e| wkh htxdwlrq

p @ +4� �,3
I
�.n�
H

k
4� +4� �,

I
�.
�

l �
e
=

Zh vkdoo rewdlq wkh iroorzlqj iurp wkh frqwlqxlw| htxdwlrq lq wkh qh{w
dssur{lpdwlrq

7�u�

6
@

7�U�

6
�

�]
6

%gp

�f+p> �,
= +55,

Zh vkdoo xvh wkh erxqgdu| frqglwlrq lq wkh fhqwuh= u @ 3 zkhq p @ 3>
wr hvwdeolvk wkh �uvw dssur{lpdwlrq U�+�, ri wkh ghwrqdwlrq zdyh prwlrq
odz1 Zh vkdoo rewdlq wkh iroorzlqj=
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5
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> +56,

zkhuh

P+�, @
5U�
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=

Wkxv/ wdnlqj lqwr dffrxqw +55,/ +56, wkh phglxp prwlrq odz lv ghwhu0
plqhg e| wkh irupxod=

u+p> �, @

5
7 6

7�

6]
f

%gp

�f+p> �,

6
8

�
�

= +57,

Xvlqj wkh prwlrq odz ri wkh jdv irxqg ehklqg wkh ghwrqdwlqj zdyh +57,
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zh vkdoo fdofxodwh s� +p> �, dqg �� +p> �, iurp wkh v|vwhp +4, ri htxdwlrqv1
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Wkh iroorzlqj dv|pswrwlfv duh hdvlo| rewdlqhg iurp +53,/ +54, Uf+�, ��
b
2

� �
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�
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� �
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�
e > zkhq � $ 3n Pf+�, �
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2e > zkhq � $ 43 Pf+� , � +4� �,3
I
�.n�
H > zkhq � $ 43

Wkh h{dfw vroxwlrq Uf +�, +54, ri wkh ghwrqdwlqj zdyh udglxv }hur ds0
sur{lpdwlrq pdnhv lw fohdu wkdw iurp wkh prphqw ri wlph �So

�So @ 4�
#
48�s

4:

48 .
s
4:

$ �I
�.

wkh lqlwldoo| glyhujhqw ghwrqdwlrq zdyh ehjlqv wr guliw wr wkh fhqwuh dqg
zkhq � @ 4 d froodsvh zloo wdnh sodfh1

Uhihuhqfhv

41 Frojdwh V1D1/ Zklwh U1K1 Wkh k|gurg|qdplf ehkdylrxu ri vxshuqrydh h{sor0
vlrqv1 Dvwursk|v1 M1/ 476 +4<99,/ qr 6/ 95909;41

51 Qdg|r}klq G1N1 Wkh froodsvh ri lurq0r{|jhq vwduv= sk|vlfdo dqg pdwkhpdw0
lfdo irupxodwlrq ri wkh sureohp dqg frpsxwdwlrqdo phwkrg1 Dvwursk|v1 dqg
Vsdfh Vflhqfh/ 7< +4<::,/ qr 5/ 6<<07581

99



. Rq wkh dv|pswrwlf phwkrg ri vroxwlrq ri111 DPL Yro17/ Qr15/4<<<

61 Grprjdwvn| J1Y1/ Hudp}k|dq U1D1/ Qdg|r}klq G1N1 Surgxfwlrq ri wkh oljkw
hohphqwv gxh wr qhxwulqrv hplwwhg e| froodsvlqj vwhoodu fruhv1 Dvwursk|v1
dqg Vsdfh Vflhqfh/ 8; +4<:;,/ qr 5/ 5:605<<1

71 Ehwh J1D1 Wkhru| ri Vxshuqrydh1 Qhxfohdu Dvwursk|vlfv1 P1Plu/ 4<;9/
74;07781

81 Jroxe|dwqlnry D1Q1/ Fklodfkdyd W1L1 Rq wkh glvshuvlrq ri wkh ghwrqdwlqj
h{sorvlyh zdyh lq wkh judylwdwlqj vskhuh zlwk iroorzlqj glvshuvlrq lq wkh ydf0
xxp1 Mrxuqdo ri wkh DV ri wkh XVVU/ Ioxlgv dqg Jdv Phfkdqlfv/ 4<;9/ qr
7/ 4;:04<41

91 Jroxe|dwqlnry D1Q1/ Fklodfkdyd W1L1 Rq wkh fhqwudo h{sorvlrq ri wkh urwdwlqj
judylwdwlqj erg|1 Sdshuv ri wkh DV ri wkh XVVU/ 5:6 +4<;6,/ qr 7/ ;580;5<1

:1 Fklodfkdyd W1L1 Rq wkh fhqwudo h{sorvlrq lq wkh qrqkrprjhqhrxv vskhuh edo0
dqfhg lq lwv rzq judylwdwlrq �hog1 Mrxuqdo ri wkh DV ri wkh XVVU/ Ioxlgv
dqg Jdv Phfkdqlfv/ 4<;;/ qr 6/ 4:<04;71
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