
RQ WZR0GLPHQVLRQDO HTXDWLRQV RI WKH
QRQ0OLQHDU WKHRU\ RI VKHOOV

W1Phxqdujld

Lydqh Mdydnklvkylol Welolvl Vwdwh Xqlyhuvlw|
L1Yhnxd Lqvwlwxwh ri Dssolhg Pdwkhpdwlfv 5/ Xqlyhuvlw| vwu1/ Welolvl/

6;3376/ Jhrujld

+Uhflhyhg= Pdufk 44/ 4<<;,

Devwudfw

,Q WKH SUHVHQW SDSHU WKH V\VWHP RI WZR�GLPHQVLRQDO GLnHUHQWLDO HTXDWLRQV RI QRQ�

OLQHDU DQG QRQ�VKDOORZ VKHOOV E\ PHDQV RI ,�1� 9HNXDV PHWKRG LV REWDLQHG�

Nh| zrugv dqg skudvhv= 1RQ�VKDOORZ DQG QRQ�OLQHDU VKHOOV� WHQVRU RI FXUYDWXUH�

K\SHU�HODVWLF� JHRGHVLF WRUVLRQ�

DPV vxemhfw fodvvl�fdwlrq= ��. �� 6+(//6�

Lq klv vwxglhv L1Q1 Yhnxd/ e| phdqv ri wkh phwkrg ri uhgxfwlrq ri wkuhh0
glphqvlrqdo sureohpv ri hodvwlflw| wr wzr0glphqvlrqdo rqhv/ frqvwuxfwhg
vhyhudo yhuvlrqv ri wkh uh�qhg olqhdu wkhru| ri wklq dqg vkdoorz vkhoov/ frq0
wdlqlqj wkh uhjxodu surfhvv> wklq dqg vkdoorz vkhoov zhuh dvvxphg wr eh
wkuhh0glphqvlrqdo hodvwlf erglhv/ vdwlvi|lqj wkh iroorzlqj uhjxluhphqwv

dqk � {�e
q
k
�@ dqk> �k+{�> {2, � {� � k+{�> {2,> +�> � @ 4> 5, +�,

zkhuh dqk> e
q
k duh pl{hg frpsrqhqwv ri wkh phwulf whqvru dqg whqvru ri fxu0

ydwxuh ri wkh plggoh vxuidfh ri wkh vkhoo/ {� lv d wklfnqhvv frruglqdwh/ k
lv d vhplwklfnqhvv/ ghshqglqj rq wkh fxuylolqhdu frruglqdwhv {�> {2 ri wkh
plggoh vxuidfh1 Ixuwkhu/ e| h{sdqglqj wkh xqnqrzq wkuhh0glphqvlrqdo glv0
sodfhphqw dqg vwuhvv �hogv lqwr wkh Irxulhu0Ohjhqguh vhulhv dqg vdwlvi|lqj
wkh erxqgdu| frqglwlrqv rq idfh vxuidfhv {� @ 	k L1Q Yhnxd rewdlqhg wkh
vhtxhqfh ri wzr0glphqvlrqdo gl�huhqwldo htxdwlrqv/ frqwdlqlqj wkh uhjxodu
surfhvv1 Ehvlghv/ lw lv hylghqw wkdw hyhu| vhtxhqfh zloo frqwdlq wkh xquhpry0
deoh huuru zklfk lv jhqhudwhg e| wkh dvvxpswlrq ri wkh irup +�,1 Wkhuhiruh
lw lv ri juhdw lpsruwdqfh wr jhw ulg ri wklv dvvxpswlrq1

Lq ixwxuh frqvwuxfwlrqv xqghu qrq0vkdoorz vkhoov zh zloo phdq hodvwlf
erglhv/ iuhh iurp wkh dvvxpswlrq ri wkh irup +�,/ l1h1

dqk � {�e
q
k 9@ dqk> m{�eqkm ? 4=
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41 Frpsohwh v|vwhp ri htxdwlrqv ri wkh wkuhh0glphqvlrqdo qrq0olqhdu
wkhru| ri hodvwlflw| pd| eh zulwwhq dv ^6> 7`

d,htxloleulxp htxdwlrqv

C�+
s
jj�, .

s
j� @ 3> j� @ ���+U� . C�X,> +C� @

C

C{�
,> +4,

zkhuh j lv d glvfulplqdqw ri wkh phwulf irup ri wkh vsdfh/ j� duh frq0
wudyduldqw yhfwruv ri vwuhvv/ � lv dq h{whuqdo irufh/ ��� duh frqwudyduldqw
frpsrqhqwv ri wkh vwuhvv whqvru/ U� duh fryduldqw edvh yhfwruv ri wkh vsdfh/
X lv d glvsodfhphqw yhfwru1

Xqghu uhshdwlqj lqgh{hv zh phdq vxppdwlrq/wkh Odwlq ohwwhuv wdnlqj
wkh ydoxhv 4/5/6 dqg wkh Juhhn rqhv04/51

e, Htxdwlrqv ri wkh vwdwh0wkhuh h{lvwv d ydulhw| ri dssurdfkhv derxw
ghshqghqfh ehwzhhq whqvruv ri vwuhvv dqg vwudlq +Vhwk E1U1/ Vljqrulql D1/
Pxuqdjkdq I1R1/ Mrkq I1/ Eodw} S1M1 dqg Nr Z1O1/ Qryr}klorz E1E1/hwf,1

Pdwhuldo lv fdoohg k|shu0hodvwlf/ li wkh vwuhvv lv rewdlqhg iurp wkh hqhuj|
ixqfwlrq ri wkh vwudlq zlwk wkh uhodwlrq

��� @
C 6
C���

>

zkhuh 6 lv dq hqhuj| ixqfwlrq ri wkh vwudlq/ %�� duh fryduldqw frpsrqhqwv
ri wkh vwudlq whqvru1

Wkh wkhru| ri vhfrqg rughu k|shu0hodvwlflw| kdv wkh irup ^8` =

6@ 4

5
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4

6
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4

5
+-�C�L .-�C�L . C�LC�L,>

��� @ H��R^%R^ .H��R^r&%R^%r&> +5,

zkhuh H��R^> H��R^r& duh frh�flhqwv ri hodvwlvlw| ri wkh �uvw dqg vhfrqg ru0
ghuv1

Iru lvrwurslf pdwhuldov frh�flhqwv ri hodvwlflw| ri wkh �uvw rughu duh
h{suhvvhg rqo| e| wzr frh�flhqwv ri Odp�h

H��R^ @ �j��jR^ . �+j�Rj�^ . j�^j�R,> +6,

dqg frh�flhqwv ri hodvwlflw| ri vhfrqg rughu duh gh�qhg e| irupxod ^8`

H��R^r& @ H�j
��jR^jr& .H2+j

��jR^jr& � j��jR&j^r,.

.H�j
�Rj�^jr& .Hej

�rjR^j�&=
+7,

;8
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Khuh H�> H2> H�> dqg He duh prgxol ri hodvwlflw| ri vhfrqg rughu iru
lvrwurslf dqg hodvwlf pdwhuldov1
f, Erxqgdu| frqglwlrqv iru wkh vwuhvv yhfwru/dfwlqj rq wkh duhd zlwk wkh

qrupdo
W

o/ kdyh wkh irup

jE�,� @ j�
W

o�> +
W

o U� @
W

o�,= +8,

Iru uhgxflqj wkuhh0glphqvlrqdo sureohpv wr wzr0glphqvlrqdo rqhv lw lv
qhfhvvdu| wr zulwh +4 � 8, lq edvhv ri wkh plggoh vxuidfh/ wkhuhiruh lw lv
h{shglhqw wr frqvwlghu wkh frruglqdwh v|vwhp/ qrupdoo| frqqhfwhg zlwk wkh
plggoh vxuidfh/l1h1

U+{�> {2> {�, @ u+{�> {2, . {�q+{�> {2,>

zkhuh U dqg u duh udglxv0yhfwruv ri wkh vsdfh dqg plggoh vxuidfh/ q lv d
qrupdo ri wkh vxuidfh1 Wkh ghshqghqfh ehwzhhq fryduldqw dqg frqwudyduldqw
edvh yhfwruv ri wkh vsdfh dqg wkh vxuidfh lv h{vsuhvvhg dv ^4`=
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s
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s
d+4� 5K{� .N{2�,>

s
d @ d��d22 � d2�2> +dkq @ ukuq,>

+�> � @ 4> 5,>

K dqg N duh plggoh dqg Jdxvvldq fxuydwxuhv ri wkh vxuidfh/ d lv d glvfulp0
lqdqw ri wkh phwulf irup ri wkh vxuidfh1

Qrz uhodwlrq +4, dvvxphv wkh irup
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Iurp +5,/+6, dqg +7, zh jhw

j� @ ���+U� . C�x, @ +H��T^ . H��T^t!%t!,%T^+U� . C�x, ,

, j� @ D�
��
DR
R�

q
P ����R�^� .D&

&�
P ����R�^�r�&�+or�C&x.

.
4

5
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�
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5
D^
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��
C�x,>

+<,

zkhuh

P ����R�^� @ �d����dR�^� . �+d��R�d��^� . d��^�d��R�,>

P ����R�^�r�&� @ +H� .H2,d
����dR�^�dr�&� �H2d

����dR�r�d^�&�.

.H�d
��R�d��^�dr�&� .Hed

��&�d��r�dR�^� =

+43,

Wkh vwuhvv whqvru ri wkh odwhudo vxuidfh g aV @ gavg{� zlwk wkh qrupdo

ao @ ^+4� {�nt,o� {��tv`
gv

gav
+av @

gU

gav
@ ^+4� {�nt,v. {��to`

gv

gav
,

kdv wkh irup ^43`

jE	,� @ jk+ao-k, @

u
j

d
jk+,ok,

gv

gav
> +ao�av @ q,> +44,

zkhuh o dqg v duh xqlw yhfwruv ri wkh wdqjhqwldo qrupdo dqg wdqjhqw odwhudo
fxuyh ri wkh plggoh vxuidfh +o� v @ q,/ nr dqg �r lv wkh qrupdo fxuydwxuh
dqg jhrghvlf wruvlrq ri wklv fxuyh/ gav dqg gv duh olqhdu hohphqwv ri wkh
vxuidfh {� @ frqvw dqg plggoh vxuidfh/ pruhryhu

gav @
t
4� 5{�nr . {2�+n

2
r . �2r ,gv=

Wkh irupxod +44, lv suryhg zlwk g|dglf uhsuhvhqwdwlrq ri wkh gl�huhqwldo
gU ri wkh vxuidfh {� @ frqvw ^6` =

gU @ gu � +u
U,> +u @ ukCk,

dqg ghwhuplqdwlrq ri wkh wdqjhqwldo qrupdo ao
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s
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51 Qrz/ iroorzlqj L1Q1Yhnxd ^4`/ dvvxph wkh ydolglw| ri wkh iroorzlqj
h{sdqvlrqv
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�
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Khuh S6 duh Ohjhqguh*v sro|qrpldov ri rughu p1
E| vxevwlwxwlqj wkhvh h{sdqvlrqv lqwr +;,/+<,/+44,/ vdwlvi|lqj ehiruhkdqg

wkh erxqgdu| frqglwlrqv ri wkh idfh vxuidfh {� @ 	k

j�+{�> {2>	k, @
E��
j �>

dqg wkh irupxod

S �6+{, @ +5p� 4,S63�+{, . +5p� 8,S63�+{, . ===>

zh jhw wkh iroorzlqj lq�qlwh v|vwhp ri wzr0glphqvlrqdo htxdwlrqv=

d, htxloleulxp htxdwlrqv=
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e, htxdwlrqv ri wkh vwdwh
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wdlq jhqhudo uhsuhvhqwdwlrqv iru wkh frpsrqhqwv ri wkh vwuhvv yhfwru1

Uhihuhqfhv

41 Yhnxd L1Q1 Vkhoo wkhru|= Jhqhudo phwkrgv ri frqvwuxfwlrq> P1/ Qdxnd/
4<;515;;s +Uxvvldq,

51 L1Q1 Yhnxd/ Vkhoo wkhru|= Jhqhudo phwkrgv ri frqvwuxfwlrq/ Slwpdq Dg0
ydqfhg Sxeolvklqj Surjudp/ Ervwrq0Orqgrq0Phoerxuqh/ 4<;815<3s

61 Oxulh D1L1 Qrq0olqhdu wkhru| ri hodvwlvlw|1 P1/ Qdxnd/ 4<;3/0845s1 +Uxvvldq,

71 Qryr}klory Y1Y1 Wkhru| ri hodvwlvlw|1 Vxgsurpjl}/ 4<8;/06:3s1 +Uxvvldq,1

81 Rghq M1W1 Ilqlwh hohphqwv ri qrq0olqhdu frqwlqxd1 P1/%Plu%/ 4<:90797s1
+Uxvvldq,1

91 Zklwdnnhu H1W1/Zdwvrq M1D10 Frxuvh ri prghuq Dqdo|vlv1 y1oo0P1/ Qdxnd/
4<9</0848s1 +Uxvvldq,1

:1 Nkrpd L1 Mx1 Jhqhudol}hg Wkhru| ri Dqlvrwurslf Vkhoov/ Nlhy1 Qdxnryd
Gxpnd1 4<;9/04:3s1 +Uxvvldq,1

;1 Mkjhqwl Y1V1 Jhqhudo vroxwlrq ri wkh L1Yhnxd v|vwhp ri htxdwlrqv iru wkh
htxloleulxp ri vskhulfdo vkhoov1 Dssolhg Phfkdqlfv1 y1 [L[/ Q8/ Nlhy/ 4<;6/
5705;s1+Uxvvldq,1

<1 Phxqdujld W1Y1 Rq rqh dssolfdwlrq ri wkh vhulhv phwkrg lq wkh vkhoo wkh0
ru|1 Surfhhglqjv [LY Doo0Xqlrq Frqihuhqfh rq wkh wkhru| ri Sodwhv dqg
Vkhoov1 y1LL +Nxwdlvl/ 53056 Rfwrehu/ 4<;:,/ Welolvl Xqlyhuvlw| Suhvv/ 4<;:/
565056:s1+Uxvvldq,1

431 Phxqdujld W1Y1 Rq wzr0glphqvlrqdo htxdwlrqv ri wkh olqhdu wkhru| ri vkhoov1
Wuxg1 Lqvw1Sulno1pdwk1Lqvw1L1Q1 Yhnxd Welolvl vw1 Xqly1/ 4<<3/ y1 6; s180761
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