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Abstract

In the present paper the system of two-dimensional differential equations of non-
linear and non-shallow shells by means of I.N. Vekuas method is obtained.
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In his studies I.N. Vekua, by means of the method of reduction of three-
dimensional problems of elasticity to two-dimensional ones, constructed
several versions of the refined linear theory of thin and shallow shells, con-
taining the regular process; thin and shallow shells were assumed to be
three-dimensional elastic bodies, satisfying the following reguirements

al — 3P = af, —h(xy,20) < w3 < h(x1,22), (@, 6=1,2) ()

where a?, b8 are mixed components of the metric tensor and tensor of cur-
vature of the middle surface of the shell, x3 is a thickness coordinate, h
is a semithickness, depending on the curvilinear coordinates x1,zs of the
middle surface. Further, by expanding the unknown three-dimensional dis-
placement and stress fields into the Fourier-Legendre series and satisfying
the boundary conditions on face surfaces x3 = £h I.N Vekua obtained the
sequence of two-dimensional differential equations, containing the regular
process. Besides, it is evident that every sequence will contain the unremov-
able error which is generated by the assumption of the form (x). Therefore
it is of great importance to get rid of this assumption.

In future constructions under non-shallow shells we will mean elastic

bodies, free from the assumption of the form (x), i.e.

al — w3bP # aP, |x3bP| < 1.
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1. Complete system of equations of the three-dimensional non-linear
theory of elasticity may be written as [3, 4]
a)equilibrium equations

. o o
0i(vgo') + /g® =0, o' = oV (R; + 0;U), (0 = e ), (1)

where ¢ is a discriminant of the metric form of the space, o are con-
travariant vectors of stress, ® is an external force, 0% are contravariant
components of the stress tensor, R; are covariant base vectors of the space,
U is a displacement vector.

Under repeating indexes we mean summation,the Latin letters taking
the values 1,2,3 and the Greek ones-1,2.

b) Equations of the state-there exists a variety of approaches about
dependence between tensors of stress and strain (Seth B.R., Signorini A.,
Murnaghan F.O., John F., Blatz P.J. and Ko W.L., Novozhilow B.B.,etc).

Material is called hyper-elastic, if the stress is obtained from the energy
function of the strain with the relation

03
- I
O€i;
where > is an energy function of the strain, e;; are covariant components

of the strain tensor.
The theory of second order hyper-elasticity has the form [5] :

o

1 1 .
k
3= §E”pq€¢j€pq + gEZ]pqS €ijEpqsks

1
€ij = §(R28]U + RjaiU -+ 8iU8jU),

ij ij ijpgsk
0" = By, 4 EY9PTe e, (2)

where P4 FPask are coefficients of elastisity of the first and second or-
ders.

For isotropic materials coefficients of elasticity of the first order are
expressed only by two coefficients of Lamé

BT = Ng" g™ + (g g’ + gMg7"), (3)
and coefficients of elasticity of second order are defined by formula [5]
+E397gig%* + Eqg'gPlg7".
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Here Fi, Fs, E3, and E; are moduli of elasticity of second order for
isotropic and elastic materials.
¢) Boundary conditions for the stress vector,acting on the area with the

*
normal 1, have the form

*

on=0o'l, (IR;=1). (5)

For reducing three-dimensional problems to two-dimensional ones it is
necessary to write (1 — 5) in bases of the middle surface, therefore it is
expedient to constider the coordinate system, normally connected with the
middle surface,i.e.

R(Xl,XQ,X3) = I'(Xl,XQ) + X3II(X1,X2),

where R and r are radius-vectors of the space and middle surface, n is a
normal of the surface. The dependence between covariant and contravariant
base vectors of the space and the surface is exspressed as [1]:

R = Aijl‘j = Agrj, R! = AiJrj = A}I‘j, R;=R}=r3=1r=n, (6)
where
Ao = aap — T3bag, \/§Ao‘ﬁ = {ao‘ﬁ + a3 (bo‘ﬁ - 2Ha°‘ﬁ>} ,
Agg = AW =0, Azz = AP =1,
A = af — wb?, \JGAG = \/a |a§ + w3 (b5 — 2Ha$)]
A3 = A3 =0, A} =
V3 =Va(l —2Hzs + Kx3), \a = a11a22 — a3y, (aes = tars),

(Oé,ﬁ = 172)7

H and K are middle and Gaussian curvatures of the surface, a is a discrim-
inant of the metric form of the surface.
Now relation (1) assumes the form

1af\/:a 2z +y/Le=0 5)

Va Oz
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From (2),(3) and (4) we get
ol = (Tij(Rj + 8ju) = (Eiqu + EiquSk&‘Sk)é?pq(Rj + 8ju) =

= ot = A AP {Mi1j1p1Q1 4 A]];Miljlplqlslkl (175, Opu+

217 7Pp1

1 1 .
+ §A8185u6ku)} (rq,0pu + EAglapuaqu)('rh + A Gju),

where

Miiipiar — \girdigPrar M(ailplajlfh 4 ailfhajlpl)’
MAaapigisikl — (Ey + EQ)alljlaplfhaSlkl _ E'Qa“jlaplslaqlkl—i— (10)
+E3ai1p1aj1Q1a51k1 + E4ai1k1ajlslap1q1.

The stress tensor of the lateral surface dS = dsdxs with the normal

d d d
[(1 = x3ke)l — x378] — (8 = R_ [(1 = x3ke)s + xi7]]

I ds ds @

has the form [10]

o] « ds 1 A
o = o“(iRa) = \/;0' (Ira)S, (ix8=n), (11)

where 1 and s are unit vectors of the tangential normal and tangent lateral
curve of the middle surface (1 x s = n), ks and 7, is the normal curvature
and geodesic torsion of this curve, d$ and ds are linear elements of the
surface x3 = const and middle surface, moreover

d3 = \/1 — 23k, + a3(k2 + 72)ds.

The formula (11) is proved with dyadic representation of the differential
dR of the surface x5 = const [3] :

dR =dr-(V®R), (V=r°9,)

and determination of the tangential normal 1

~ dR dr- (V®R) ds ds
l: = —_— — = . —_ =
" X n 5 Xndé s (V@R)xndé
ds ds
= @ _— = o ﬁ —
s“R, X ndé s™ €a3s R T
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d d
\/>\/_ a €q38 Rﬁ i [(raxn)rﬁRﬂd—Z:
_ /g ﬁ% _ \/E 1. r RS
\/;(sxn)r/gR % a( rg)R g

) d
:>1~Rg:\/>(l ) 7

where €, is Levi-Chivitta’s symbol, Cy;x = /g €ijk -
2. Now, following I.N.Vekua [1], assume the validity of the following

expansions
(i) = £ (515 3) e (3),
where
<<m) <m>’<$>) 2m+1 <\/’ \/‘) < )dxg (12)

Here P,, are Legendre’s polynomials of order m.
By substituting these expansions into (8),(9),(11), satisfying beforehand
the boundary conditions of the face surface x5 = +h

+
03(x1,x2, +h) = (0') 3,

and the formula
P (x)=(2m —1)Py_1(x) + (2m = 5) Pp_s(x) + ...,
we get the following infinite system of two-dimensional equations:

a) equilibrium equations:

m 2 1 (m— m— (m)
Va(a)a—%(( al)3+(03)3+...)+ F =0, (13)

where V,, are covariant derivatives on the surface, and

(m) — (m)  2m +1 g.,. 3 ()3
F=&+ oh ( " ,/
(\/E:1i2ﬂh+m2);
a
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b) equations of the state

(m i_ 2m+1 /\/> dX3 Miviipian i {(K) ip o

11p1
mi =0 (ml)

(m ) (m) i (my) (m2)
(rq1D U r.]l + Z [ ilﬁﬁll(rqle U )Dj U +

mo=0 (ml’mZ)
1 m (m1) (m2)
+§ A ilgl?ll (D U D U )rJl
(m1,m2)
1 & (m) ;. (m1) (ms (m3)

i )
+§ Z A ilg'lgl?h(Dp U -Dqg U )'DJ' U

ma—0 (m1,m2,m3)

f

o ) () (m1) (m2)
+M’£1]1P1Q151]€1 Z {( A ) le,jpf,lﬂ (I'qle U )(rlek U )rj1+
™m1,m2

mi,mo=0

> (m) i (m1) (mg) _ (m3)
+ Z [ A ) lelgll;fl(rqle U )(rlek U )D.] U +

ms=0 (m17m27m3

(m1) (mng2) (
ipsk
+35 A ) Zlglslkl(rqlDP U )(DS U - D

3

m3)
U )rj,+ (14)

m . (m1) (mg2) (ms3)
7 k
+5 A ik (Dp U Dq U (rs, - D U rj+

(mimams)
1 &1
2 2

ma—0 < (mimamamy)

(m) ipas (m1) (m2) (m3) (ma)
A i1€71?1181’21(DP U Dy U )(Ds U -Dx U rj,+

(m) i (m1) (m2) (m3) (ma)
+ A ) i1§'1];1?11’21(DP U 'Dq U )Dj U (rlek U )+
4

(m1,ma,m3,m

+ A i1§'1§1];€181(rC11DP U) - D; U -(Ds U -Dy U)

(mimomsamy)

1 & (m) iibask (m1) _ (m2) _ (m3)
+§ Z A ) il%lil?hslkl(Dp U 'Dq U )DJ U X

m5:0 (ml ,MQ,M3,M4,M5
(m4) (ms)
X (Ds U Dk U )] } ,
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where (m) )
Dy U =893 U +8 U '
(m) , (mt1)  (mi3)
U =2y + U +.),
m)
A= \/ A A, Py P,

(m1)

(m) ..
Wi :2m—i—1/\/7AZ yr AP P, P, Prdas,

11j1p1 j1
(my1,ma2)

11J1P1q1 Jit

m

(m1,ma,m3)

(m) s 2 1
A =" \/ A, A9, AT, AL A (15)
(m1,ecyms)
X Py Py P Py Prmdes,

(m) ij s k 2m + 1 Y] s Ak
A ey - / \/7A'1A;1A£1A31A81Ak1 X

(M) iijipiqisikr

% Pry Py Pons Pons Py Pradlas;

¢) boundary conditions
(m) ) . ) (m) 41 | ds
m m m m S X3
o (]) = 0 ([])l+ ag (1S)S+ g (ln)n 2h /a(i)aPm(I)dm,
“h

The integrals in formulae (15) are calculated in an explicit form, for

example [10]

(m) 4 2m+1 o a: x
n) A ab = 1/ AGLAG, Pon, (5) Pon (77 ) e =
mi

(g, - 2Hag:1)(b§1 —2Hdj) L2mtl
K ™ 2n/E
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X [Bgl (y)Bg1 (y) ( inm;((?;)Qm(y)’ml <m >]

)

) le (y)7m1 2 m "
where @), are Legendre’s functions of the second order, when

By, (y) = ag, + hy(bg, — 2Hag,), yr2=((HFVE)h) !

(16)
E=H"—K, [f(y)l = f(y2) = f(y1), (@, f,01,61 =1,2).

Here we have used the formulae of F.Neumann and J.Adams [6]

1
[ E 08 9 @), (fal > 1),
-1

min(m,n)

Pu(@)Po(x) = ) mnrPrin—ar(),
r=0

( A ArAnr 2(mA4n) —4r +1
i = Aminr 2(m+n) —2r +1’
A, = 1.3...2m — 1) ’

m!

as well as the representations

1 ( 1 1 )
1 1 )
1 | WEmE T e
1—2Has + Ka? . E=H"-K#0;
——  _ E=H*-K=0.
(1 — Hz3)?’
Further,
(m) 2m+1 x
L) A o= \fA (" =
(ml) 1 h
2m+1
= /[agl—&—xg(bgl—2Hag1)]Pm1Pmdx3:

—h

1
= 3,60, + (08, — 2Hag, b5 b 4 5L,

2m—1 "™ 2m+3 ™ )i
(m) 2m+1 T

L) A % /[pml 58 P2 )y =
m1
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. 2m+1 2 3 €3 _
=~ | (1 —2Hx3 4+ Ka3) P, ( A )P ( . )dxs =
+1 (m+1)(m+2)
_ 6m —9Hh m—1 m 6m+1 h2 6m+2
(g =10+ gy gt VK emrnemrstm t
n 2m? 4+ 2m — 1 5T+ m(m — 1) m—2y
2m+3)2m—-1) " (2m —1)(2m—-3) ™

Let us write out the integrals, containing the product of three Legendre’s

polynomials:

(m)
) A %87 :2m+1 \/7A°“AﬁA Py, Py Prdas =

(mims) a1f1m

h
B 2m+1/331(w—;f)351(%3)3%(%)p (%) Py (52) P (22 ey =
T 2h (1— 2Hxy + ka3)2 ™ p/m Ml m i )
2m—i—1 1 % o LI
= T2k L Cmamer 8y18y2 T — T2

)

Y2
Py tma—20(Y)Q@m(y), m1 +mg — 2r <m
x | BE (y)BS (y)BY 1rms ’
[ o (U)Bg, (v) By, (y) { Qmy+my—2r(Y) Pm(y),m1 +mo —2r >m

Y1

where BF(%2) = af + x3(b§ — 2Haj)

(m) 2m+1
L) A ohi= / \f AZ A Py, Py Prdas =

(m1im2)

) mm%m)a (b3, — 2Hag, )V —2Hd})) L2mAl 1
= mimar mitme=2r T "op T o
r=0 K o - \/E

Y2
o 8 Py tmg+2r(Y)@m(y), m1 + ma —2r <m
X [Bal (y)Bﬁl (y) ( Pm(y)leerngr(y)aml 4 me — o Z m )

Y1

(m) 2m—i—1
IL) A a3 = \/7 Al Py, Py Prodg =

(m17m2)
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min(mi,ma) m+1 .
= Z QAmymgT {a 6m1+m2 2r +h ( - 2Hagl) <2m T 36an?;r+MQ—2r+
r=0

m 1 )
+ o'm — 16$1+m2—27‘)} )

(m) 2m—i—1
) A 3= \f Py Py Prdics =

m1,ma)

min{mi,ma) m-+1 )
= Z AmymaT {5ml+m22r —2Hh (2m + 3527,Ij_+m272r+
r=0

+

1 2

D — 1 matma—2r (2m + 3)(2m + 5) matma—2r
2m? +2m —1) . N m(m — 1) _—
(2m 4 3)(2m — 1) ™FM27 T (9 1)(2m — 3) Mt

2

(B8, () B}, (y) B, () Be, () x

In particular, if m; + ma < m, we will have

(2) a gy 2m+1 02 { 1
(mamg) *LPLT k2ht 0y10y2 y1y2

X Py (4) Prns (y)Qm(y)]Zf} -

Let us write out the integrals, containing the product of four Legendre’s
polynomials:

(m
) 4 edns :2"”“ \[AaAﬁA’YA (th)x

« &
(m1mz,ms) 1817161

xr3 €3 xr3
X Py (4 A )ng(ﬁ)Pm( A )dxz =
om+1 1 min(mai,mo) min{m,ms) 84 1
T T9.4 E3K6 Z Z Amymary Ymmsr 5 55 3 < ——X
r1=0 ro=0 Y10Y3 \Y1 - Y2

x| B2, (1) B, (4) B3, (4)BS, (4) %

Y
x { Py tma—2m (Y)@metms—2r, (), m1 + ma — 2rp <m +mg — 279 H 2) .

Qmy+mo—2r1 (V) Prtmg—2r, (), m1 +mg — 211 > m +mg — 21y "
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(m
TSI ST AR QmH fA“AﬁA” V(5 Py (S

3
(ma,mg,mg) 0N

X X
xpms(f)pm(f)dmg =
om + 1 min{mi,ma) min(m,ms) 52 1
= 2514 Z Qmymgry Z Ammszre < X
k<h oy = Oy10y2 \y1 - y2

x B3, (v)BY, (1) B, ()%

Y
Pritmo—2r () Qumama 272 (y), m1 + ma — 2r1y < m +mg — 2ry ’ .
X 9

Qm1+m2—27‘1 (y)Pm—i-mg—Qrg (y); my +mg — 2ry > m+m3 — 279

(m) o 2m+1 o 1’3 x3
I113) A alglgz \/’A Aﬁ 7)o (57) %

(m1,m2,m3)

T3 T3
XPm3(E)Pm(F)d.T3 =
om + 1 min(mi,ma) min{m,ms) { 1 5
= Z Amymar Z Ammgry \ ~ 7= By (y)B (y)X
2 = 1mary = 372 \/E [ (o %1 A1

Y
X { Py +my—2r () @mmg—2ry (Y), m1 +mg — 2rp <m +mg — 21y H 2} .

Qmi+mo—2r1 (Y) Prgma—2r (y), m1 +ma — 2r1 > m + mg3 — 21y "

(m) 2m + 1 T3 T3
AN QS & / A5, Py (52) Py (52) Py (52
(m1,ma,m3)
- min(mi,ms) min(m,ms)
3
XPm(%)dx?p = Z Omymer Z Ammsgrg X
r1=0 ro=0
2m + 1 + -9
x {agl ST T R R 0, - 2HaS,) x
{ m+mg— 2ry + 1 . 2m+1 moms—2ra+1 |
2(m + mg — 27“2) +1 2(m +m3 — 27“2) +3 m1tme =21

m +m3 — 279 ' 2m +1 b 2ra41
2(m+mg—2ro) +1 2(m+m3 —2ry) + 1 my+mo—2r;

+

b
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h

(m) 2m +1 T
i) A B8= /(1 Oy + Ka) P (2) %

(ml,mg,mg) 2h h h

T3 X3 T3
XPm2(7)Pm3(T)Pm(7)d$3 =
min(mi,m2) min{m,ms)
- Z Qmymaory Z Ammare { 2m+ 1 6:2:?;3'2_353‘1 _
r1=0 ro=0 2(m + m3 — 2T2) + ]-

m+mg —2ry +1 2m + 1 mcbmg

—2Hh . 3—T2
{2(m +mg —2r9) +1 2(m+m3 —2rg) +3 ma+mg—2n T

+ m A ms - 2T2 . 2m+1 6m+m3—2r2—1 +
2(m+m3 —2r2) +1 2(m+m3 —2ry) — 1 matme —2ry
m+mg—2ry+1 m—+msz — 2rg + 2 y

2(m+mg —2r2) +1 2(m+m3 — 2r2) +3

+Kh? [

~ 2m +1 m—+ms—2ro—+2
2(m+mg —2r9) +5 matme =2

+< (m+m3—27“2+1)2
(2(m +m3 — 27”2) + 1)(2(m +m3 — 27“2) + 3)

+

+

— )2
n (m +ms r9) >><

(2(m + ms — 2r3) + 1)(2(m + mg — 2r3) — 1)
% 2m+1 mtms—ry
2(m 4+ mg — 2rg) + 1 MrTm2=In
m —+ mg — 2ry m+mg—2rg +1 o
2(m+mg —2r9) +1 2(m—+m3 —2ry) — 1
v 2m + 1 m+m3—2’r‘2—2:| }
2(m +mg — 2ry) — 3 T | [

Then, let us consider the integrals,containing the product of five
Legendre’s polynomials:

_l’_

h
(m) o B~ysn 2m + 1 g 3 s 2
Ivl) (m1,4,m4) a181y161m1 57 /h \/gAglA,&AzlA&A%Pml(ﬁ)x

in(mi,ma)
T3 om+1 1 ™"
(s = =gp s 2 mman X

r1=0
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min(ms,ma) mi1+mo—2r]
X Z Qmnzmyry Z QO +ma—2r1,mg+ms—2ra,rg X
ro=0 r3=0
d° 1 s
T0e o | B W) B3, 1) B3, (1) BS, () By, ()

ay 892 Y1

Y
X { Pm1+~~-+m4—2(7‘1+7‘2+r3) (y)Qm(y)a mp+...+mg — Q(Tl + 72 + T3) <m }1 ’ .
P,

Qm1+.--+m4—2(7‘1+7‘2+7‘3)(y) m(y)v mi+ ...+ myg — 2(T1 + 72 + T3) >m - ,

(m) 2m + 1
vy A eh7es m+ \/7,4‘“ A, A2 A§, P, Py Py Py Prodecs =

a 613 —
(mamg) SO

om4l 1 9t 1 M) min(ma,ma)
= " 1.316 29,2 Z Qmyimar, Z Omsgmarg X
4 k2R Oytoys y1 —y2 (r=0)

mi1+mo—2r1

X Z Mmy+mo—2r1,m3+ma—2ra,rs [Bgl (y)Bgl (y)B:)}lll (y)Bgl (y) X

r3=0

Y
X { Pm1+~~-+m4—2(7‘1+7‘2+r3) (y)Qm(y)aml + My — Q(Tl + 1o+ 7“3) =m }‘| ’ .

Qm1+.--+m4—2(7‘1+7‘2+7“3)(y)Pm(y)7 mp+ ... +myg — Q(Tl + 1o+ 7“3) >m " ,

(m) 2m + 1
IVE;) A 31/217}’1333 / \/>Aa A[B A’}/'Vl Pml PmZ Pms Pm4pmdx3 =

(ml,...,m4)

min(mims) min(msmy) mi+mo—2r;

2m +1
= L2h4 Z Qmymaory Z Amgmyry Z Qmy; +mg—2r1,m3+my—2ra,rg X

r1=0 ro=0 r3=0
o2 1
x [
0y10y2 y1 — Y2

Y
% Pm1+ 4mg— 2(r1+r2+7‘3)( )Qm(y) my + ...+ my — 2(T1 + 1o+ 7”3) m, ’ .
Qmy s tma—2(r14rotrs) W) Pn(y), m1 + oo+ ma — 2(r1 + 12 +13) > m ’

o (y) B3 (y)BY, (y)x

Y1

(m) 2m+1
vy A ofi= / f A2 AL, Py, Py P Py Py =

(ma,...,m4)
min(mimsg) min{msma) min(mi+mg—2r7)
= E , Qmymaory § : Omgmyry E , Qmy+ma—2r1,ma+ms—2ra,r3 X
r1=0 ro=0 r3=0
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S [P B )

Y2
oo b Prnstctma—2(rirar) () @ () i+ oo - = 2(r1 72 4 13) <m L
Qi t.tma—2rytratrs) Y) Pm(y), M1 + oot mg = 2ri + 72 +13) 2m [ |

+ 51 B1
K mi+..+mg—2(r1+rotrs)

(b3, — 2Hal,)(b5, —2Ha))) }

(m) 2m+1
W) A= / LA, Py Pony P P Py =

(M, ma

min(mi,m2) min(mg,ma) my+mao—2r;
= E Qmymar, E Qmamars E Omy+ma—2r1,mg+ms—2ra,rg X
r1=0 ro=0 r3=0

{ 5m1+ Ama—2(ri+ro+r3) + +h(bg1 - 2Hag1)x

m+1 . n m =1
o2m +3 mit..+ms—2(r1trat+rs) T 9y 41 mi+..+mg—2(r1+rotrs)

b

h
(m) 2m+1
33333 m / (1—2Hx3 + K;U3)2Pm1Pm2 Py Py Prdrs =

IVg) A 53333 =

(1 ma) 2h
—h
min(mi,mo) min(ms,ma) mi+mo—2r1)
= Z Qmymaory Z Umgmarg Z Qmy+mo—2r1,mg+ms—2ra,rg X
r1=0 ro=0 r3=0

m+1
3m + 3 m1+ Ama—2(r1+ra+r3)

—2Hh[ +

m
X {6m1+...+m43('r‘1+7"2+’f‘3)

m §m— 1
2 — 1 Mt tma—2(ri+ra+rs)

(m+1)(m+2) 52
(2m n 3)(2m n 5) mi+..+ms—2(r1+rotrs

+

+Kh2[ )+

2m? +2m—1 . m(m —1) .
o Hen -4 T G- @ - 3) mf] } |

For the integrals,containing the product of six Legendre’s polynomials,

we have

v R e - 2EL [ S g (52). B ()
(mq...ms)
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T3 2m+1 1 o8 1 ek 3
X P (== )dxs == E E X
m( h Jdzs (4?2 KSp10 ayzllay% v —y2 2, Fmamor = QAmgmyrs
mi1+mo—2r] ms

X Xy +mg—2r1 ,ma+ma—2ra,r3 Z QO 4. dmy—2(r1 4. 4r3) ms,rg X

r3=0 ra=0
x | B3 (y)..-Bge (y) x

Y
X { Pyt tms—2(ry4tr) (W) Qm(y),ma + oo s — 2(r1 + ..+ 1g) < H ’
>

Qm1+.--+m5—2(r1+...+r4) (Y)Pr(y),m1 + ... +ms —2(ry + ... +714) > m "

h
(m) 3 2m+1 g x3
Vo) A (mme) Siggisanst = 2L [ [ g ag s ast A% P, (52)x
—h

T T
X Py (57 Py (5) Pons (5 Pons (57) Prn(37) s =
(m) a3 2m+1 1 o° 1 & &
s = @I KBS 9yToyd v — v 2 Cmmary 2 Onaars

r1=0 ro=0

T3

(m1,...ms) s

mi1+mo—2r1 ms
X Qmy+mg—2ry ma+ma—2ra,r3 Z Qg 4. +my—2(r1+ro+r3),ms,ra X
r3=0 ra=0

x | B3 (y)..-BE2 (y) x
) Y2

% { Py tobms—2(rs 4 tr) W)@ (Y), M1 + oo +ms — 2(r1 + oo +74) <M
>m

QM1+.--+m5—2(7‘1+-..+7‘4) (y)Pm(y)v my+ ... +ms — Q(Tl + .t 7“4) =z "

h
(m) 33 2m + 1 g T3
v A gy 2L [ a4 A A P (5. P

M1,..T5
(1 ) h

T3 2m+1 1 ot

1 mi ms
X Py (==)dx3 = . . . «a « X
m( 7 )das 4 k316 &y%ay% Y1 — Yo lez:o mimary 7‘22::0 mgmars

mi1+mo—2r1 ms
X Z Qmy+mo—2r; ;ma3+ma—2ra,rs Z Qg +..4ma—2(r1+ro+r3),ms,m X
'r‘3=0 'r‘4:0

x| B3 (9)--B5i () %

Y
< Pm1+...+m5—2(r1+...+r4)(y)Qm(y), mi+ ... +ms—2(r1 + ... +r4) <m ?
Qm1+...+m5—2(r1+...+7‘4) (y)Pm(y), m1 + ..+ ms — 2(T1 + ..+ 7’4) Z m

)

Y1
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(m) 2m + 1 T3
V 011012(13333 _ /\/7AQ1ACZQACK3P .P Zyx
1) (mfms) B1B2f33 333 — i h) ms ( h)
T3 2m +1 02
X P, (==)dxs = . .
m( h Jdws k2%t 0y10y2 1 — y2 7‘120 e, T‘QZO (mamarz ™
mi+mo—2r1 N5
X Z Amy+mo—2r1,mg+ma—2ra,rs Z Oyt A mag—2(ry+ratrs),ms,re <
r3=0 ra=0

x B3 (v) B (v) B ()%

(e 5}
B
Y2
y { Pryttms2(rn-toirs) @) Qm(y), 11 + 5 = 2(r1 + o+ 74) <o
)P

Qmyt..tms— 2(r1+.. +7"4)( m(Y), M1+ .+ my = 2(r1 4 1) > m " 7

(m) . 2m + 1 ] a a T3 T3
(mi...ms)

mi1+ma—2r]
= E am1m27"1 E am3m4r2 E O‘m1+m272r1,m3+m472r2,r3><

7‘1:0 7‘2:0 7‘3:0
% 2m +1
X am1+...+m472(T1+7‘2+7"3)7m577"4 X
= 2V Eh

x [B3 () Bg2 () x

Y2
% Pm1+ .ms—2(r1+.. r4)(y) ( )7 my =+ ...ms5 — Q(Tl + "'T4) <m +
Qm1+ m5—2(r1+.. 'r‘4)(y) ( )7 my + ...ms — Q(Tl + "'T4) >m "
(bg, — 2Hagl))(bg§ — QHags) . ‘
+ K mi+..ms—2(r1+..74) (
(m) 2m + 1
V) A g / 24, Py P Py =
(m177m5)

mi-+ma—2r1

= E :O‘m1m27‘1 E :am3m47‘2 E , Qmy+mo—2r1,mg+ms—2ra,rg X
r1=0 ro=0 r3=0
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ms

(6% m
X Z O+ my—2(r1+ro+r3),ms,ry [aal 6m1+...m5—2(r1+...r4)+
ra=0

m+ 1 m+1 m m—1 )]

e o
+h(ba1_2Haa1)(2m+3 mi+..+ms—2(r1+...74) 2m_16m1+ ms—2(r1+...+74)

(m) 2m+1 3:3 xs3 T3
vy A / VL P (52, P (52 (2 iy =

(m1..ms

1
2m +1 mi
= / (1—2Hht + Kh*t) > amymyr, ¥
—1 7‘1:0

m3
X Z Omgmyry Pmy+ma—2r1 () Pmg+my—2ro () Py (t) P (t)dt =

ro=0
(m1) (m1) (m14+mo—2r1)
Z Qmimary Z Amgmyry Z Oy +mp—2ry m3-+my—2ra,rz X
r1=0 ro=0 r3=0

ms
X Z amﬁ-...+m4—2(r1+r2+7‘3)7m5,7‘4{ ml+...m572('r‘1+...'r‘4)_
rq4=0
m+1l i m 1 9
—2Hh (2 3 ZlJV Ams—2(r1+.. Jr7"4) _ 16$1+...+m572('r1+...'r4) +Khx
_l’_
(m+1)(m+2) i .
(2m + 3)(2m + 5) mi+..+ms—2(r1+...+r4)
o2m?2+2m—1 §m N
(2m+3)(2m +1) mi+..+ms—2(ri+...+74)
i m(m + 1) 2
(2m _ 1)(2m + 3) m1+-..+m5+2(r1+...+r4) °

The transform to a finite system is carried out by considering finite
segments in the expansion (12), where m = 0,1, ...N.

In conclusion, the finite system of two-dimensional equations of physical
and geometrical non-linear and isotropic non-shallow shells has the form:
a) equilibrium equations of the components of stress tensor (13)

Ve (7(";') af _ bg (?;') a3 2mh+ 1 ((mofl) 38 + (mo*_:)’) 38 + ) X (_Z’%) 8 _ 0

)

(m)

Voo @ by, (7(7;) af M (m(;l) 83 (m(;3) 33

— +.)+ F =0
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(m=0,1,...N);

b) equations of the state

(m) 5 iy X fm o, (mi1),
o — MHnpia Z A (I‘qle u )aj +
(m1)

11P1
m1=0
N
(m) g (In1) m
+ Z l A ;?-f;l(rqle u’)(r"D; u1)+
mo=0 (m17m2)

1 m (m1) (m2),
+§ A ilgquh (Dp u 'Dq u )a +
(m1,m2)

1L m (m1) _ (mg)  (ms)
+35 Z A ilg'lglzh (DP u 'Dq u )(r Dj u +
2 ma=0 (mimoms3)

i151p1q181k1 al (m) ipk (m1) (m2) n
+M >y A (rq,Dp ) (ry, Dy U )all +

1p1k1 J
ma,ma=0 \(M1m2)

ol m) ok (m1) (ma), - (m3)
+ Z : A (rg;Dp u’)(rg Dk u’)(r"D; u )+

=, mi,ma,ms) i11p1k1
1 (m), o (me) - (ma)
3 i (D WD WDy
11m2n3

m m m m
+1 A ipqk (Dp(ul) Dq(lf))(I'SDk(uS))aJn—i-

i1p1q1ka
(m1,ma,m3)

+% fjo % - miﬁ; . ipask (D " py W, W Dy W an +

mg= 2513,

B

< A Dy e, W, W W
1 M ypgsk g ) o (ma) o (mg) o (ma) - (ms)
§m520(m1,,,,7m5) i1j1p1q151k1(Dp u’ -Dg u’)(r"Dj u)(Ds u D u )}}’

¢) boundary conditions on the contours T’

(m) (m) (m) (m) (m) (m)
cuy=J1, 0 as = J2, O )= [3
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(m=0,1,...N).

3. Let’s consider shallow shells, i.e.
al — x3b 2 al Ry =2 ro, R* = 1%, /g = \/a,

then the integrals (15) are simplified and the system of aquations of non-
linear shell theory takes the form

a) equilibrium equations have the same form

b) equations of the state

N
m = e, D, W+ Y (gD, WD, )+

mimo=0

g

min(m;,mo)

1 mj ma, m
+§(‘Dp u 'Dq u)aj} Z am1m21"6m1+m2—2r+
r=0

1Y (m1) - (ma),  (my) L)
+3 Y (D, u' Dy uw)D; U Y g ¥
mi,mg,m3=0 ri1=0
™3
X ZO am1+m2—2r1,m37r25m1+m2+m3 2(r1+r2)}+
ro=

min(m1,m2)

N
ii (m1) (m2) m
+ MIPask { Y (rgDp u’)(rsDy u’)al a' D Omumarb, ot

m1,me=0 r1=0
N
. [(rqunﬁl)D( oD, ) (esD ) + ;(rqD . %
mi,mg,m3=0
(m3) Ly () o (m2) (mo), L)
XDy u )aJ 2(D u Dy u’)(rg-Dy u )ajn] ZO Qmimgor; X
ri=

min{mi,ma)

X Z Qmy+mo—2r1,m3,r1 53;”1 tmgtma—2(ri4ry) T
ro=0
N
1 m m m
" Z [Z(D (ul) D, ( 2))(D (uS) Dk( ))

my,...,ma=0

Al

1
gDy ) RD; W) (0, W D W)+

() (my) (m3) (my),, mnmIm2)

2(D u Dy u’)(r;Dx u’)(rsDx u’)] Z Qmymgry X
r1=0
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min(ms,ma) min{mama)

m
X Z Omgmyry Z Q' +mo—2r1,m3+ma—2ra,rs 5m1 +oma—2(r +r2+r3)+

ro=0 r3=0
N min(mjms)
1 (m1) (m2) (ms) (m4) (ms)
+Z Z (Dp u Dy u )(ryD; u’)(Dg u Dy u’) Z Qmymory X
(m1...m5)=0 r1=0
min(ms,ma4) mi1+mo—2r]
X Z Amamyrs Z Qi +mo—2r1,m3+ma—2ra,rg X
ro=0 r3=0
min(mszma)

m
X Z am1+...+m472(7"1+r2+r3),m5,T46m1+...+m5—2(r1+..-+r4)}‘
ra=0

¢) boundary conditions on the contours I' have the same form.

These equations are more simplified for the plates:
a) equilibrium equations take the form

m—3 (m)
3208 )4 F =0

(m=0,1,...N);

0o o — 21 (VY

b) equations of the state have the same form as the shallow shells, only the
formulae for M%P4 and M¥P3* take the form
MUPL — \§¥§PY 4 M((gip(gjq + 5iq5ip)’

MUPIsk — B, 51 §PA§k 1 By (5% 6P955% — 5% 6PF§99) + B3 6P 6715%% 1 E46% 5P167%

4. Now, we obtain the non-shallow spherical shells in the linear case.
Consider the isometric system of coordinates on the spherical surface

ds®> = A(dx? + da3),
where
4R?
(1+ % +x3)?
Introducing the complex differential operators of the form

20, = 01 — iag, 205 = O +i82, (Z =21 + 129, Oy = 8%),

A=

the equilibrium equations (13) and Hooke’s law for a spherical shell take
(m)
the following form ( FF =0) :

1 (m)  (m) . (m) (m) , 1 (m)
KZ?Z ( g11 — 022+21 0'12) —i—@; g Q+E(+)o— —

103



AMI Vol.8, 1998No.1,1999 T.Meunargia

2 1 m— m—3

_mh+ ((01_)‘_+(0_)~_+...):0’ (17)
1 (m) m), 1m, 2m+1 /(m=1) (m—3)
3O+ 00 ) -0 o — (fr i+ 0 §+---)=0,

where
(m)

o = oy 2 5l = aura. U

m (m) 2 (m) (m) , 1 (m),
(0)3220\—1-#)(9 +E U3>+2A<U 3+EU 3),

m m 1 m m, 1m,

+) R
(m) (m) 1 m) h m (m-1) 1 (m-1) m-+1
U*‘”{Qaz B-r Ut 3R [2m—1 (282’ Us—% U*) Tomi3”
(m+1) 1 (m+1) (m) 2 (m) , 1 (m)
><285U—§ U + +U++EU++ﬁU+7
(m) 5 (m) 2 (m) h m (m-1) 92 (m-1) m+1
U3_>\{9+RU3+R 2m — 1 V) s
(m—-1) 2 (m+1) ) ’ 2 (m) " 1 (m) m
X( +§ 3) }+()\+2M)<U 3+R 3 R2 3)7
(m:0,1,2,...).
(18)

Here the following notation is used:

(T(;LJ)F = (ggl +1 (322 = (?;1)3 +1 (?;2)37
(m) (m (m), (m) (m) (m)

)
UT=U"'4iU? U= U+ily,
(m) 1 (m) (m) (m)  (m) (m) m) . (m) . m) .
y -1 (az » e, ) B @ ma
Thus an infinite system of two-dimensional equations is obtained for

non-shallow spherical shells. There are many different ways of passing

from an infinite system (17),(18) to finite systems.
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Following I. Vekua, we assume

\/E N V4L /() (m) N p (s "
(o) = X (89 ) 2 () (19)
where N is a fixed non-negative integer. The system (17) and (18),where
m=20,1,...,2N + 1 will be called an approximation of order 2N + 1.

In papers [7] and [8] the general representations were found for finite
systems of equations of shallow spherical shells. From [8] it was possible to
find general representations for non-shallow spherical shells.

The system (17) and (18) will be written out for even and odd values
of the index m:

1 2k 2k 2k 2k
Xaz <(0'1)1 — (0'2)2 + 27 (01)2) + 82 (O') g—i—
1 (20)
1 (26 4k 41 = @2nt+1)
+E (Jr)a - h Z() o 4+ = 0,
1 (2K) @R 1@k, 4k+15enr)
1 2k+1 2k+1 2k+1
—3z<( o 1)1—( o 2)2+2Z'( o 1)2>
A
(k+1) , 1 (2k+1) 4k +3 (2n) 21
H0:0 Gt g e m g 2 o= @)
1 (2k+1) @)\ 1 @e+1) 4k +1 E@n)
_<az(+)0'+ Z(+)0>_E o 4 3 ZO’%:O,
n=0
(k=0,1,..N, A=4R?/(1+ 22)?),
where
26)  (2k 2k (2k)+  (2k)a (2k) 2 (2k)
G1L — G +2i 1) = 4phd; U, Ta” =200+ ) ( o+ Us>+
O 4+ 1 (2k) N /1 @n+1) 1 (2n)
fon |-, +(4k+1)z<ﬁ Us +4 U3>],
n==k

2% 2k) k41 (2R
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4k +1) nsz (% N +% (IQJZ)) } , (22)
@ _ {282 %{g) ~ % (5? N % Luﬁ : (262 (2@1) - % (2511)) .
S ()
SR e (S TG )

(2k)s (2k) 2 2k p 2k (2k—1) 9 (2k—1)
U3_A{9+EU3+E[M< 0+ U )T

2k +1 (2k+1) 2(2k+1)
m( BT

2k +1CK)  2h [k(2k —1) @1 (k+1)(2k + 1) (2k+1)
+(A2pu) {—2 Ia Us +ﬁ [—4k 1 Us — 113 U +

+

N 2 2
h? + R2 (2n+1) 9 (2n)
+(4k+1)) (— Ug +=Us | ¢.
— hR? R

2k+1 2k+1 2k+1 (2k+1)
(UE)—(U;)—F%(UE): 4uho; U +,

k1) (2k4+1) 2 (2k+1)
R0 :2(>\+u)< 0+ Us )+

ok + 1 (2k+1) N 1 (2n) 1 (2n+1)
+2A = Us +(4k+3) > (- Us+= Us ,

n=k+1 h R
k11 (2k+1) 9 (2k+1) N 1 (@2n) 1 (2n+1)
(4&)0’ )Z/L 20: Us +— Uy +(4k+3) > |- Us+= Uy ,
R n=k+1 h R

O+ z 3 + R ++§

2k + 2 (2 (2k+2) 1 (2k+2)>

(2k+1) (2k+1) 4k 4+1 kD) h (2641 (2k) 1 (2k)

- -

4k £ 5 5~ Ur

2h | k(2k +1) %’f)_(k +1)(2k +3) (2[1}+2) .
R2| 4k+1 ° 4k +5 +
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N 2 2
h? + R?2 (@2n) 9 (2n+1)
+(4k + 3) Z (7 +t+= + ,
1 hR? R
(2413 Chen 220 R [(2k41) (B 9 (2K)
=\ - R S =
o 3 { 0 R R 1 0 —i—R Us | +

(2K+1)

(2k+2) 2k+2
+—i§i§< 0 +2 ) + (X +2u) {2—2’3;1 Us +

(23)
2h [k(2k +1) (2k) (k4 1)(2k + 3) (2k+2)
— Us — Us |+
R% | 4k+1 4k +5
Ak + 3 (R A
+ (4k + 3) Xk: “LR2 B +E 3 .
n=k+1
The solution of the system (20)-(23) will be sought in the form
(2k) 5
U+ =R ag(TU]g+1 + iQk+l)7
(2k+1) ) .
Up = R°O:(wniotk + iQN42+k), (24)

(2k) (2k-+1)
Us = hwonisig, Us = hwsniatk,

(k=0,1,..,N)
Now, recalling the formula
10,010 1 0, 9
8o: ozn0:) T amastY T

where V2 is the Laplacian operator on the surface of a unit sphere, from
(20) and (21) we have

2% + 1 A+ 3 Adp 1
2uk——— 2 — 2k -
VWit + 24 T2 Wr41 + ()\JFQM >\+2M) 52N 3 kT
o X 1 TR
+(4k +1) {)\ o nz:;f(MSN—&—AH—n + 5w2N+3+n) + T2 nz::o(éwjv+2+n+
9, k=1 1 k-1
Fwpi1) — \ +M2 Z WIN+44n + 5'LU2N+3+n) Aﬁ—Q# > 2@2n+1)x
n=0

(25)
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N
XOWN1o4n + (An+3) Y ((1 + 6% w1 + 26wN+2+m)] } =0,

m=n+1

3A+5u
A+ 2u

i
Viwn ok +2(k +1)(2k + 1) Nt N +2 <

A1 > 1 22 X
2k— ) = 4k "
+ Nt 20 5w3N+4+k + ( + 3) {)\ 9 n:ZkJrl(wQNJrSJr +

N
> (6wng1 + WNt24n)— (26)

n=0

w
A2

1
+gw3N+4+n) +

k-1 1 k

I
2(2 D éwya1—
)\+2an::0[(n+ ) 0w, 11

206+ D)2k —1) XN+ 2
V3 won 31k + ( )6( ) p Mw2N+3+k - <

2u
BN % nz::O(U)QN—&-B—&-n + 5w3N+4+n) -

N
(4n+1) Y ( (1 + 8wy i2im +26wm+1)
m=n

A2
Ey

N

o
> 6VQWk+1 + (4]€ + ].) {Z 5(6v21,UN+2+n+
n=~k

At p
o’

+hk——

\ k=l
+V2wy11) — ﬂ Z 56V W yo4n + Vini1)— (27)
n=0

2X A+ 2p
—— E (bwsN 1 41n + +WaN131n) — F > [2(2n + 1)SwsN a1t
H n=0 H n=0

N
+ (4TL + 3) Z ((1 + 62)w2N+3+m + 26w3N+4+m>] } = O;
m=n+1
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A+

A
V3 wsn sk + 2k(2k + 3) s )

2
Mw3N+4+k + (kT -1

N

1)
X6V wn ok + (4K + 3) { > 5(5V2wn+1 + VN i24n)—
n=k+1

2\ A
- Z SWoN 4340 + W3N4+44n) — o Z §(8Vwpi1+ (28)
H n=0 2’“ n=0

A+ 2
+V2WN24n) — E Z 2(2n + 1)dwan434n+

N
(4n+1) Z ( (1+ 5 JW3N +41n + 26w2N+3+n)] } =0,
m=n

N
VQQk_H + 2k(2k + 1)Qp11 + (4k+ 1) { > (0N 124m + Q1) —

n=0
k—1
=Y 2@2n + 1)6Qn424n + (4n + 3)x (29)
n=0
N
X Z ((1 + 62)Qm+1 + 26QN+2+m) - 0,
m=n-+1
N
VQQN+2+k + Q(k + 1)(2]€ + 1)QN+2+k + (4k + 3) {Z(6Qn+1+
n=0
k
+QN+2+n) - 20 [_2(2n + 1)5Qn+1+

(30)

N
+(4n+1) ) (1+5 QN+2+m+269m+1)” 0,

-3

The system of equations (25)-(30) may be written as

AN+4
> (DipVPwg — Ligwy) =0, (i =1,2,...,4N +4),
k=1
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2N+2
V20— 3 By =0, (i =1,2,..,2N +2).
k=1

The equations may be written in a matrix form
DV*w — Lw = 0, (31)

V20— BQ =0, (32)

where w, € are column vectors, respectively, with the components w1, ..., wain 14
and 1, ..., Qany2; D, L, B are matrices with elements D;g, L, Bijx when D
is a triangular matrix.

The matrix equation (31) may be reduced to the form

V2w —Aw=0, A=D71L.

Let the numbers ay, ..., aqn+4 and B, ..., Bant2 be simple eigenvalues
of matrices A and B respectively, and let

X XN gnd YDy N2

be their eigenvectors.
The general solutions of matrix equations (31) and (32) have the form
AN+4 2N+2
w= Y XMo, o= > vm™y,, (33)
m=1 m=1

where ®,,, ¥,, are arbitrary solutions of the following scalar equations
V20, — ap®, =0, (m=1,....4N +4),

V20, — B, =0, (m=1,...,2N +2).

By substituting (33) into (24) we obtain general representations for the
components of the displacement vector

(2k) AN+4
Uy = R%0: (Z X P, i Z Ykmhp ) (34)
(2k+1) AN+4 (m) (m)
Uy = (Z XN ® m+zZYN+2+k ) (35)
(2k) AN+4 m)
Us =h Z X2N+3+kq)
m=1
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(2k+1) AN+4 (m)
Us =h Y Xgsir@m.
m=1

If the substitute formula (34) into relations (22) and (23), we shall ob-
tain general representations for the components of the stress vector.
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