
RQ D PHWKRG IRU FRPSXWLQJ WKH HLJHQYDOXHV RI
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Ylwr P1 DUHQD 0 Euxqd JHUPDQR 0 Sdror H1 ULFFL

Xqlyhuvlw| %Od Vdslhq}d%
L0334;8 Urph/ dogr Prur/5

+Uhflhyhg= Ghfhpehu 5/ 4<<:,

�Mt|h@U|

:H GHULYH D JHQHUDO PHWKRG IRU FRPSXWLQJ HLJHQYDOXHV RI VHFRQG NLQG )UHGKROP

RSHUDWRUV� ZKLFK LV DQ DQDORJ RI WKH LQYHUVH LWHUDWLRQ PHWKRG IRU oQLWH GLPHQVLRQDO

RSHUDWRUV�

Nh| zrugv dqg skudvhv=)UHGKROP LQWHJUDO HTXDWLRQV� HLJHQYDOXHV� LQYHUVH LWHUDWLRQ
PHWKRG� 5D\OHLJK�5LW] PHWKRG�

DPV vxemhfw fodvvl�fdwlrq= ��&��� ��%��� ��5���

� W?|hL_�U|�L?

Ohw n +{> |, 5 O2 +T, > T =@ L� L+h1j1L @ ^3> 4`,/ i+{, 5 O2 +L,/ dqg frqvlghu
wkh vhfrqg nlqg krprjhqhrxv Iuhgkrop lqwhjudo htxdwlrq

* +{,� �

]
U

n +{> |,* +|, g| @ 3> +414,

zkhuh � 5 F lv d frpsoh{ sdudphwhu1
E| lqwurgxflqj wkh rshudwru N = O2 +L, $ O2 +L,/ gh�qhg e|

+N*, +{, =@

]
U

n +{> |,* +|, g|

dqg wkh lghqwlw| rshudwru L/ ht1 +414, ehfrphv

+L��N,* @ 3= +4=4,�

E| Iuhgkrop wkhruhpv/ lw lv zhoo nqrzq wkdw ht1 +414, dgplwv dw prvw
d ghqxphudeoh vhw ri qrq ydqlvklqj fkdudfwhulvwlf ydoxhv zklfk grhv qrw
dffxpxodwh wr �qlwh srlqwv1

Zulwlqj +414,* lq wkh irup

+N � �L,* @ 3>
�
� @ �3�

�
> +415,
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l1h1

N* @ �*> +416,

wkh hljhqydoxhv ri wkh rshudwru N fdq eh rughuhg zlwk uhvshfw wr wkhlu
prgxoxv lq d ghfuhdvlqj vhtxhqfh=

3 ? === � m��m � m�2m � m��m =

Lq wkh sduwlfxodu fdvh ri v|pphwulf ru khuplwldq srvlwlyh rshudwruv
n +{> |, @ n +|> {, ru n +{> |, @ n +|> {,> +N*> *, A 3/ li * 9@ 3 5 O2 +L,/
lq wkh odvw irupxod wkh prgxoxv vljqv fdq eh dyrlghg/ vlqfh wkh hljhqydoxhv
duh uhdo dqg srvlwlyh=

3 ? === � �� � �2 � ��= +417,

Zh zloo olplw rxuvhoyhv wr wklv odvw fdvh/ vlqfh wklv lv wkh prvw lpsruwdqw
fdvh lq sk|vlfdo dssolfdwlrqv1

Lq wklv fdvh lw lv zhoo nqrzq wkdw e| xvlqj wkh Ud|ohljk0Ulw} phwkrg +fiu1
h1j1 J1 ILFKHUD ^7`, / iru hyhu| zh fdq �qg orzhu erxqgv dssur{lpdwlrqv
ri wkh hljhqydoxhv +417,1 E| xvlqj wkh ruwkrjrqdo lqyduldqwv phwkrg/ gxh wr
J1 ILFKHUD ^6`0^7`/ fruuhvsrqglqj xsshu erxqgv iru wkh vdph hljhqydoxhv
fdq dozd|v eh frpsxwhg wkhruhwlfdoo|1 Wkhvh wzr phwkrgv fdq eh xvhg lq
d pruh jhqhudo iudphzrun/ qdpho| wkh| fdq eh dssolhg wr hyhu| srvlwlyh
gh�qlwh frpsdfw rshudwru1

Dq|zd|/ wkh ruwkrjrqdo lqyduldqwv phwkrg lv vrphwlphv frpsxwdwlrq0
doo| yhu| h{shqvlyh/ vr wkdw zh duh lqwhuhvwhg wr suhvhqw khuh d pruh vlp0
soh/ lwhudwlyh phwkrg/ lq rughu wr dssur{lpdwh wkh hljhqydoxhv zkhq wkh
Ud|ohljk0Ulw} dssur{lpdwlrq fdq eh frpsxwhg1

Lq rxu rslqlrq wklv phwkrg frxog eh dssolhg wr pruh jhqhudo vlwxdwlrqv/
exw iru wkh vdnh ri vlpsolflw|/ zh zloo olplw rxuvhoyhv wr wkh deryh phqwlrqhg
fdvh ri d vhfrqg nlqg Iuhgkrop rshudwru1

Lq vhfwlrq 5 zh zloo jlyh/ iru frpsohwhqhvv/ d vlpsoh vnhwfk ri wkh uhvxowv
ri Ud|ohljk0Ulw} dqg Ilfkhud wkhru|1 Lq vhfwlrq 6 zh zloo suhvhqw dq lqyhuvh
lwhudwlrq phwkrg1

Vrph qxphulfdo h{shulphqwv dqg judskv zloo eh vkrzq lq wkh Dssolfd0
wlrqv dw wkh hqg ri wkh sdshu1

2 A�i +@)*i�}��+�|3 @?_ Lh|�L}L?@* �?�@h�@?|t 4i|�L_t

Ohw iy&j&M1 eh d frpsohwh v|vwhp ri olqhduo| lqghshqghqw yhfwruv lq d
Kloehuw vsdfh K/ sxw YD @ vsdqiy�> y2> ===> yDj/ ghqrwh e| SD wkh ruwkrjrqdo
surmhfwru/ SD = K $ YD / dqg frqvlghu d srvlwlyh gh�qlwh khuplwldq rshudwru
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W = K $ K dqg wkh fruuhvsrqglqj hljhqydoxh sureohp

W* @ �*= +514,

Sursrvlwlrq 4 +Ud|ohljk0Ulw},1 0 Frqvlghu wkh srvlwlyh hljhqydoxhv

�
ED�
� � �

ED�
2 � === � �ED�D > +515,

ri wkh rshudwru SDWSD1 Wkhq
l, wkh srvlwlyh hljhqydoxhv +515, ri SDWSD duh rewdlqhg e| vroylqj wkh

htxdwlrq=

ghw i+Wy� > y�,� � +y�> y�,j @ 3> +m> k @ 4> ===�,

+� @ 3 lv dozd|v dq hljhqydoxh ri SDWSD,1
ll, Iru dq| �{hg n dqg iru dq| � � n wkh iroorzlqj lqhtxdolw| krogv wuxh

�
ED�
&

� �
EDn��
&

� �&=

lll, Ixuwkhupruh/ wkh olplw frqglwlrq lv ydolg

olp
D<"

�
ED�
& @ �&=

l1h1 wkh Ud|ohljk0Ulw} phwkrg dozd|v jlyhv orzhu erxqgv iru wkh �uvw �
hljhqydoxhv ri wkh rshudwru W 1

Wkh phwkrg ri wkh ruwkrjrqdo lqyduldqwv kdyh ehhq lqwurgxfhg e| J1
ILFKHUD ^6`0^7`/ lq rughu wr surylgh xsshu erxqgv iru wkh vdph hljhqydo0
xhv1

D frpsohwh ruwkrjrqdo lqyduldqwv v|vwhp lv d frpsohwh v|vwhp ri qxp0
ehuv zklfk lv lqyduldqw xqghu wkh xqlwdu| htxlydohqfh iru rshudwruv1 Vxfk d
v|vwhp pxvw ghshqg rqo| rq wkh hljhqydoxhv ri wkh rshudwru1 Wkhruhwlfdoo|
zh frxog frqvlghu wkh v|vwhp

L?
r +W , @

[
&�	&2	���	&r

^�&��&2 ===�&r `
? >

iru dq| �{hg v +rughu ri wkh lqyduldqw, dqg q @ 4> 5> 6> === +ghjuhh ri wkh
lqyduldqw,/ surylghg wkdw doo wkhvh qxpehuv fdq eh frpsxwhg lqghshqghqwo|
e| wkh nqrzohgjh ri wkh hljhqydoxhv ri W 1

Ohw
y
ED�
� > y

ED�
2 > ===> yED�D >

eh qrupdol}hg hljhqyhfwruv ri SDWSD fruuhvsrqglqj wr wkh hljhqydoxhv +515,
dqg ghqrwh e|

YE&�
D =@ vsdq

q
y
ED�
� > ===> y

ED�
&3�> y

ED�
&n�> ===> y

ED�
D

r
dqg e| S

E&�
D wkh ruwkrjrqdo surmhfwru S

E&�
D = K $ YE&�

D =
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Sursrvlwlrq 5 +Ilfkhud, 0 Li L?r +W , ? 4/ iru dq| �{hg q> v 5 Q dqg
;n = n � �/ sxw

�
ED�
& =@

57L?r +W ,� L?r +SDWSD,

L?r3�
�
S
E&�
D WS

E&�
D

� .
k
�
ED�
&

l?68
�

?

=

Wkhq=
�
ED�
& � �

EDn��
& � �&

dqg wkh olplw frqglwlrq
olp
D<"

�
ED�
& @ �&

krogv wuxh1

Lq wkh sduwlfxodu fdvh zh kdyh frqvlghuhg lq vhfwlrq 4/ qdpho|/ wkh fdvh
ri d Kloehuw vsdfh K @ O2+L,/

;q> v 5 Q> L?r +W , ? 4 lii W?* @

]
U

n +{> |,* +|, g|>

zkhuh n +{> |, @
U
U
k +{> }, k +}> |, g}> k +{> |, @ k +|> {, 5 O2 ^T` =

Wkhq wkh ruwkrjrqdo lqyduldqwv fdq eh h{suhvvhg +vhh ^6`, e| wkh pxowlsoh
lqwhjudo

L?r +W , @
4

v$

]
U

===

]
U

i +{�> ===> {r, g{�===g{r>

zkhuh i+{�> ===> {r, ghqrwhv wkh Iuhgkrop ghwhuplqdqw

i +{�> {2> ===> {r, =@

��������
n +{�> {�, n +{�> {2, n +{�> {r,
n +{2> {�, n +{2> {2, n +{2> {r,

=== === === ===
n +{r> {�, n +{r> {2, n +{r> {r,

�������� =
Lq sduwlfxodu/ iru v @ 4=

L?� +W , @

]
U

n +{> {, g{ @

] ]
'

mk +{> |,m2 g{g|>

dqg/ iru v @ 5=

L?2 +W , @
4

5

] ]
'

k
n +{> {, n +|> |,� mn +{> |,m2

l
g{g|=

Uhpdun Wkh deryh phqwlrqhg phwkrgv surylgh wkhruhwlfdoo| suhflvh
wrrov iru dssur{lpdwlqj wkh hljhqydoxhv ri d srvlwlyh gh�qlwh frpsdfw rshu0
dwru lq d Kloehuw vsdfh O2+L,/ vlqfh wkh| shuplw wr frqwuro wkh huuru ri wkh
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rewdlqhg dssur{lpdwlrq ri wkh hljhqydoxh �& e| hydoxdwlqj wkh gl�huhqfh

�
ED�
& � �

ED�
& 1

Krzhyhu/ wkh xvh ri wkh ruwkrjrqdo lqyduldqwv phwkrg ohdgv vrphwlphv
wr yhu| fxpehuvrph frpsxwdwlrqv1 Lq wklv fdvh/ zh vxjjhvw wkh xvh ri wkh
lwhudwlyh phwkrg ghvfulehg lq vhfwlrq 61

� A�i �?�ihti �|ih@|�L? 4i|�L_

Wklv phwkrg zloo eh fdoohg wkh %lqyhuvh lwhudwlrq phwkrg% vlqfh lw uhgxfhv wr
wklv fodvvlfdo phwkrg +Zlhodqgw*v phwkrg, lq wkh fdvh ri d �qlwh glphqvlrqdo
rshudwru +vhh h1j1 ^9`0^:`,1

Vxssrvh zh nqrz dq lqlwldo dssur{lpdwlrq h� ri wkh vrxjkw iru hljhqydoxh
�� / vxfk wkdw

mh�� �� m ? 4

5
plq
>& �'>�

&'�c2c���D

m�& � ��m

iru d vxlwdeoh fkrlfh ri wkh lqwhjhu �1 Lq sudfwlfh lq wklv frqglwlrq wkh
hljhqydoxhv zloo eh uhsodfhg e| wkhlu Ud|ohljk0Ulw} dssur{lpdwlrqv/ iru vxi0
�flhqwo| odujh �= ���h�� �

ED�
�

��� ? 4

5
plq
>& �'>�

&'�c2c���D

����ED�& � �
ED�
�

��� = +614,

Iurp +416, zh jhw=

+N�h�L,* @ +�� h�,*= +615,

Frqvhtxhqwo|/ li �� lv dq hljhqydoxh ri N zlwk hljhqixqfwlrq *� / wkhq
+�� � h�, lv dq hljhqydoxh ri N�h�L zlwk hljhqixqfwlrq *� 1 E| zulwlqj +615,
lq wkh irup

+N�h�L,3� * @ +�� h�,3� *= +616,

lw iroorzv wkdw +�� � h�,3� lv dq hljhqydoxh ri +N�h�L,3� zlwk wkh vdph
hljhqixqfwlrq *� 1

E| xvlqj frqglwlrq +614,/ iru � vx�flhqwo| odujh/ wkh hljhqydoxh +�� � h�,3�
ehfrphv wkh +xqltxh, hljhqydoxh ri pd{lpxp prgxoxv iru wkh rshudwru
+N�h�L,3�1 Wklv ohdgv wr wkh srvvlelolw| wr dsso| wkh Nhoorj phwkrg +vhh
^8`, lq rughu wr dssur{lpdwh +�� � h�,3�/ dqg d fruuhv0 srqglqj hljhqixqf0
wlrq1 Wklv fdq eh grqh lq wkh xvxdo zd|/ vwduwlqj iurp dq duelwudu| ixqfwlrq
$f +zklfk wkhruhwlfdoo| vkrxog qrw eh ruwkrjrqdo wr wkh hljhqvsdfh dvvrfl0
dwhg zlwk +�� � h�,3� ,/ dqg gh�qlqj wkh vhtxhqfh

$?n� =@ +N�h�L,3� $?> +q @ 3> 4> 5> ===, =
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Wkhq +vhh ^8`,=

olp
?<"

n$?n�n2
n$?n2

@ +�� � h�,3� >
olp
?<"

$2?
n$?n2

@ 	*� =

Pruh suhflvho|/ wkh udwh ri frqyhujhqfh ri wkh phwkrg lv jlyhq e| wkh
irupxod= n$?n2

n$fn2
@ R ��

�� +�� � h�,�?� > +617,

zkhuh �� 9@ +�� � h�,3� ghqrwhv d vxlwdeoh hljhqydoxh ri +N�h�L,3� +vhh ^:`,1
Diwhu frpsxwlqj zlwk doo srvvleoh dffxudf| wkh hljhqydoxh

�� =@ +�� � h�,3� >
rqh �qgv

�� @
4

��
. h�>

vr wkdw/ e| uhfdoolqj � @ �3�
�h� @= h�3�� > zh rewdlq iru wkh fkdudfwhulvwlf

ydoxhv ri wkh nhuqho wkh h{suhvvlrqv

�� @
h���h�. ��

=

Lw lv lpsruwdqw wr qrwh wkdw +dv lq wkh �qlwh glphqvlrqdo fdvh, zh fdq
dyrlg wkh ghwhuplqdwlrq ri wkh lqyhuvh rshudwru +N�h�L,3� / vlqfh wkh htxd0
wlrq

$?n� @ +N�h�L,3� $?

lv htxlydohqw wr
+N�h�L,3� $?n� @ $?=

Krzhyhu/ wklv ohdgv wr wkh qhfhvvlw| wr vroyh qxphulfdoo|/ dw hdfk vwhs/
d Iuhgkrop lqwhjudo htxdwlrq ri wkh �uvw nlqg1

Wklv fdq eh grqh e| xvlqj gl�huhqw phwkrgv +vhh ^4`0^5`,/ qdpho| zh
frxog xvh/ h1j1/ wkh phwkrg ri lwhudwlrqv/ wkh Idvw Jdohunlq phwkrg/ ru wkh
Q|vwu�rp phwkrg1

Wkh qxphulfdo h{shulphqwv shuiruphg e| xvlqj d Wxuer F.. surjudp
zulwwhq e| wkh �uvw Dxwkru ri wklv duwlfoh vkrz wkdw wkh Q|vwu�rp phwkrg
lv pruh h�flhqw erwk zlwk uhvshfw wr wlph dqg qxpehu ri lwhudwlrqv1 Lq
dsso|lqj wkh Q|vwu�rp phwkrg zh kdyh xvhg xvxdoo| 53 ru dw prvw 73 qrghv1

Wkh qxphulfdo uhvxowv dssolhg iru frpsxwlqj wkh hljhqydoxhv ri vrph
zhoo nqrzq nhuqhov kdyh ehhq lpsohphqwhg e| xvlqj wkh frpsxwhu dojheud

4:
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v|vwhp PDWKHPDWLFD lq rughu wr ylvxdol}h wkh orjdulwkplfdoo| vfdohg
ehkdylru ri wkh uhodwlyh huuru +vhh Dssolfdwlrqv,1

Doo wkh judskv vkrzlqj wkh orjdulwkplfdoo| vfdohg uhodwlyh huuru yhuvxv
wkh qxpehu ri lwhudwlrqv h{klelw d pruh ru ohvv surqrxqfhg olqhdu ehkdylru/
frq�uplqj wkh wkhruhwlfdo udwh ri frqyhujhqfh ri wkh phwkrg h{suhvvhg e|
irupxod +617,1

�TT*�U@|�L?t

Wkh iroorzlqj h{dpsohv vkrz wkh rewdlqhg uhvxowv xvlqj wkh phwkrg frqvlg0
huhg deryh1 Zh frqvlghu n+{> |, wr eh wkh Nhuqho ri wkh lqwhjudo htxdwlrq
dqg oq duh wkh h{dfw +nqrzq, vroxwlrqv ri wkh hljhqydoxh sureohp uhihuuhg
wr n+{> |,1

H{dpsoh 4

n +{> |, @

�
vlq+{, frv+|, { � |
vlq+|, frv+{, | ? {

d @ 3> e @ �@5> �? @ 7q2�4=

Ilj1 4 = Nhuqho

4;
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Ilj1 5 = Orj vfdoh huuru wr dssur{lpdwh wkh �uvw 43 hljhqydoxhv
+zlwk 5 lwhudwlrqv,1

Ilj1 6 = Vroxwlrq ehkdylru dqg orj vfdoh huuru wr dssur{lpdwh �� @ 6=

4<
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H{dpsoh 5

n +{> |, @

+
�
2 oq

�n%
�3+ { � |

�
2 oq

�n+
�3% | ? {

d @ �4> e @ 4> �? @ q+q. 4,=

Ilj1 4 = Nhuqho

Ilj1 5 = Orj vfdoh huuru wr dssur{lpdwh wkh �uvw 43 hljhqydoxhv
+zlwk 5 lwhudwlrqv,1
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Ilj1 6 = Vroxwlrq ehkdylru dqg orj vfdoh huuru wr dssur{lpdwh �� @ 451

H{dpsoh 6

n +{> |, @ {. | d @ 3> e @ 4> ��c2 @
4

5
	 4s

6

h{dfw odujhvw huuru huuru huuru huuru
prgxoh diwhu 3 diwhu 4 diwhu 5 diwhu 8

hljhqydoxh lwhudwlrqv lwhudwlrqv lwhudwlrqv lwhudwlrqv

4=3::68359< 3=<� 433D 3=:� 433H 3=<� 433b 3=7� 433�e

�3=3::68359< 3=5� 433e 3=6� 433S 3=<� 433H 3=8� 433�e

H{dpsoh 7

n +{> |, @ h%+ d @ 3> e @ �=

Hvwlpdwh iru wkh odujhvw prgxoh hljhqydoxh 4> 685: ? o ? 4> 6867 +Wkh h{dfw
ydoxh lv xqnqrzq,1
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Ilj1 4 = Vroxwlrq ehkdylru zlwk 5 lwhudwlrqv wr dssur{lpdwh �
+zlwk 53 dqg 73 qrghv lq wkh Q|vwu�rp phwkrg,1

Wkh rewdlqhg uhvxow lv � @ 4> 686487:;1
H{dpsoh 8

n +{> |, @

+
�
2D

�
%
+

�D
{ � |

�
2D

�
+
%

�D
| ? {

d @ 3> e @ 4> �? @ �2
?>

zkhuh wkh �? duh wkh }hurv ri wkh Ehvvho ixqfwlrq M?+{,

Ilj1 4 = Nhuqho
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Ilj1 5 = Orj vfdoh huuru wr dssur{lpdwh wkh �uvw 53 hljhqydoxhv
+zlwk 5 lwhudwlrqv,1

Uhihuhqfhv

41 Ednhu F1 W1 K1 Wkh Qxphulfdo Wuhdwphqw ri Lqwhjudo Htxdwlrqv/ Foduhqgrq

Suhvv/ R{irug/ 4<::1

51 Ghoyhv O1 P1/ Prkdphg M1 O1 Frpsxwdwlrqdo Phwkrgv iru Lqwhjudo Htxd0

wlrqv/ Fdpeulgjh Xqly1 Suhvv/ Fdpeulgjh/ 4<;81

61 Ilfkhud J1 Devwudfw dqg Qxphulfdo Dvshfwv ri Hljhqydoxh Wkhru|/ Ohfwxuh

Qrwhv/ Wkh Xqlyhuvlw| ri Doehuwd/ Ghsw1 ri Pdwk1/ Hgprqwrq/ 4<:61

71 Ilfkhud J1 Phwrgl h Ulvxowdwl Frqfhuqhqwl o*dqdolvl Qxphulfd h Txdqwlwdwlyd/
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81 Plnkolq V1J1 Lqwhjudo Htxdwlrqv dqg wkhlu Dssolfdwlrqv/ 5qg Hg1/ Shujdprq

Suhvv/ R{irug/ 4<971
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4<:81
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