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H[SRQHQWLDO UDWH RI FRQYHUJHQFH

Y1O1 Pdndury/ R1O1 Xnkdqhy
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Lq wklv zrun wkhuh lv frqvlghuhg Vwxup0Olrxyloo sureohp

x33+{, . ^�� t+{,`x+{, @ 3> { 5 +3> 4,>

x+3, @ x+4, @ 3

zlwk slhfhzlvh vprrwk frh�flhqw t+{,1
Wkh ixqfwlrqdo0glvfuhwh phwkrg +IG0phwkrg, lv xvhg iru uhvroxwlrq wklv sure0

ohp wkdw zdv sursrvhg e| rqh ri dxwruv1

Wkh dlp ri wklv zrun lv wr rewdlq frqglwlrqv zkhq IG0phwkrg kdv h{srqhqwldo

udwh ri frqyhujhqfh/ wr rewdlq h{solflw hvwlpdwhv ri lwv suhflvlrq/ iurp zklfk wkhuh

iroorz wzr0vlghg hvwlpdwhv iru h{dfw hljhq0ydoxhv dqg hvwlpdwhv ri uhpdlqghu whupv

ri fodvvlfdo dvxpswrwlf irupxodv1

� W?|hL_�U|�L?�

Lq wkh zrunv ^4/ 5/ 6` lw zdv vkrzq/ wkdw wkh xqlirup dffxudf| ri doo hljhq0
ydoxhv fdq eh rewdlqhg e| frpelqlqj vwdqgdug qxphulfdo phwkrg iru hljhq0
ydoxhv zlwk orz ruglqdo qxpehuv zlwk dv|pswrwlf irupxod iru kljk ruglqdo
qxpehuv1 Krzhyhu/ li phwkrg ri �qlwh gl�huhqfhv ru �qlwh hohphqwv lv xvhg
dv d qxphulfdo phwkrg/ wkhq d phwkrg lv rewdlqhg/ zklfk lv qrq0h�hfwlyh
iru uhdfklqj kljk dffxudf|/ h{foxglqj yhu| orz dqg yhu| kljk ruglqdo qxp0
ehuv1 Khuh/ zkhq zh phqwlrq doo hljhq0ydoxhv/ zh phdq wkh qxpehu ri
hljhq0ydoxhv zklfk ghshqgv rq wkh qxphulfdo phwkrg1 Iru h{dpsoh/ lq wkh
julg phwkrg wklv qxpehu lv sursruwlrqdo wr wkh lqyhuvh vwhs ri wkh julg k1
Pruh dffhswdeoh phwkrgv duh uhfhlyhg zkhq vwdqgdug qxphulfdo phwkrgv
duh frpelqhg zlwk dv|pswrwlf fruuhfwlrq1 Uhylhz ri uhvxowv ri wkh deryh0
phqwlrqhg dssurdfk lv frqwdlqhg lq ^7`1 Lw vkrxog eh qrwhg wkdw wkh ds0
surdfkhv phqwlrqhg deryh jlyh 4, dssur{lpdwlrq wr wkh �uvw �

� hljhq0ydoxhv
ri gl�huhqwldo sureohp rqo|> 5, dffxudf|/ zklfk lv uljlgo| frqqhfwhg zlwk
wkh qxphulfdo phwkrg ehlqj xvhg dqg zlwk wkh vprrwkqhvv ri frh�flhqwv1

Lq ^8` wr fdofxodwh hljhq0ydoxhv dqg hljhq0ixqfwlrqv ri ruglqdu| gl�huhq0
wldo htxdwlrqv zlwk vprrwk frh�flhqwv/ wkh phwkrg zlwkrxw vdwxudwlrq ri
dffxudf| zdv sursrvhg1 Wklv phwkrg lv edvhg rq wkh lqwhusrodwlrq sur0
fhgxuh dqg jlyhv dssur{lpdwlrqv wr wkh �uvw q hljhq0ydoxhv dqg hljhq0
ixqfwlrqv/ zkhuh +q � 4, lv d srzhu ri fruuhvsrqglqj sro|qrpldo1 Zkloh
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hljhq0ydoxhv dqg hljhq0ixqfwlrqv zlwk orzhu ruglqdo qxpehuv duh dssur{l0
pdwhg zlwk dffxudf|/ zklfk lv dxwrpdwlfdoo| dgmxvwhg zlwk Vprrwkqhvv ri
hljhq0ixqfwlrqv/ iru kljkhu ruglqdo qxpehuv/ zklfk duh forvh wr q/ frqyhu0
jhqfh grhv qrw wdnh sodfh1

Lq zrun ^94 wr vroyh Vwxup0Olrxylooh sureohp

x��+{, . ^�� t+{,`x+{, @ 3> { 5 +3> 4,>

x+3, @ x+4, @ 3
+4,

zlwk slhfhzlvh vprrwk frh�flhqw t+{,/ ixqfwlrqdo0glvfuhwh phwkrg +IG0
phwkrg, zdv sursrvhg1 Wklv phwkrg doorzv/ zlwk glvfuhwl}dwlrq sdudp0
hwhu Q �{hg/ wr rewdlq dssur{lpdwlrqv wr doo hljhq0ixqfwlrqv dqg hljhq0
ydoxhv zlwk suhflvlrq zklfk ghshqgv rq dq| srzhu +Qq,3� +vhh Wkhruhp
4,1 Khuh Q . 4 lv htxdo wr wkh qxpehu ri vwhsv ri slhfhzlvh frqvwdqw ixqf0
wlrq t+{,/zklfk vxevwlwxwhv ixqfwlrq t+{, zkhq zh pdnh wudqvlwlrq iurp
+4, wr glvfuhwh0frqwlqxrxv dssuh{lpdwlrq sureohp/ q lv ruglqdo qxpehu ri
fruuhvsrqglqj hljhq0ydoxh1

IG0phwkrg frqvlvwv lq wkh iroorzlqj1 Wkh sureohp +4, lv hpehgghg lq
pruh jhqhudo sureohp

C2x+{> w,

Cw2
. ^�� z+{> w,`x+{> w, @ 3> { 5 +3> 4,>

x+3> w, @ x+4> w, @ 3>

+5,

zkhuh

z+{> w, @ t+{, . w^t+{,� t+{,`>

w lv sdudphwhu iurp ^3> 4` 0 Lw lv fohdu wkdw zkhq w @ 4 wkh vroxwlrq ri sureohp
+5, frlqflghv zlwk wkh vroxwlrq ri sureohp +4,/ l1h/

�?+z+�> 4,, @ �?+t+�,,>

q @ 4> 5> 6> ===

x?+{> z+�> 4,, � x?+{> t+�,,=

+6,

Qrwdwlrqv xvhg lq +6, dffhqwxdwh wkdw hljhq0ydoxhv +sxw lq wkh dvfhqglqj
rughu, dqg hljhq0ixqfwlrqv ri sureohpv +4, dqg +5, duh qrq0olqhdu ixqfwlrqdov
dqg qrq0olqhdu rshudwruv +fruuhvsrqglqjo|, ri frh�flhqw t+{, ri gl�huhqwldo
rshudwru1

Ohw xv h{sdqg �?+z+�> w,, dqg x?+{>z+�> w,,/ dv ixqfwlrqv ri w/ lqwr
Wd|oru vhulhv lq wkh qhljkerukrrg ri wkh srlqw w @ 3 zlwk uhpdlqghu whup
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lq lqwhjudo irup dqg ohw xv vhw w @ 41 Wkhq zh zloo kdyh

�?+t+�,, @
6
�?+t+�,, .U?

6n�+�, @
6[
�'f

4

m$

g��?+z+w> �,,
gw�

�����
|'f

.

.
4

p$

�]
f

+4� w,6
g6n��?+z+w> �,,

gw6n�gw
>

+7,

x?+{> t+�,, @ 6
x?+{> t+�,, .U?

6n�+x> {, @
6[
�'f

4

m$

C�x?+{>z+w> �,,
Cw�

�����
|'f

.

4

p$

�]
f

+4� w,6
C6n�x?+{>z+w> �,,

Cw6n�gw
=

+8,

Qrwh/ wkdw
6
�?+t+�,,/ 6

x?+{> t+�,, duh qrqh rwkhu wkdq vhjphqwv ri Yrowhuud
w|sh vhulhv iru d ixqfwlrqdo �?+t+�,, dqg rshudwru x?+{> t+�,, fruuhvsrqg0
lqjo| +vhh1 ^9`,1 Phpehuv ri wkh vhulhv +7,/ +8, duh rewdlqhg uhfxuvlyho|
dffruglqj wr wkh iroorzlqj surfhgxuh1 Ohw xv lqwurgxfh wkh qrwdwlrqv

xE��? +{, @
4

m$

C�x?+{>z+w> �,,
Cw�

�����
|'f

>

�E��? +{, @
4

m$

g��?+z+w> �,,
gw�

�����
|'f

=

+9,

Wkhq zh zloo kdyh;AAAAAAAAAAAA?AAAAAAAAAAAA=

g2x
E�n��
? +{,

g{2
.
k
�Ef�? � t+{,

l
xE�n��
? @ �

�[
r'f

�E�n�3r�
? xEr�? +{,.

. ^t+{,� t+{,`xE?m,+{, @ �I E�n��
? +{,> { 5 +3> 4,

xE�n��
? +3, @ xE�n��

? +4, @ 3>

m @ 4> 5> ===

+:,

�E�n��
? @ �

�]
f

xEf�? +{,

;?=
�[

Er'��

�E�n�3r�
? xEr�? +{,� ^t+{,� t+{,`xE��? +{,

<@> g{>

+;,
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m @ 3> 4> ===

Wkh lqlwldo frqglwlrq iru wkh uhfxuvlrq surfhvv +:,/ +;, lv gh�qhg dv d vroxwlrq
ri wkh sureohp

g2x
Ef�
? +{,

g{2
.

k
�Ef�? � t+{,

l
xEf�? @ 3> { 5 +3> 4,>

xEf�? +3, @ xEf�? +4, @ 3>

nxEf�? nf @
57 �]
f

xEf�? +{,,2g{

68�*2

@ 4>

+<,

zlwk slhfhzlvh frqvwdqw frh�flhqw t+{,1 Wkh sureohp +<, zh vkdoo fdoo wkh
edvlf sureohp iru IG0phwkrg1 Dssur{lpdwlrq ri wkh vroxwlrq ri sureohp
+4, zlwk wkh vroxwlrq ri sureohp +<, lv nqrzq lq wkh olwhudwxuh dv Suxhvv
phwkrg +vhh ^:`,1

Ohw T�^3> 4` eh d fodvv ri ixqfwlrqv zklfk kdyh �qlwh qxpehu ri glv0
frqwlqxlw| srlqwv 3 ? �� ? �2 ? === ? �, ? 4/ dqg zklfk rq vhjphqwv ri
frqwlqxlw| ^��3�> ��`> l @ 4> o . 4> �f @ 3> �,n� @ 4 kdyh frqwlqxrxv ghulyd0
wlyhv xs wr wkh u0wk rughu/ zkhuh u lv qrq0qhjdwlyh qxpehu1 Zh lqwurgxfh
qrq0xqlirup julg

a$ @ i{� = 3 ? {� ? {2 ? = = = ? {� ? 4> k� @ {� � {�3� A 3>

�n�[
�'�

k� @ 4> {�n� @ 4> {f @ 3

,
>

vxfk wkdw � @
�
�� = l @ 4> o

� 5 a$ dqg zh lqwurgxfh wkh qrwdwlrqv

k @ pd{
�$�$�n�

k�= +43,

Lq ^9` xvlqj wkh frqglwlrq ri qrupdol}dwlrq
2U
?
+{>z+�,,g{ @ 4 wkh iroorz0

lqj wkhruhp zdv suryhg=

Wkhruhp 41 Ohw t+{, 5 T2^3> 4`> t+{, @ ^t+{l� 4, . t+{�,`@5> { 5
^{�3�> {�`> l @ 4> Q . 4> wkhq wkh iroorzlqj hvwlpdwhv ri dffxudf| ri IG0
phwkrg krog������?+t+�,,� 6

�?+t+�,,
����� � F6plqik6n�q36> k26n2qj � F6k6n�q36> +44,
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�����x?+{> t+�,,� 6
x?+{> t+�,,

����� � G6plq

+�
k

q

�6n�

> k26n2

,
� G6

�
k

q

�6n�

>

+45,
zkhuh F6> G6 duh frqvwdqwv zklfk gr qrw ghshqg rq k dqg q +k � Q3�,=

Uhpdun 41 Zkhq p @ 3/ iurp +7,/ +5, zh kdyh

�?+t+�,,� �Ef�? +t+�,, @
�]

f

g�?+z+w> �,,
gw

gw @

�]
f

�]
f

^t+{,� t+{,` x2?+{> $+�> w,,g{gw>

dqg wrjhwkhu zlwk wkh hvwlpdwh +44,/ wkh iroorzlqj hvwlpdwh iroorzv����?+t+�,,� �Ef�? +t+�,,
��� � nt � tn"

zklfk lv ydolg iru t+{, 5 TEf�^3> 4`1
Lw lv fohdu/ wkdw li wzr slhfhzlvh frqvwdqw ixqfwlrqv t�+{, dqg t2+{, duh

frqvwuxfwhg/ vxfk wkdw

t�+{, � t+{, � t2+{,>

wkhq wkh iroorzlqj irun krogv

�Ef�? +t�+�,, � �?+t+�,, � �Ef�? +t2+�,,> q @ 4> 5> ===

Wklv lghd zdv xvhg lq ^;`/^<` iru pruh jhqhudo Vwxqq0Olrxylooh sureohp1
Wkh dlp ri wklv zrun lv wr rewdlq frqglwlrqv zkhq IG0phwkrg kdv h{0

srqhqwldo udwh ri frqyhujhqfh/ wr rewdlq h{solflw hvwlpdwhv ri lwv suhflvlrq/
iurp zklfk wkhuh iroorz wzr0vlghg hvwlpdwhv iru h{dfw hljhq0ydoxhv dqg hv0
wlpdwhv ri uhpdlqghu whupv ri fodvvlfdo dv|pswrwlf irupxodv1 Wr irupxodwh
wkh pdlq uhvxow ri wklv zrun/ zh lqwurgxfh qrwdwlrqv

P? @ pd{
q
+�Ef�? � �

Ef�
?3�,

3�> +�
Ef�
?n� � �Ef�? ,3�

r
> q � 5> +46,

u? @ 7nt � tn"P? +47,

dqg vhtxhqfh ij�j"�'f/ gh�qhg zlwk uhfxuvlrq irupxod

j�n� @

�[
r'f

jrj�3r> m @ 3> 4> ===> jf @ 4 +48,
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Khuh n�n" @ pd{
%Mdfc�o

m�+{,m1
Wkh iroorzlqj wkhruhp lv wkh edvlf uhvxow ri wklv duwlfoh1

Wkhruhp 51 Ohw

�]
f

xEf�? +{,xE��? +{,g{ @ �f� > m @ 3> 4> === +49,

dqg wkh iroorzlqj frqglwlrq lv ixo�oohg

u? ? 4

Wkhq wkh vroxwlrq ri wkh sureohp +4, lv uhsuhvhqwhg lq irup ri vhulhv

x?+{> t+�,, @
"[
�'f

xE��? +{> t+�,,>

�?+t+�,, @
"[
�'f

�E��? +t+�,,>
+4:,

zklfk frqyhujh dw wkh udwh ri jhrphwulf surjuhvvlrq zlwk ghqrplqdwru u?/
dqg wkh iroorzlqj hvwlpdwhv krog������?+t+�,,� 6

�?+t+�,,
����� � nt � tn" u6?

4� u?
�6 +4;,

�����
�����x?+{> t+�,,� 6

x?+{> t+�,,
�����
�����
f

� u6n�
?

4� u?
�6n� +4<,

zkhuh

�� @ 5
+5m � 4,$$

+5m . 5,$$
=

Qrwh wkdw iurp +4;,/ +4<, wzr0vlghg hvwlpdwhv ri suhflvlrq duh rewdlqhg
dw rqfh1 Wkh| duh ri d sulrul 0 d srvwhulruv qdwxuh/ ehfdxvh wkh| ghpdqg
wkh nqrzohgjh ri wkh frqvwdqw P?1 Lq fdvh Q @ 3> t+{, � frqvw iru P?/
zh kdyh h{solflw h{suhvvlrq= P? @ �

Z2E2?3��
dqg wkh hvwlpdwhv +4;,/ +4<,

ehfrph h{solflw d sulrul/ zklfk zloo eh xvhg lq H{dpsoh 41

Fruroodu| 41 Ohw xv vhw +:,0+<, t+{, � 3/ wkhq/ li

uf? @
7ntn"

�2+5q� 4,
? 4>

9



. IG0Phwkrg iru Vwxup0Olrxylooh Sureohpv111 DPL Yro15/ 4<<:

wkhq wkh vroxwlrq ri wkh sureohp +4, lv uhsuhvhqwhg lq irup ri vhulhv

x?+{> t+�,, @
"[
�'f

xE��? +{> 3,>

�?+t+�,, @
"[
�'f

�E��? +3,>

+4:�,

zklfk frqyhujh dw wkh udwh ri jhrphwulf surjuhvvlrq zlwk ghqrplqdwru uf?
dqg wkh iroorzlqj hvwlpdwhv krog������?+t+�,,� 6

�?+3,

����� � ntn" +uf?,
6

4� uf?
�6

�����
�����x?+{> t+�,,� 6

x?+{> 3,,

�����
�����
f

� +uf?,
6n�

4� uf?
�6n�

Zh qrwh wkdw lq wklv fdvh vhulhv +4:�,/ zkhq ixqfwlrq t+{, lv vprrwk hqrxjk/
duh fodvvlf dv|pswrwlf vhulhv +vhh/ iru lqvwdqfh/^43`,1 Iru wkh fdvh t+{, 5
Tf^3> 4` zh zloo kdyh ^9`

�?+t+�,, @

@ +q�,2 .

�]
f

+4� frv 5q�}�,t+}�,g}� .
4

q�

�]
f

�]
f

vlqq�}� vlqq�}2t+}�,t+}2,
W

W ^+}� . }2 � 4, vlqq�+}� . }2,� ++m}� � }2m � 4, vlqq�m}� � }2m` g}�g}2 .U?
� +�,>

x?+{> t+�,, @
s
5 vlqq�{.

4s
5q�

�]
f

t+}, vlq+q�},W

W ^+} . {� 4, vlqq�+} . {,� ++m} � {m � 4, vlqq�m} � {m` g} .U?
2 +x> {,>

zkhuh

mU?
� +�,m � ntn" +uf?,

2

4� uf?
3> 458 @ R

�
4

q2

�
>

mU?
2 +x>{,m �

+uf?,
2

4� uf?
3> 458 @ R

�
4

q2

�
=

Hvwlpdwhv ri uhpdlqghu whupv/ vkrzq khuh/ duh edvhg rq +4;,/ +4<, dqg
pdnh pruh suhflvh fruuhvsrqglqj hvwlpdwhv iurp ^9`1

:
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2 �hLLu Lu |�i |�iLhi4 2�

Wkh vroxwlrq ri wkh sureohp +9,/ +:,/ +;, fdq eh uhsuhvhqwhg lq wkh irup

xE�n��? +{, @ �
"[

R'�cR�'?

+I �n�
? > x

Ef�
R ,

�
Ef�
R � �

Ef�
?

xEf�R +{,>

iurp zklfk wkh hvwlpdwh iroorzv

nxE�n��? nf � P?nI �n�
? nf +53,

zklfk/ xvlqj lqhtxdolw|/

nI �n�
? n2f @

�����
�����

�[
R'�

�E�n�3R�? xER�? � +t � t,xE��?

�����
�����
2

f

�
k
�E�n��?

l2 �

�
�����
�����

�[
R'�

�E�n�3R�? xER�? � +t � t,xE��?

�����
�����
2

f

� nt � tn2"

3C �[
R'f

nxE�3R�? nfnxER�? nf
4D2

>

fdq eh uhsuhvhqwhg lq wkh iroorzlqj irup

nxE�n��? nf � u?

+
�[

r'f

nxE�3r�? nfnxEr�? nf
,
> +54,

zkhuh u? @ nt � tn"P?=
Xvlqj lqwurgxfhg qrwdwlrq +4 8,/ iurp +5 4, zh rewdlq

nxE�n��? nf � u�n�? j�n�= +55,

Wr hvwlpdwh j� > m @ 3>4/ zh zloo qhhg dq dx{loldu| vwdwhphqw1
Ohppd 41 Iru phpehuv ri vhtxhqfh ij�j"�'f/ gh�qhg zlwk uhfxuvlrq

irupxod +48,/ wkh iroorzlqj htxdolw| krogv

j� @ 7���> m @ 3> 4> === +56,

Surri1 Zh lqwurgxfh iru wkh vhtxhqfh ij�j"�'f wkh jhqhudwlqj ixqfwlrq

i+{, @
"[
�'f

j�{
� = +57,

Wkhq/ dffruglqj wr +4 8,/ lw zloo vdwlvi| wkh iroorzlqj htxdwlrq

4

{
i+{, @ ^i+{,`2 .

4

{
= +58,

;
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Iurp khuh zh �qg

5{i+{, @ 4�s
4� 7{ +59,

Iurp +59, zh vhh1 wkdw i+{, zloo eh dqdo|wlfdo ixqfwlrq lq wkh grpdlq
m{m ? 4@7 dqg wkh udglxv ri frqyhujhqfh ri wkh vhulhv +57, zloo eh U @ 4@71
Xvlqj h{sdqvlrq ri wkh ixqfwlrq

s
4� �> m�m ? 4 lqwr Wd|oru vhulhv/ iurp

+59, zh rewdlq

5{i+{, @ 5{.
"[
r'2

+5v� 6,$$

+5v,$$
+7{,r

dqg wkh h{solflw irupxod iru j�=

j� @ 5
+5m � 4,$$

+5m . 5,$$
7� > m @ 4> 5> ===> jf @ 4> +�4,$$ @ 4= +5:,

Ohppd lv suryhg frpsohwho|1

Wdnlqj +56, lqwr dffrxqw/ wkh lqhtxdolw| +55, rewdlqv wkh ylhz

nxE�n��? nf � +7u?,
�n���n� @ u�n�? ��n�> +5;,

zklfk wrjhwkhu zlwk +;,/ +49, ohdgv wr wkh hvwlpdwh

m��n�? m � nt � tn"nxE��? nf � nt � tn"u�?��= +5<,

Ilqdoo|/ zh kdyh�����
�����x?+{> t+�,,� 6

x?+{> t+�,,
�����
����� � u6n�

?

4� u?
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du| frqglwlrqv ri wkh wklug nlqg
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Wr vroyh hdfk ri wkh sureohpv +:,/ +;,/ ohw xv xvh whfkqltxhv ri h{dfw wkuhh0
srlqw gl�huhqfh vfkhphv +h1w1g1v1, ^45` +wkh vlplodu dssurdfk wr wkh vroxwlrq
ri htxdwlrqv ri wkh +:, nlqg zdv sursrvhg lq ^46`,1 Zh lqwurgxfh wkh iro0
orzlqj qrwdwlrqv
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Wkh idfw wkdw gl�huhqfh vfkhph +63, lv h{dfw phdqv wkdw lwv vroxwlrq frlq0
vlghv zlwk surmhfwlrq ri fruuhvsrqglqj vroxwlrq ri wkh sureohp +:,/ +;, rq

wkh julg a$/ l1h1 |E�n�� @ x
E�n��
? +{,> { 5 a$1

Gl�huhqfh vfkhph +63, lv ghjhqhudwh/ exw/ vlqfh lw lv h{dfw/ wkh frqgl0
wlrq ri lwv vroydelolw| zloo eh dxwrpdwlfdoo| vdwlv�hg gxh wr wkh vhohfwlrq ri
��n�? dffruglqj wr irupxod +;,1 Zh �qg lwv vroxwlrq lq wkh iroorzlqj zd|1
Lq +63, zh wkurz wkh odvw htxdwlrq dzd| dqg fduu| d phpehu/ frqwdlqlqj
|E�n��+{� ,/ wr wkh uljkw vlgh lq htxdwlrq qh{w wr odvw1 Zh �qg wkh vrox0
wlrq ri wkh rewdlqhg v|vwhp zlwk wkuhh0gldjrqdo +qrq0ghjhqhudwh, pdwul{
|E�n��+{� ,> l @ 4> ===> Q � 4/ zklfk ghshqgv rq wkh xqnqrzq sdudphwhu
|E�n��+{� ,1 Wklv sdudphwhu lv rewdlqhg gxh wr wkh frqglwlrq ri qrupdol}d0
wlrq +49,1 Lq rughu wr gr wklv/ zh uhdol}h wkh uhfrqvwuxfwlrq rshudwlrq ri
wkh julg surmhfwlrq ri h{dfw vroxwlrq ri wkh sureohp +:,/ +;, dw �uvw
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dqg wkhq qrupdol}dwlrq frqglwlrq +49, lq whupv ri |�n�+{, lv zulwwhq
grzq/ xvlqj h{suhvvlrq +64,1 |�n�+{� , lv rewdlqhg iurp +49,1 Lq uhfxuvlrq
surfhvv +63,/ +64, m uxqv iurp 3 wr p � 41 Lqlwldo frqglwlrqv duh gh�qhg
lq wkh iroorzlqj zd|1 Dw �uvw/ iru |Ef�+{, wkh sureohp +63, lv vroyhg zlwk,
m @ �4> *

Ef�
+{, � 3/ zklfk zloo kdyh d vroxwlrq surylghg wkdw ghwhuplqdqw

�?+�+t+�,,, ri wkuhh0gldjrqdo pdwul{ ri krprjhqhrxv v|vwhp +63, lv htxdo
wr }hur/ l1h1
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Wr �qg urrwv ri htxdwlrq +65, ��+t+�,,> l @ 4> 5> ===> ohw xv rewdlq wzr0vlghg
hvwlpdwhv iru hdfk ri wkhp dw �uvw/ zklfk lv srvvleoh wr gr xvlqj Uhpdun 41
Zh kdyh
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Ohw xv �qg d qxpehu Q / vxfk wkdw ;q � Q vhjphqwv +65�,/ frqwdlqlqj urrwv
ri htxdwlrq +65,/ zloo eh qrq0lqwhuvhfwlqj/ l1h1 wkh iroorzlqj lqhtxdolw| zloo
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Wkhq ;q � Q zh �qg urrwv ri htxdwlrq +65, �?+t+�,, zlwk elvhfwlrq

phwkrg1 Zh h{sdqg ghwhuplqdqw +65, iru vshfl�f h� dffruglqj wr wkh uhfxu0
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ehvdxvh lq wklv fdvh ;q � 4 wkh olplwv ri urrwv ri +65�, zloo eh qrq0
lqwhuvhfwlqj1 Li frqglwlrq +65��, lv qrw vdwlv�hg/ wklv ohdgv wr wkh whfkqlfdo
frpsolfdwlrqv rqo|/ zklfk duh qrw ixqgdphqwdo +vhh ghwdlolqj lq ^46`,1

Kdylqj irxqg urrwv ri wkh wudqvfhqghqwdo htxdwlrq +65, 3 ? �
Ef�
� +t+�,, ?

�
Ef�
2 +t+�,, ? === ? �

Ef�
? +t+�,, ? ===> zh vxevwlwxwh wkh q0wk urrw lqwr +63,

+m @ �4> *Ef� � 3, dqg frpsohphqw wkh rewdlqhg v|vwhp ri krprjhqhrxv
htxdwlrqv zlwk frqglwlrq ri qrupdol}dwlrq +49,
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Vroxwlrq ri d qhz v|vwhp |Ef�+{, lv rewdlqhg lq wkh vdph zd|/ dv lw zdv
ghvfulehg deryh iru m � 31 Zkhq lw lv irxqg/ wklv vroxwlrq |Ef�+{,/ wrjhwkhu

zlwk �
Ef�
? +t+�,,/ irupv lqlwldo frqglwlrqv iru wkh uhfxuvlrq surfhvv ghvfulehg

deryh1

Gh�qlwlrq 41 IG0phwkrg iru wkh sureohp +4, lv fdoohg h{dfwo| uhdo0
l}deoh/ li doo rshudwlrqv ri lqwhjudwlrq lq wkh dojrulwkp +<,/ +43,/ +;, duh
shuiruphg h{dfwo|1

Wkh iroorzlqj vwdwhphqw krogv1

Ohppd 51 Iru IG0phwkrg iru sureohp +4, wr eh h{dfwo| uhdol}deoh/ lw
lv vx�flhqw wkdw t+{, lv slhfhzlvh sro|qrpldo ru slhfhzlvh wuljrqrphwulf1

Surri lv reylrxv1

Lq fdvh zkhq IG0phwkrg iru sureohp +4, lv qrw h{dfwo| uhdol}deoh/ wr
suhvhuyh wkh hvwlpdwhv +4;,/ +4<, zh fkdqjh �lqfwlrq t+{, zlwk ixqfwlrq ht+{,/
zklfk lv exlow lq wkh iroorzlqj zd|1 Hdfk lqwhuydo ^{�3�> {�`> l @ 4> Q . 4

zh glylgh lqwr
k

�
e�?

l
htxdo lqwhuydov li q lv vxfk wkdw 7P? ? 4 dqg pdnh

qr fkdqjh rwkhuzlvh1 Ehwzhhq hdfk wzr nqrwv ri wkh qhz julg a$+q, zh vxe0
vwlwxwh t+{, zlwk lqwhusrodwlrq sro|qrpldo ri p0wk ghjuhh/ zklfk zh ghqrwh
e| ht+{,1 Wkhq zh vroyh sureohp +4, zlwk IG0phwkrg vxevwlwxwlqj t+{,
zlwk ht+{,/ zklfk zloo eh h{dfwo| uhdol}deoh dqg wkh txdolwdwlyh qdwxuh ri wkh
hvwlpdwhv +4;,/ +4<, zloo eh suhvhuyhg1 Ohw xv looxvwudwh wklv phwkrg zlwk
wkh iroorzlqj h{dpsohv1

H{dpsoh 41 Ohw

t+{, @ �2+4� frv+�{,,=
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Lq wklv fdvh/ wkh phwkrg lv h{dfwo| uhdol}deoh1 Uhvxowv ri fdofxodwlrqv iru
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zklfk jlyhv wkh vlpsohvw srvvlelolw| wr frqwlqxh Wdeoh 51 Pruhryhu/ wkh odvw
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H{dpsoh 51
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Wkrxjk lq { @ 4 wkh erxqgdu| frqglwlrq lv qrw d Glulfkohw frqglwlrq/ df0
fruglqj wr Uhpdun 5/ dssolfdwlrq dqg vxevwdqwldwlrq ri IG0phwkrg uhpdlq
ydolg zlwk plqru whfkqlfdo fkdqjhv/ dqg zkhq t+{, � 3> Q @ 3 zh zloo
kdyh
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zklfk lv pruh suhflvh lq frpsdulvrq zlwk wkh fruuhvsrqglqj uhvxow iurp
^8`/ rewdlqhg zkhq q @ 4;3 +qxpehu ri lqwhusrodwlrq srlqwv,1 Pruhryhu/
h{solflw hvwlpdwh ri dffxudf| lv jlyhq khuh1

H{dpsoh 61

Ohw lq wkh sureohp +4, t+{, @ �2hZ%1 Lq wklv fdvh phwkrg lv h{dfwo| uhdo0
l}deoh1 Uhvxowv ri fdofxodwlrqv iruQ @ 4> {� @ 3=;> t� @ 4@5+4.hf�HZ> t2 @
4@5+hf�HZne

Z

/ duh suhvhqwhg lq Wdeoh 61 Vlqfh lq wklv fdvh wkh frglwlrq ri
Wkhruhp 5 u? ? 4 lv ixo�oohg iru q A 4333 uhvxowv iurp ^:` duh jlyhq iru
frpsdulvrq lq wkh irxuwk froxqp ri wkh wdeoh1

Wdeoh 61
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65 43651;84;6945 43641383<9557 436413878439

66 43<:1<47<74<7 43<913839;9:; 43<913873<<3

67 44971<7568:9 44961384;38<5 44961386:563

68 45661;<;:69:4 456513857::67 456513866:;:

69 46371;79:395< 463613848:869 463613863959
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6; 47851<4495575 4784137<<6755 478413858369
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74 49;<1;83;777; 49;;13839856; 49;;1384;465

75 4::51;938649: 4::4137<87;66 4::413849485

76 4;8:1<3;<;:97 4;89137<75989 4;891384763<

77 4<771<5;9949< 4<761383458<9 4<76138458<3

78 53661;<6<;43: 5365138388354 536513843<;7

79 54571;8756687 5456138334:74 54561383<7;4

7: 554:1;9677764 5549137<48837 55491383;3:6

7; 56451<39;7<8 5644137<39;4 564413839:85

7< 573<1<57378:4 573;137<9743; 573;13838844

83 583;1;<58<;99 583:137<<;<:6 583:13837677
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533 7333;1;;:3:;< 7333:137::839

633 <333;1;;9;:79 <333:137:99::

733 49333;1;;9;36 49333:137:96<

833 58333;1;;9:: 58333:137:958

933 69333;1;;9:85 69333:137:94;

:33 7<333;1;;9:74 7<333:137:947
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dqg fkdudfwhul}hv dv|pswrwlf ehkdylru ri
�?
�2

1 Iurp Wdeoh 6 rqh fdq vhh

dv|pswrwlfv zkhq q lqfuhdvhv1

Dfnqrzohgjhphqw

Iluvw dxwkru zdv sduwo| vxssruwhg e| wkh LVVHS judqw VSX374375

Uhihuhqfhv

41 L1 Z1 Sdlqh/ Qxphulfdo dssur{lpdwlrq ri Vwxup0Olrxylooh hljhqydoxhv/ Sk1G1
wkhvlv/ Dxvwudoldq Qdwlrqdo Xqly1/ 4<:<1

51 L1Z1 Sdlqh/ D1O1Dqguhz/ Erxqgv dqg kljkhu0rughu hvwlpdwhv iru Vwxup0
Olrxylooh hljhqydoxhv/ M1 Pdwk1 Dqdo1 Dsso1 <9 +4<;6, 6;;06<71

61 L1 Sdlqh/ I1 gh Krrj/ Xqlirup hvwlpdwlrq ri wkh hljhqydoxhv ri Vwxup0
Olrxylooh sureohpv/ M1 Dxvwudo1 Pdwk1 Vrf1 Vhu1 E 54 +4<;3, 69806;61

71 D1O1 Dqguhz/ Dv|pswrwlf fruuhfwlrq ri frpsxwhg hljhqydoxhv ri gl�huhqwldo
htxdwlrqv/ Dqqdov ri Qxphulfdo Pdwkhpdwlfv 4 +4<<7, 740841

81 V1G1 Dojd}lq/ Rq wkh fdofxodwlrq ri hljhq0ydoxhv ri ruglqdu| gl�huhqwldo htxd0
wlrqv/ MYP dqg PI/ 8 +4<<7,/ &7/ 9360943 +lq Uxvvldq,1

91 Y1O1 Pdndury/ Rq d ixqfwlrqdo0gl�huhqfh phwkrg ri duelwudu| rughu ri suh0
flvlrq iru vroylqj wkh Vwxqq0Olrxylooh sureohp zlwk slhfhzlvh vprrwk frh�0
flhqwv/ Vrylhw Pdwk1 Grno1 y177 +4<<5,/ 6<406<91

4<



DPL Yro15/ 4<<: Y1O1 Pdndury/ R1O1 Xnkdqhy .

:1 M1G1 Su|fh/ Qxphulfdo vroxwlrq ri Vwxuuq0Olrxylooh sureohpv/ R{irug1Qhz
\run1 Wrn|r/ Foduhqgrq Suhvv/ 4<<61

;1 Z1 Ohljkwrq/ Xsshu dqg orzhu erxqgv iru hljhqydoxhv/ M1 Pdwk1 Dqdo1 Dsso1
68 +4<:4,/ 6;406;;1

<1 D1O1 Dqguhz/ I1U1 gh Krrj/ S1 M1 Uree/ Ohljkwrq*v erxqgv iru Vwxup0
Olrxylooh hljhqydoxhv/ M1 Pdwk1 Dqdo1 Dsso1 ;6 +4<;4,/ 4404<1

431 E1P1 Ohylwdq/ Lqyhuvh Vwxup0Olrxylooh Sureohpv/ YQX Vflhqfh/ Xwuhfkw/
4<;:1

441 V1K1 Jrxog/ Yduldwlrqdo phwkrgv iru hljhqydoxh sureohpv/ Orqgrq= R{irug
Xqlyhuvlw| Suhvv/ 4<991

451 D1Q1 Wlnkrqry/ D1D1 Vdpduvnll/ Rq wkh krprjhqhrxv gl�huhqfh vfkhphv/
Vrylhw Pdwk1 Grno1/ 4<8 ;/ y1 455/ &7/ s1 8950898 +lq Uxvvldq,1

461 L1 G�dkqq/ Dqzhqgxqj hlqhv gluhnwhq Yhuidkuhqv }xu qxphulvfkhq Ehkdqg0
oxqj yrq vhoevwdgmxq shuwhq/ srvlwly gl�qluwhq Hljhqzhuwdxijdehq eho olq0
hduhq jhz�rkqolfkhq Gl�huhqwldomhlfkxqjhq plw vw�xfnzhlvh vwhwljhq Nrh�}lhq0
whqixqnwlrqhq/ ]DPP/ 95/ +4<;5,/ 9;:09<81
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