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WELL-POSEDNESS OF THE CAUCHY PROBLEM FOR ONE CLASS OF
NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS TAKING INTO
ACCOUNT DELAY PERTURBATION
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Abstract. In the present paper, for the quasilinear functional differential equation with the
discontinuous initial condition we formulate the theorems on the continuous dependence of
the solution, on perturbations of the initial moment, the variable delay entering in the phase
coordinates, the initial vector, the initial functions and the nonlinear term of right-hand
side. The discontinuous initial condition means that the values of the initial function and
trajectory, generally, do not coincide at the initial moment.
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Let R” be the n-dimensional vector space of points z = (z',...,2")", where T
means transpose; let I = [a,b] C R} be a finite interval, let O C R” be a open set;
let D be the set of continuously differentiable functions 7(t) satisfying the conditions:
T(t) <t, 7(t) > 0 with

inf{r(a) : 7€ D} =7 < oo, ||7|| = sup{|7(t)| : t € I}.

Let E, be the space of piecewise-continuous functions ¢ : Iy = [7,b] — R?, with
finitely many discontinuity points of the first kind, ||| = sup{|p(t)| : t € I1}; let
Py ={p € E,:p(t)c O,t €} be the set of initial functions with clp(l;) C O; let
®, be the set of bounded measurable functions h : I; — RY, ||h|| = sup{|h(t)| : t € I, }.

Let E; be the space of functions f : I x 0? — R” satisfying the following conditions:
the function f(-,z,y) : I — R? is measurable for each fixed (z,y) € O?; for an
arbitrary compact set K C O and for f € Ey there exist functions my (), Lyk(:) €

L(1,[0,00)), such that for almost all ¢ € I the following inequalities are fulfilled
| f(t 2, y) IS myx(t), V(z,y) € K7

| f(tuxl’yl) - f(twr%y?) |S Lf7K(t)<| Ty — T2 | + | Y1 — Y2 |)7
v(xzayl) € K27 1= ]-72

To each element p = (to, 7,0, 0, h, f) € A=1x D x O x &; x &3 x E; we put in
correspondence the quasilinear neutral functional differential equation

2(t) = A(t)(o(t) + f(t, x(t), z(7(1))) (1)
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with the initial condition

2(t) = p(t), @(t) = h(t), t € [F,t0), x(to) = 0. (2)

Here A(t) is a given continuous matrix function with dimension n x n;o € D is a fixed
function.
The condition (2) is said to be the discontinuous initial condition since generally

x(to) # (to).

Definition 1. Let pu = (to,7,z0,9,h, f) € A, ty € [a,b). A function z(t) =
x(t;p) € O, t € [7,11], t1 € (to,b], is called a solution of equation (1) with the initial
condition (2) or a solution corresponding to element p and defined on the interval [7, ¢1]
if it satisfies condition (2) and it is absolutely continuous on the interval [to, ;] and
satisfies equation (1) almost everywhere on [to, t1].

If t; — ¢y is a sufficiently small number, then the unique solution always corresponds
to p.
To formulate the main results, we introduce the following sets:

W(K, o) = {5f € By : 3msyx, Lorxc € L(1.]0, 00)),

/I[m(;f,K(t) + Lsgx()]dt < 041},

where K C O is a compact set and a; > 0 is a given number independent of 4 f;
Vigs = {5f € Ey: ‘/ 5f(t,x,y)dt‘ <0, Y(s1,89,2,9) € I? x Kz},

B(t00,5> = {to el: ‘to — too‘ < 5}, B(Z'oo,é) = {.To €0 ‘.To — l’oo‘ < (5},
V(70;0) = {7 € D: || — 7ol| < 6}, V(p0;0) = {p € C1: |l — o | <0},
V(ho;0) ={h € Oy : ||h — ho|| < 6},

where tgg € I, xgp € O are fixed points; 19 € D, g € 1, hy € P, are fixed functions.
Theorem 1. Let xo(t) = x(t; o), where pog = (too, 7o, Too, Yo, ho, fo) € A, is the
solution defined on [T, t10], tio < b; let K1 C O be a compact set containing a certain
neighborhood of the set clpo(11) U xo([too, t1o]). Then the following assertions hold:
1. there exist numbers o; > 0, i = 0,1, such that, to each element

p € V{(po; K1, 00, a1) = B(too; 00) x V(105 60) X B(xoo;d0) X V(03 do)

XV (ho; do) X [fo + W(Ky,a1) N VK1,60]

we put in correspondence the solution x(t; p) defined on the interval [7,t19 + 61] C Iy
and satisfying the condition x(t;p) € intKy, t € [T,t10 + 01];

2. for an arbitrary € > 0 there ezists a number dy = d2(c) € (0,d0] such that for
any p € V(uo; K1, 2, 1) the following inequality holds:

[2(t; ) — x(t; p0)| <€, YVt € [s1,t10 + 01), s1 = max{too, to};
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3. for an arbitrary € > 0 there exists a number 63 = d3(¢) € (0,do] such that for
any € V(uo; K1, 03, 01) the following inequality holds:

ti0+01
/ 2t 1) — (8 o) dt < e,

In the space E, — o, where E, = R} x D x R?” x ®; x 5 X E; introduce the set
of variation:

S = {fm = (8to, 07, 60, 80, 0h, 8.f) € B,y — pig : | 6ty |< i, | 67 |< e,

k
| 620 |< a, [|00l1 < @, [[h[y < o, 6 = > Nidfi, [Ni] < ag, i = L_k},
i=1

where oy > 0 is a fixed number, 6f; € Ey, i = 1, k, are fixed functions.

The following theorem is a simple consequence of theorem 1.

Theorem 2. Let xo(t) = x(t; po) be the solution defined on [T,t10], tio € (a,b), i =
0,1; let K1 C O be a compact set containing a certain neighborhood of the set clyo (1)U
zo([too, t10,]). Then the following assertions hold:

4. there exist numbers 1 > 0, §; > 0, such that, for an arbitrary (e, ) € [0,61] X
the element pp+dp € A, we put in correspondence the solution x(t; po +edu) defined
on the interval [T,t10+61] C I and satisfying the condition x(t; po+eop) € intkKy, t €
[T, 10 + 01];

5. the following relations hold:

lig(l) sup{|z(t; po + €op) — x(t; po)| : t € [s1,t10 + 01|} =0, s1 = max{too, too + £dto};

t10+01
lim |(t; po + €6p) — @(t; po)|dt = 0
e—0 P
uniformly for op € 3.

Now let us formulate the theorem on the continuous dependence of the solution for
an equation whose righthand side depends on the control. Let Uy C R be an open set
and let  be the set of measurable functions u(t) € Uy, t € I, satisfying the condition:
clu(I) is a compact set in R” and clu(I) C U,.

To each element p = (to, 7, xo, 0, h,u) € Ay = [a,b) X D x O x &1 x $y x 2 we
assign the control neutral functional differential equation

w(t) = A)a(o(t)) + g(t, 2(t), x(7(t)), u(t)) (3)

with the initial condition (2). Here the function g(¢,x,y,u) is defined on I x O? x Uy
and satisfies the following conditions: for each fixed (z,y,u) € O% x Uy the function
g(-,z,y,u) : I — R is measurable; for each compact sets K C O and U C Uy there
exist functions mg y, Lxy € L(1,]0,00)) such that for almost all t € [

|g(t,x,y,u)| < mK,U(t)v V(I7yau) € K2 X U,
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lg(t, z1, y1,u1) — g(t, X2, Yo, u2)| < L u(t) [‘xl — To| 4 |y1 — | + [ur — ua|,

v<$17x27y17y27u17u27) S K4 X U2.

Definition 2. Let p = (to, 7, x0, p, h,u) € Ay. A function z(t) = z(t;p) € O, t €
[7,t1], t1 € (to,b], is called a solution of equation (3) with the initial condition (2) or
a solution corresponding to element p and defined on the interval [7, ], if it satisfies
condition (2) and is absolutely continuous on the interval [to, 1] and satisfies equation
(3) almost everywhere on [ty t1].

Theorem 3. Let xo(t) = x(t; po), where po = (too, To, Too, Yo, ho, o) € A1, be a
solution defined on [T, t10], t10 < b; let K1 C O be a compact set containing a certain
neighborhood of the set clgo(I1) U zo([too, t1o,]). Then the following assertions hold:
6. there exist numbers 6; > 0, i = 0,1, such that, to each element p €
V(po; 60) = B(too; 00) X V(705 00) X B(zo0;0) X V(©0;00) X V(ho; dp) x V (ug; dg) corre-
sponds the solution x(t;p) defined on the interval [7,t10 + 1] C I and satisfying the
condition z(t; p) € intKy; here V(ug; dp) = {u € Q: ||u — up|| < 6};

7. for an arbitrary € > 0 there exists a number do = d2(g) € (0,d0] such that for
any p € V(po; do) the following inequality holds:

lz(t; p) — x(t; po)| < e, Yt € [s1,t10+ 01], s1 = max{teo,to};

8. for an arbitrary € > 0 there evists a number 63 = d03(¢) € (0,00] such that for
any p € V(po; do) the following inequality holds:

ti0+91
/ 2(t; p) — a(t; po)|dt < <.

Some comments. Theorems analogous to Theorem 1-3, without perturbation of
variable delay, for various classes of functional differential equations are proved in [1-3].
In Theorem 1 perturbations of the nonlinear term of right-hand side of equation (1) are
small in the integral sense. Theorems 1-3 play an important role in proving necessary
optimality conditions and variation formulas of solution [1,4-7].
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