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NONLINEAR MATHEMATICAL MODEL OF DYNAMICS OF VOTERS OF TWO
POLITICAL SUBJECTS
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Abstract. In the present paper the nonlinear mathematical model describing dynamics
of voters of pro-governmental and oppositional parties (two selective subjects, coalitions) is
offered. In model three objects are considered: governmental and administrative structures
influencing by means of administrative resources citizens (first of all in opposition adjusted
voters) for the purpose of their attraction on the side of pro-governmental party; citizens with
the selective voice, at present supporting opposition party; citizens with the selective voice,
at present supporting pro-governmental party. In cases constant or variable (in proportion to
number of voters of opposition party) uses of administrative resources the problem of Cauchy’s
for nonlinear system of the differential equations is solved analytically exactly. Conditions
for model parameters at which the opposition party (coalition) will win the next elections
are found. The mathematical model except theoretical interest has also important practical
value, as both sides (the state structures together with pro-governmental party; opposition
party) can use results according to the purposes. It allows the sides, according to the chosen
strategy, to select parameters of action and to achieve desirable results for themselves.
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Introduction

Mathematical modeling and computing experiment the last decades gained all-
round recognition in a science as the new methodology which is roughly developing
and widely introduced not only in natural-science and technological spheres, but also
in economy, sociology, political science and other public disciplines [1 - 5].

In [6 - 8] the mathematical model of political rivalry devoted to the description
of fight occurring in imperious elite competing (but not surely antagonistic) political
forces, for example, power branches is considered. It is supposed that each of the
parties has ideas of "number” of the power which this party would like to have itself,
and about "number” of the power which she would like to have for the partner.

Works [9 - 12] are devoted to creation of mathematical model of such social process
what administrative management is. The last can be carried out as at macrolevel
(for example, the state) and at microlevel (for example, an educational or research
institution, an industrial facility, etc.).

A certain interest represents creation of the mathematical model, allowing to define
dynamics of voters of political subjects. It is known that in many countries including
developed ones, there are two-party systems. Such systems are characterized by the
existence of two largest parties which periodically replace each other in power. And,
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when in power there is one party, the second is the leading party of opposition. How-
ever it doesn’t mean that except these two parties in the country there are no other
parties, simply their influence on political processes is insignificant. In some countries
eventually to change of one of the largest parties can come any else, earlier being in
a shadow. For example, in Great Britain in the XIX century and at the beginning of
the XX century two largest parties were conservative and liberal. In the XX century
Liberal party in this tandem replaced labor, however the two-party system remained.
The most rigid option of two-party system exists in the USA. Here only republican
and democratic parties apply for the power, other parties almost don’t play any role.
And in the Congress for it more than two hundred year’s history other parties almost
were never presented. A version of two-party system is the two-block system. Here
not largest parties, and party coalitions appear confronting forces. It is caused by
that any party unable to achieve sufficient support of voters independently to create
the government therefore parties according to the political orientation and ideological
installations unite for increase in the influence. Thus such competing coalitions remain
almost in invariable structure throughout quite a long time. Such party system de-
veloped, for example, in the Netherlands. Such party systems in which as two main
competing forces act, on the one hand, party, and, meet another — the party block also.
So, in Australia agrarian and liberal parties make the constant union resisting to the
Labour party.

In the real work the nonlinear mathematical model describing dynamics of voters of
pro-governmental and oppositional parties (two selective subjects, coalitions) is offered.
In the model three objects are considered:

1. The state and administrative structures influencing by means of administrative
resources citizens (first of all in opposition adjusted voters) for the purpose of their
attraction on the party of pro-governmental party.

2. Citizens with the selective voice, at present supporting opposition party.

3. Citizens with the selective voice, at present supporting pro-governmental party.

1. System of the equations and entry conditions

For dynamics description between elections of voters of pro-governmental and oppo-
sitional parties (two selective subjects) we offer the following nonlinear mathematical
model:

P — (0 (0) — aal) N (6) N 1) — (5 M)
(1.1)

P20 _ (as(t) — an) V1 () Na 1) + 2 N 0)
Nl(O) = Nl(), NQ(O) = NQ(), NIO < NQ(), (12)

where Ni(t), No(t) are respectively, a number of the voters supporting oppositional
and pro-governmental parties at the moment of time ¢ and ¢ € [0,7],¢t = 0 is the
moment of time of the last elections owing to which the party won elections and be-
came pro-governmental (N9 < Nog);t = T is the moment of the following, for ex-
ample, parliamentary elections (as a rule T' = 4 years or 1460 days if ¢ will change
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on days); ay (t),aq (t) respectively factors of attraction of votes of oppositional and
pro-governmental parties at the moment of time t, connected with the action program,
financial and information possibilities (PR technology) of these parties; f (¢, Ny (1)) is
the positive function of the arguments characterizing use of administrative resources,
directed on voters of opposition party, for the purpose of their attraction on the party
and power preservation that is the purpose of any authorities in power.

In model (1.1), (1.2) it is supposed that total number of voters (Nig + Nog = a)
from elections to elections doesn’t change (often, in many countries, their change is
insignificant in comparison with a total number of voters). Thus, we consider that in
a period between elections the number of the dead voters and the voters who for the
first time have received a vote are equal (in many countries of 18 years) authorities in
power.

This mathematical model doesn’t consider falsification of elections in the election
day though it is possible to consider and falsification cases, having initially set their
percentage value.

Two cases are considered:

L. ay(t) = a1 = const > 0, as(t) = ay = const > 0, f(t, N1(t)) = b > 0 is constant
nature of use of administrative resources.

2. ay(t) = ag = const > 0,as(t) = ay = const > 0, f(t,N1(t)) = SN(t),5 >0
variable nature of use of administrative resources (in proportion to a number of voters
of opposition party).

2. Constant nature of use of administrative resources

In this case we have a system of the equations

PO _ ()~ o) Vi () Na 1) b
(2.1)
P00 _ (0 — )0 () Na (1) + b

depending on ratios between constants of model, the exact solution of a problem of
Cauchy’s (2.1), (1.2) look like:
a) o1 < Qg

Nip — Noyy — 2
. P <1 + 04D, exp(2(ag — oq)pt>

Nig — N 2
M) =2+ 10 20 +2p
2 1+N20_N10+2p~exp(2(04 — aq)pt)
Nig — Nog + 2p ? '
(2.2)
Nig — Ny — 2p )
1+ -exp(2(ag — aq)pt
N(t)——_p( Nig — Nao +2p (las — ey
T2 M Nt o, — anpt)
Nig — Nyo + 2p ? '

b 2
pZ\/ + 9y > Yy

gy —
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a+2p Niyg— Ny +2p
2p—a ' Ny — Nyg +2p
Ny(t1) =a, Ni(t;)=0
1 a+2p Ny — Nog+ 2p
2(ay — ay)p ! 2p —a Nog— Nig+2p-
If t; < T, then on the following elections the opposition party will have no voters
supporting them (exponential aspiration to an one-party regime); if t; > T, then on

the following elections opposition party will support only insignificant number of voters
(close to a one-party regime)

p(1+N10—N20—2p

> 1

exp(?(ozg — O[l)ptl) =

t, = (2.3)

exp(2(ay — Oél)pT))

M) =2+ Mo = Vo + 2p S0 (24
2 1+ Noo = N +2p ~exp(2(ag — aq)pT)
Nig — Nao + 2p ? !
b) a1 = Q9

It is clear, that in case of equality of factors of attraction of votes of competing parties,
the number of voters of pro-governmental party grows, and oppositional falls, and, if

ty = Niofy < T,

then on the following elections the opposition party will have no voters supporting
them (linear aspiration to an one-party regime). If

ty = Noj > T,

then on the following elections opposition party will support only an insignificant num-
ber of voters (close to a one - party regime).

Nl(T) =—bI"+ Nig >0 (26)
c) ag > g
2
p-v__"b (2.7)
4 a1 — Q9
cl) D=0
a Nig — Ny
Ni(t) ==+ ; 2.8
1(t) 2 24 (a1 — az)(Nyg — Nyt 28)
a Nyg — Nig
No(t) = = + .
2( ) 2 2 + (O./l — a2)(N10 — NQ())t
The decision (2.8) is considered only at a period
AN
t e [O,tg],tg = 10 > 0, Nl(tg) =0, Ng(tg) = a. (29)

a(on — ag)(Nag — Nig)
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Therefore, if

t3 S T7
then on the following elections the opposition party will have no voters supporting
them (hyperbolic aspiration to a one-party regime); if

t3>T,

that at the following elections opposition party will support only an insignificant num-
ber of voters (close to a one - party regime)
a Nig — Nag

N(T) = =
1( ) 2+2+((X1—052)(N10—N20)T

>0 (2.10)

c2) D >0

S = ,q <Y (2.11)

cexp(—2(a; — a2>qt>

Ni(t) = = 2.12
1( ) 9 + ) N20 — N1o ¥ 2q Xp( 2(a N )qt) ) ( )
- —2(a — g
Nog — Nip — 2¢
Noy — N 2
q (1 N20 N10 + 2q exp(—2(ay — ag)qt))
NQ(t):g_ 20 — 4Vio — 24
2 o N = No¥20 o — an)gt)
Nog — Nip — 2¢ P ' 2
If the inequality is executed
Nig < Nyg < Nyg + 2q, (213)
then, at
1 Noyy — N- 2
ty = g ' (2.14)
2(r —ag)qg  Nig +2q — Ny
the ratio takes place
Ni(ts) = Na(ta),
then, at

Therefore, if t, < T, that the opposition party will win the following elections, a case
t4 - T
on the following elections both parties will collect identical quantities of votes, and at

ty > 1T,
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at the following elections at pro - governmental party all the same while will be voters
more.
If equality takes place
Nog = Nyg + 2¢, (2.16)

that decision (2.12) will become
Ni(t) = Nig,  Na(t) = Nao, (2.17)

i.e. the number of voters of parties doesn’t change over time and at the subsequent
elections the pro - governmental party will keep the power.
At inequality performance

G>N20>N10+2q

b 1 lnNzo—N10+2Q.N10+N20—2Q
> 2(a1 —a2)qg  Nog — Nig—2q Nog+ Nig+2q

(2.18)

Nl(t5) = 0,N2(t5) = a.

Therefore, if
t5 S T7

then at the following elections the opposition party will have no voters supporting them
(exponential aspiration to a one - party regime); if

ts > T,

that at the following elections opposition party will support only insignificant number
of voters (close to a one - party regime)

Nog — Nyg + 2
q(1+ 20 10 q

-exp(—2(ay — az)qT))

a Noy — Nyp — 2
Nl(T) =~ 4 N20_ N 10 5 q > 0 (219)
2 oo et e -exp(—2(a1 — az)qT)
Nag — Nig — 2¢
c3) D <0
a’ b 9
4 a1 — Q9
Nyy — N
(% + tan((oy — ag)rt>
a
Ni(t) == — " (2.21)
2 Ny — Nyg
1 — ——tan((ay — ag)rt)
2r
Ny — N
( 2 0 1 tan((a; — aQ)rt)
No(t) = 2 + ar
o(t) =
Nyy — N
2 1— 2 "D tan((q — as)rt)
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47”N10
(g — ag)r N2, — N + 4r?
Nl(tﬁ) = 0, Ng(tﬁ) = a.

tg =

arctg

Therefore, if
2(:6 S Ta

then on the following elections the opposition party will have no voters supporting
them (transcendental aspiration to a one-party regime); if ts > T, that of the following
elections opposition party will support only an insignificant number of voters (close to
an one-party regime)

Noyy — N
r (M + tan((aq — ag)rT)
r
_ -0 (2.22)

Nyy — N
% tan((a; — ag)rT)
r

3. Variable nature of use of administrative resources

In this case we have a system of the equations

dl\gt(t) = (g — ag) Ny (t) Ny (t) — BN (1), (3.1)
d]\St<t) = (a2 — )Ny (t) N2 (t) + N1 (t).

Depending on ratios between constants of model, the exact solution of a problem of
Cauchy’s (3.1), (1.2) look like:
a) a; = ap

Ni(t) = Nye™ P, Ny(t) = a — Nyge ™. (3.2)
From (3.2) it is clear that in case of equality of factors of involvement of voters of
competing parties, the number of voters of pro - governmental party grows, and oppo-
sitional falls and on the following elections it will support only an insignificant number
of voters (exponential aspiration to a one - party regime)

Ni(T) = Nyge "7, (3.3)

b) ay # ag, (g — ag)a = 5,00 > g

N

- 1 + (Oél — O[2)N10t7

(3.4)
N20 + (061 - a2)aN10t
No(t) =
2( ) 1 + (061 — Oég)Nlot

From (3.4) it follows that if a number of voters of pro - governmental party grows, and
oppositional falls and at the following elections it will support only an insignificant
number of voters (hyperbolic aspiration to a one - party regime).
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c)ar # az, (a1 — ag)a # 8

(g —oq)a+ ﬁ)Nmef((azfal)aw)t

Ni(t) =
10 (ag — a1)Nog + B+ (g — ay) Nyge~((aa—ar)atf)t

(042 — al)aNQO + CLﬂ _ 6N106—((a2—a1)a+,3)t

No(t) =
2(f) (ag — a1)Nog + B+ (g — ay) Nyge((a2—ar)atp)t

cl) a; < ap From (3.5) it follows that in this case, the number of voters of pro -
governmental party grows, and oppositional falls and at the following elections it will
support only an insignificant number of voters (exponential aspiration to a one - party
regime)

((062 — Oél)(l + 5)N10€_((a2_a1)a+B)T
(ag — a1)Nyg + B+ (ag — 1) Nyge~ (02men)at AT

c2) a; > ag,0 < (a1 — az)a < B From (3.5) it follows that in this case, the number of
voters of pro - governmental party grows, and oppositional falls and at the following
elections it will support only an insignificant number of voters (exponential aspiration
to a one - party regime)

(3.6)

Ny(T) =

(ﬁ - (061 — Oég)a)]\]loe—(ﬁ—(oq—ag)a)T

Ni(T) = 5= (02— 00) Nao — (3 — o) Nyge O (an—eaial? (3.7)
c3) a; > as, (a1 — az)a > p.
Let’s introduce the notation
g(t) = (a1 — ag)Ngg —  + (g — ag) Nygel(@r—a2)a=A)t, (3.8)
It is easy to show that we have
gt) >0, g(0)>0
Therefore owing to a g(t) function continuity
g(t) > 0,for ¢t>0
If the inequality takes place
(g — ag)a > 2, (3.9)
then inequalities are fair
— o) Non —
(a1 — o) Nag > 28, ]5[(1‘;(1 (alaj)a;’)‘)a _52 )ﬁa) > 1, (3.10)
and also an inequality for required functions
Ni(t) > No(t), t>tq, (3.11)

1 1 ((y = a2)Nyy — B)a

- (1 —ag)a—f8 ! Nio((ag — ag)a — 283)
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Therefore, if
tr < T,

then the opposition party will win the following elections, a case
t; =T

at the following elections both parties will collect identical quantities of votes, and at
t: >1T

at the following elections at pro - governmental party all the same while will be voters
more.
In the case

B < (on —az)a < 20,
Ni(t) < Not), t>0

and the opposition party will lose the following elections.

The mathematical model except theoretical interest has also important practical
value, as both parties (the state structures in together with pro - governmental party;
opposition party) can use results according to the purposes. It allows the parties,
according to the chosen strategy, to select parameters of action and to achieve desirable
results for them.
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