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Abstract. In the present paper the linear 2D theory of thermoelasticity with microtem-
peratures is considered. The representation of regular solution of the system of equations
of steady vibrations in the considered theory is obtained. The fundamental and singular
solutions for a governing system of equations of this theory are constructed. Finally, the
single-layer, double-layer and volume potentials are presented.
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Introduction

A thermodynamic theory for elastic materials with inner structure the particles
of which, in addition to microdeformations, possess microtemperatures was proposed
by Grot [1]. Iesan and Quintanilla [2] have formulated the boundary value prob-
lems (BVPs) and presented an uniqueness result and a solution of the Boussinesq-
Somigliana-Galerkin type. The fundamental solutions of the equations of the 3D the-
ory of thermoelasticity with microtemperatures were constructed by Svanadze [3]. The
representations of the Galerkin type and general solutions of the system of equations
in this theory were obtained by Scalia, Svanadze and Tracina [4]. In [5], a wide class
of external BVPs of steady vibrations is investigated and Sommerfeld-Kupradze type
radiation conditions and the basic properties of thermoelastopotentials are established.
Here the uniqueness and existence theorems of regular solutions of the external BVPs
are proved using the potential method and the theory of singular integral equations.
The fundamental solutions of the equations of the two-dimensional (2D) theory of ther-
moelasticity with microtemperatures were constracted by Basheleishvili, Bitsadze and
Jaiani [6]. The 2D BVPs of statics of the theory of thermoelasticity with microtem-
peratures are formulated and the uniqueness and existence theorems are presented
in [7]. The basic results and extensive review of the theory of elastic materials with
microstructure are given in the literature [8].

For investigation, boundary-value problems of the theory of elasticity and ther-
moelasticity by potential method are necessary to construct fundamental solutions of
respective systems of partial differential equations and to establish their basic proper-
ties. There are several known methods to construct a fundamental solution of systems
of differential equations of the theory of elasticity and thermoelasticity [9-12].

In the present paper the linear 2D theory of thermoelasticity with microtempera-
tures is considered. The representation of regular solution of the system of equations
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of steady vibration of the theory of thermoelasticity with microtemperatures is ob-
tained.The fundamental and singular solutions for a governing system of equations of
this theory are constructed. Finally, the single-layer, double-layer and volume poten-
tials are presented.

Basic equations

We consider an isotropic elastic material with microtemperatures. Let D (D7) be a
bounded (respectively, an unbounded) domain of the Euclidean 2D space E5 bounded
by the contour S. Dt := DTJS, D~ := E;)\D*. Let x := (x1,22) € Es, 0x :=

o 0
( ) . In 2D space “rot” is defined as a scalar

dry’ Oxs

_ %00
rotg = 0, Oy

for a vector ¢ := (¢1, ¢2) and as a vector

_ (0w 0
roty := (8@’ 83:1)

for a scalar 1.
The basic system of equations of steady vibrations in the linear 2D theory of ther-
moelasticity with microtemperatures has the following form [1],[2]

pAu + (X + p)graddiva — Bgradd + ow*u = —oN, (1)
ke Aw + (k4 + ks)graddivw — ksgradf + ksw = pM, (2)
(kA + a9)0 + Bodivu + kydivw = —ps, (3)

where u = (uy,u2)? is the displacement vector, w = (wy, ws)? is the microtemperature
vector, 6 is the temperature measured from the constant absolute temperature Ty (Tp >
0) by the natural state (i.e. by the state of the absence of loads), p is the reference mass
density (p > 0), N = (N1, N,) is the body force, M = (M;, My) is first heat source
moment vector, s is the heat supply, a¢ = iwaTy, By = wplTy, ks = iwb — kg, b >
0, A\, i, B, k, kj, (j=1,...,6), are the constitutive coefficients, A is the 2D Laplace
operator and w is the oscillation frequency (w > 0). The superscript “T” denotes
transposition.
We introduce the matrix differential operator

A(0x,w) =|| A;;(0x,w) ||5x5,

where )

0x0x,

82
Aatoyt2 1= Oy (k6 A + ks) + (ks + kS)ax oz’
« Y

Ay 1= pan (A + pw?) + (X + p)
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0 0
Aa,’y+2 = Aa+2,7 =0, Aps = —53—%; Aa+2;5 = —ks &'L‘a’
0 0
Asy = Po—, Asa2:=ki—, As5:=EkA =1,2
5y ﬁo (91:7 ) 5;7+2 1 ax’y7 55 + ap, a,y ) 4
o~y is the Kronecker delta. Then the system (1)-(3) can be rewritten as
A(0x,w)U =F, (4)

where
U= (ulau%wlvw%e)Ta F = (—QN,QM,—QS).

When F = 0, we have homogeneous system of equations of steady vibrations in the 2D
theory of thermoelasticity with microtemperatures

pAu + (X + p)graddiva — Bgradd + ow*u = 0, (5)
ke Aw + (k4 + ks)graddivw — ksgradf + ksw = 0, (6)
(kA + ag)0 + Bodiva + kydivw = 0. (7)

The matrix A(dx,w) :=|| glj((?x, W) |lsxs:= AT (=0x%,w), will be called the associ-
ated operator to the differential operator A (dx,w). Thus, the homogeneous associated
system to (4) has the following form

pAu + (A + p)graddivu — Bygradf + pw?u = 0,
ke Aw + (k4 + ks)graddivw — kygradf + ksw = 0,
(kA + ag)0 + ksdivw + Sdivu = 0.

We assume that pugkkeks # 0, where pg := A + 2u, k7 := k4 + ks + kg. Obviously,
if the last condition is satisfied, then A(0x,w) is the elliptic differential operator.

Representation of regular solutions

Definition. A vector function U(u, w, ) is called regular in D~ (or D7) if

1. UeCXD)NCYD") or (UeC3D+)nC'DY),

4 3
2 u=Yux), we X wik), 0=3 00x)
j=1 j=1

j=1,2,3,5
3. (A4 HuD =0, (A+M)wh =0, (A+A%)0™ =0,
u® = (@ uf), wl = (w,w), 8)

j=1,2,34, 1=1,235 m=123
and 5
(— - z’Aj) ul = elo(|x|72), j=1,2,3,4, 1=1,2,

0 , 1
(— — Z)\l) w,(f) = €Z>\l‘x|0<‘X’7§), | = 1, 2, 3,5, k= 1,2,
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(% - i)\m> Om) = ermXlo(x|72), m=1,2,3 for |x|=/22+22 >>1;
b
where A?, j =1,2,3, are roots of equation D(—¢) =0,

D(A) = (oA + pw?)krks A + (ke A + kg ) [BB0A + (1A + pu?) (KA + ag)] =

pokkr (A + A7) (A + M) (A + A3)

and the constants A3 and A2 are determined by the formulas

2
W k
/\Z::p—>0, /\2::—8.
H ke
The quantities A?, 7 = 1,2,3,5 are complex numbers and are chosen so as to
ensure positivity of their imaginary part, i.e. it is assumed that [ m)\g > 0.
Equalities in (9) are Sommerfeld-Kupradze type radiation conditions in the linear

theory of thermoelastisity with microtemperatures.
Remark. The equalities (9) imply [5]

Ul(x) = eMMO(x|72)  for |x|>>1, 1,j=1,.,5 (10)

Theorem 1. The regular solution U = (u,w,0) of the systems (5)-(7) admits in
the domain of reqularity a representation

U= (111+121,v1v+v2v,0),

12 1 2 . »
where u, u, W and W are the reqular vectors, satisfying the conditions

(A+A)(A+A2)(A+X)a=0, rotu=0,
(A+2A2)(A+X2)(A+ M)W =0, rotw =0,
(A+ X0 =0, divi=0, (A+X)w=0, divw=0,

(A+ M) (A +A)(A+ A2 =0.

Proof. Let U = (u,w, ) be a regular solution of the equations (5)-(7). Taking
into account the identity

Aw = graddivw — rotrotw, (11)

rOtrotw — 8 3w2 _ 8w1 _ 8 8w2 . 8w1
T 8%2 8131 81’2 ’ 81’1 8371 8272 ’

from (5),(6) we obtain

where

u= —M—Ongddivu + %rotmtu + %gmd&,
pw pw pw
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k k k
W = —lgmddivw + Zrotrotw + —3gmd0,

ks ks ks
Let
U= —’U—Ongddivu + %gmd@, (12)
pw pw
o= ﬁrotrotu, (13)
k k
W= — L graddivw + —grade, (14)
ks ks
k.
W = “Crotrotw. (15)
ks
Clearly
1 2 1 2 1 1 2 2
u=u+u, w=w+w rotu=0, rotw=0, divou=0, divw=0. (16)
Taking into account the identity Al = —rotrota, Aw = —rot’rotv%f, from (13)-(15) we
get
(A+2A)0=0, (A+A)w=0. (17)

Applying the operator div to equations (5), (6) we obtain
(oA + pw?)divu — BAO = 0,
(k7 A + kg)divw — ks A0 = 0, (18)
(kA + ag)f + kydivw + Bodivu = 0,
Rewrite system (18) as follows

oA + pw? 0 — BA
D(A)\P = 0 k7A + ks - k’gA U = 0,

Bo k1 EA + ag
where U = (divu, divw, 0)T. Clearly, detD = pokkz(A + A3 (A + X3)(A + \2),
(A+ M) (A + M) (A + N)divu =0,
(A £ A2)(A + A2)(A + \2)divw = 0, (19)
(A+ M)A+ M)A+ M) =0.

Applying the operator (A + A?)(A + A3)(A + \2) to equations (12), (14) using the last
relations we obtain

(A +22) (A + A2)(A + 22t = 0,

(A +A2)(A +AD)(A + 22w = 0,
(A+2)(A+ M)A+ )Mo =0.
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The last formulas prove the theorem.
Theorem 2. The regular solution U = (u, w,0) € C*(D) of equation ~A(dz)U =
0 for x € D, is represented as the sum

4

3
u= Zu(j)(:r:), w= Z w9 (x), 6= ZQ(j), (20)
j=1 Jj=1

§=1,2,3,5

where D is a domain in Ey and u9), wWand 0Y) are reqular functions satisfying the
following conditions

(A+2)u%) =0, (A+A)w? =0, (A+A2)0™ =0,

(21)
i=1,2,3,4, 1=1,2,35 m=123.

Proof. Applying the operator div to the equations (5) and (6) and taking into
account the relations (18) and (19) we obtain

(1

(A + A (A + A (A + 2D (A + 2D)u =0,

(A4 X2)(A + A2 (A + 2 (A + 2w = 0, (22)
(A+ M) (A+A)(A+ A2 =0.

We introduce the notations:

A 4N+ N
u(ﬂ) = u, ] = 17273747
1=1;l#j )\ )‘2
A+ )\
w®) — I1 A w, l#p p=12305, (23)

2 2
1=1,2,3,5 Al — )\p

3N+ N
|:l1;£ )\l2 _)\3:| Y %]7 .] Y )

By virtue of (23), it follows that
4G . 3
= ‘z:ll,I(JL W = . W(])’ 6: 29(])’ (24)
j= —
(A+2Aud =0, (A+A)wd =0, (A+2A%)0™ =0,

i=1,234 1=1,235 m=1,23.

Thus, the regular in D solution of equation  A(9x,w)U = 0 is represented as a sum
of functions u, w0, AU which satisfy Helmholtz’ equations in D.

Matrix of fundamental solutions

We introduce the matrix differential operator B(0x) consisting of cofactors of ele-
ments of the transposed matrix A? divided on ppokkeks

B(0x,w) :=|| Bj;(0x,w) |55,
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where
Boy i= Bi10ay — Bi58a&y:  Bat2y+2 = Big0ay — Biadys
Bl’y+2 = BT3€1€7a B2'y+2 = BTS&Q&’W Ba5 = Bik5§a7 B5a = B;lgom

0
Bsyio = Bi&,, &= ETe a,7v=1,2, Bss:= B,
B3'y = Bglflg’ya B4’y = B§1£2£'ya B2+'y,5 = B;:g,g'w
1
Biy = (A+ AD(A +A3)(A +A3)(A +A3),
. (A1)
By, = e {BBo(krA + ks) + (A + ) [(KA + ao) (k7 A + ks) + k1 ksAl}
7 0
; Bk ) B
Biy = = (AT XDA+ X, By i= (A4 M) (A + X)(ked + k)
By = — D (A A (A + Ak + ), g0 = A+ 2
pokkq
* hky 2 2 2
B3 = — (A + AD(A + A5) (oA + pw”),
Piok‘k‘7
By = ——— (A + AD(A + A7) (oA + pw?) (kA + ks),
pokkr
By = — 300 (AL )(A+02) Bl im —2 (A4 XA + A0 + p?)
31 - ,u[)kk’? 4 5 35 ,uokk’? 4 5 Ho )
1
Biy = (A +ADA+ ) (A + A (A +AD),
6
* (A + )\121> 2 2
B34 = m{k1k3<MOA + pw ) + (]f4 + /{:5)[(qu + pw )(k’A + CL()) + 660A]}
0 6

Substituting the vector U(x) = B(0x,w)¥ into A(0x,w)U = 0, where ¥ is a
five-component vector function, we get

B(A) = (A + AD(A+ X)) (A + A)(A+ A (A + \2)W.
Whence, applying the method developed in [6], after some calculations, the vector W
can be represented as
5

5
W= 3 O, X di =0,
=

J=1

J

<.
1
i

402, =X =0, m=4,5  (25)

|
zm

> di(N = AN = X) =0, d j#m, j=1,2,.,5,

]:1 m=

A2 e

—

where Hél)()\jr) are Hankel’s functions of the first kind with the index equal to 0 and
r=lr—y.
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Substituting (25) into U = BW, we obtain the matrix of fundamental solution,
which we denote by I'(x-y, w)

[(x-y,w) :==| Tx;(x-y,w) [[5x5,
where

H(gl)()\47“) o 82\1111 \I/ — _Hél)()\47")
o dradr,” U2

+ z . m o (ks = ko) (a0 — KT = Kaka Al G (Arer)

H(()l)(/\5’l“) . 82\1133 \I/ — _H(()l)()\{)?”)
ke Oradr, ko2

o k’)\Q 2 )\2 o >\2 H(l) )\m
+ Z )\2 ,uokik?7[( 0 m)(pw Ho m) 650 m] 0 ( T);

Loy (x-y, w) = Oary

Fa+2,’y+2 (X'Y7 CU) = 5a'y

1
[s5(x-y,w) == pp” Z L ((pw? — 11oA2) (ks — k;7/\$n)H((]1)(/\m7’),
THo
0 0
Fa5(X-y, W) = B a,lilja F2+a75(x'y7 W) = k3 8125:7 a,y — 17 27
M1 1 < 2\ 77(1)
s, (x-y,w) := —Fg—, = Lin(ks — k7)) Hy ' (Ar),
5y (XY, W) Bo oz, (BF [ m2:31 (ks — ke Hy (M)
0 1
F5,2+7(X'Y7W) = —ky (;im, P51 = Lk m(PWQ - Mo)\?n)Hél)(AmT)a
v =1
0?
LCaoiqy(x-y,w) i= —/ﬁﬁ %3 3 = kk7,uo Zl H(l) AmT),
32
Copoq(X-y,w) = —Fsfo %1; In = dm(N2 = XN2)(N2 = N2), 1=1,2,3,
a0y

3 3 3
Sl =0, S InA2 =0, > I\ =1
m=1 m=1 m=1

We can easily prove the following

Theorem 3. The elements of the matriz T'(x-y,w) has a logarithmic singularity as
x — y and each column of the matriz T'(x-y,w), considered as a vector, is a solution
of the system A(Ox,w)U = 0 at every point x if ¢ # y.

According to the method developed in [5], we construct the matrix I'(x,w) =
I'"(—x,w) and the following basic properties of f(x, w) may be easily verified:

Theorem 4. Fach column of the matrix f‘(m-y, w), considered as a vector, satisfies
the associated system ﬁ(@m)f‘(az-y, w) =0, at every point x if € # y and the elements
of the matrix IN‘(:I:-y, w) have a logarithmic singularity as € — y.

Matrix of singular solutions

In solving BVPs of the theory of thermoelasticity with microtemperatures by the
potential method, besides the matrix of fundamental solutions, some other matrices
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of singular solutions to equations (5)-(7) are of a great importance. Using the matrix
of fundamental solutions, we construct the so-called singular matrices of solutions by
means of elementary functions.

,
We introduce the special generalized stress vector R(0x,n)U,  which acts on
the element of the arc with the unit normal n = (n4,ns), where

R(0x,n) :=|| Ryj ||5x5.

T 0 T T T
R,ay = 60@,“% + (>\ + M)na + TlMcw; Ra,7+2 = ch—i—Q,'y = R,cx+2,5

O,
T T T 0 0
= RB’y = 07 Ras == _ﬁnou Roa+2;'y+2 = 50[7]{68_1’1 + (k4 + kS)naa_% + TQMa'ya

T T 0 0 0

Rsq42 := kiny,  Rss i= ka_rf nya—xa - naa—%a a,v7=1,2, (26)
here T = (7,72), Ta, « = 1,2, are the arbitrary numbers. If 1, = p, m =
ks, we denote the obtained operator by P(dx,n). The operator, which we get from
PN+ 1) ke(ky + ks) .
_ = ———— will be denoted b N(o
W To k4+k5—|—2k6’WI e denoted by (0Ox,n)
and the vector N(0x,n)U  will be called the pseudostress vector.

My =

f{(@x,n) for m =

Applying the operator f{(ax,n) to the matrix I'(x-y,w), we construct the so-
called singular matrix of solutions

R(9x,n)I(x-y, w) := || M;;(9%) [l5xs,

where

T L aH(()l)()\4T’) (9 8 \1111 28\1111
My (%) = =25 ==+ (CO (4 g 5, TP
T L 8 (1) 0 82\1111 2 8\1111
Mi2(0x) = EgH (A1) — (71 +u)8 22 + pwing o2y
T . 7'1 8 (1) 262‘1/11 2 8\1111
Mo (9%) := 9 —Hy' (A7) + (11 +u)a 927 + pwng T
g ¢13 0 52%3

R 2 _ _
Mi42(0%) 1= 8 {nlgw Oz, (p+ Tl)as 0x,0xs
g O3 9 %P3

._ 2 Y
Ma,y+2(0%) == k1 3 {anUJ oz, + (1 + Tl)@s 97,071 ]
T 0 0 9
Mis(0%x) = B | (11 + M)a—a— — pwny | s,

DT/[25(3X) =—p {(7'1 + M)aa 88 + pw nz} P15,

¢ o o
M3a (0%) = kgﬁol Zz A2 H(1 (Amr) = (72 + kg) - 8@?}?]
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3

Mas (9%) := ﬁmsz p? — HoA2) [—nl)\fn Tz;k“ 8‘; (,i] HY (M\ur),
RT/[4a(8X) = k3 [kn_:() 23: lm)\?ﬂ%}]él)()\mr) + (12 + kJG)ai ai;gl;’a]
M (%) 1= - ,WO Z Il = o) [ 1o+ 280 T O ),
M, (9x) = _7_m 23:; [klks ks — k)2, } %,
M 12(0%) = [ . ™ 5O () — ‘92(‘1'5;:95%1)] iy
Niss(05) = Z i = o) [ B0 g | O D)
Sty @3 = 0T g D B 0 g, bt
Vi(9x) = —;—Z% + (72 + ko) 85; a;’j’ oy ai lhktin — ks Vi)
M4 (0x) = Z—z% — (7o + kg) 88;% 8;’;3 . ai kikaths — ksUss].  (27)

We prove the following theorem.
- T
Theorem 5. FEvery column of the matriz |R(Jy,n)I'(y-x, w)] , considered as a

vector, is a solution of the system X((?X, w) =0 at any point x if x #y.
Let

1?{11 f{12 0 0 —0Gm
f{m Ry 0 0 — Bona
R™(0x,;):= | 0 0 ﬁ33 ﬁ34 0 ;
0 0 Ru Rus O

0 0 ksny  ksng IT{55

where 17%0[7, f{a+277+2, ﬁ55, a,y = 1,2, are given by (26), then

R7(9x,n)T(x-y, w) = |[M;;(9%. ) [|sxs,
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11

Here

Mzw(aX) = Ma (%), M;—z,w—z(ax) = Mat2,y+2(0%), M%(@X) := Ms5(0x%),

M 12(9%) == k3fo {nlpr%if —(n + )%8(12:22}

RIT,(0%) i= fo | —napiPis + -+ 1) ; g@ﬂ

W 0%) = 5 {w o+ (1) ; %ﬁﬂ
M EIRN 9 st |
(050 = b | 1 32 ¥ = gl ) 7 ) = (2 + 02 ol
Mis(0) = —ky _kuo Zl A2 (pw? = oA HE ) + (72 + kﬁ)i%iil :
M, (0x) = kmo Z L { PN krlkkrg} a%;iiélmr),
S e = ]

Let [P(dy,n)T(y-x),w]”, be the matrix which we get from P(9x,n)T'(x-y,w) by trans-
position of the columns and rows and the variables x and y. The superscript “7”
denotes transposition.
We prove the following theorem.
T
Theorem 6. Every column of the matriz [R"(E)y, )T(y-x,w)| , considered as a

vector, is a solution of the system A(0x,w)U = 0 at any point X if X #y.

Let g and ¢ be continuous (or Holder continuous) vectors and S be a closed Lya-
punov curve.

We introduce the potential of a single-layer

720 (x,g) = / T(x — y,w)g(y)ds,
S

the potential of a double-layer

/ B (9y,n)T7 (y-x, )| g(y)ds
S
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and the potential of volume

70)(x, ) = / T'(x — y,w)d(y)ds,

where T is the fundamental matrix, g and ¢ are five-component vectors.
The following theorem is valid:
Theorem 7. The vectors ZY9) (j = 1,2,) are the solutions of the system

A(0z,w)U=0

- T
in both the domains D and D~ and the elements of the matriz [R"'(@y,n)]_‘T(y-w, w)} ,

contain a singular part, which is integrable in the sense of the Cauchy principal value.
The vector Z®(x, ¢) is a solution of the system A(Ox,w)Z>) = ¢.
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