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THE SOLUTION OF THE STRESS PROBLEM OF THE THEORY OF
THERMOELASTICITY WITH MICROTEMPERATURES FOR A CIRCULAR
RING

Tsagareli 1., Svanadze M.

Abstract. The solution of statics of the stress boundary value problem of the theory of
thermoelasticity with microtemperatures for the circular ring is presented. The representation
of regular solutions for the system of equations of the linear theory of thermoelasticity with
microtemperatures by harmonic, biharmonic and metaharmonic functions is obtained. The
solution is obtained by means of absolutely and uniformly convergent series. The question
on the uniqueness of the solution of the problem is studied.
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1. Basic equations

The basic system of equations of the theory of thermoelasticity with microtemper-
atures can be written in the form [1,2]:

pAu(x) + (A + p)graddivu(z) = Bgradus(x),
kAus(z) + kydivw(x) = 0, (1)
ksAw(x) + (kg + ks)graddivw(z) — ksgradus(x) — kaw(z) = 0,

where \, i1, B, k, k1, ks, k3, ky, ks, ke are constitutive coefficients [1]; u(z) is the displace-
ment vector of the point x = (1, x2); u = (u1,uz); w = (wy, ws) is the microtemper-
atures vector; ug is temperature measured from the constant absolute temperature Tp;
A is the Laplace operator.

Problem. Find a regular vector U = (uy, ug, us, wy, wy), (U € CY(D)NC?*(D), D =
DUS,US)) satisfying in the ring D a system of equations (1) and on the circumferences
Sp and S7 the boundary conditions:

dus(2) ’

[T'(0.,n)u(z) — Buz(2)n(2)]" = fi(z), |k () + kw(z)n(2)| = fi(z), ()

[T7(0:; m)w(2)]" = p'(z), i=0,1,

where f = (f1,f2), p = (p1,p2), f1,[fe, f3 are the given functions on Sy and Si;
T'u is the stress vector in the classical theory of elasticity; T"w is stress vector for
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microtemperatures [1,2]:

T (0, n)u(z) = /Lag—g) + An(z)divu(z) + ,LLZnZ Ygradu;(z),
(3)
T" (O, n)w(z) = (ks + k¢) 8157(1 ?) + kyn(x)divw(x) + ks Z n;(x)gradw;(x).

=1

The above-formulated problem of thermoelasticity with microtemperatures can be
considered as a union of two problems A and B, where:

Problem A. find in a ring D the solution u(x) of equation (1);, if on the circum-
ferences Sy and S there are given the values of the vector 77(9., n)u(z) — Busz(2)n(2);

Problem B. find in the ring D the solutions uz(x) and w(z) of the system of
equations (1), and (1)s,if on the circumferences Sy and S; there are given the values
of the function k%qu((;)) + kyw(z)n(z) and of the vector T"(0,, n)w(z).

Let (u/,uf,w’) and (u”,uf, w”) be two different solutions of any of the problems.
Then the differences u = v’ —v”, w3 =us—uj and w = w"—w” of these solutions,
obviously, satisfies the homogeneous system (1), and zero boundary conditions (2).
For a regular solutions of equation (1); and equations (1), and (1)3 the Green’s formulas
2,3]:

/D By (u(z), () — Bua(x)divu(a)]dz = — / W) [T (0, n)uly) — Bus(y)n()]'dy So

+/Su1(y)[T’(8y, n)u(y) — 5“3(3/)71(3/)]1%51,

/D[TOEQ(w(x), w(x)) + k| gradus |* +(ky + ksTo)wgradus + ko Ty | w(z) [*]dx
= — Js u§W)[kduus(y) + kuw(y)n(y)]* + Tow () [Ty, n)w(y)]'d,So (4)

+ [ us() [kOnus(y) + kiw(y)n(y)]' + Tow' (y) [T (0, n)w(y)] dy Sy

is valid, where

E1 (u, ’LL) = (/\ + u)(@lul -+ 82u2)2 + u(@lul — 82’11,2)2 -+ ,u(c?gul + 81u2)2;

1
Eg(w, w) = 5(2]{?4 + k’5 + kG)(81w1 + 82102)2 + (k’G + k:5)(81w1 — 82w2)2

+(k6 + k5)(82w1 + 81102)2 + (k@ — k5)(81w2 — 82w1)2,

under the conditions that: A4+u, p > 0and, accordingly, 2ks+ks+kg > 0, kgt ks > 0
are nonnegative quadratic forms.

Taking into account formula (4), under the homogeneous boundary conditions for
the problem B, we obtain Fy(w,w) =0, graduz =0, w=0. The solution of the
above equations has the form: uz(z) = const,w = 0.

The following uniqueness theorem is valid.
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Theorem. The difference of two arbitrary solutions of the BVP (1), (2) is the
vector U = (uy, ug, ug, wy, ws), where ui(x) = —c1xg+clzy + qr, ue(r) = —c121 +clag +

G2, u3 = c,wy = we = 0;¢,c1,q1,q2 are arbitrary constants, | = TowmE

2. Solution of the problem B

90 mo 00 md
dre  COr  r oY dm  or  r oy
we rewrite the representation solutions of the system [(1)q,(1)3] and the boundary
conditions of the problem B in the tangent and normal components [3]:

Taking into account formulas:

us(x) = @1 () + a(),

0 ) 10
wn () :a1§¢1(1f’)+a2§¢2( T) — @3—% e3(), (5)
o) = a1y () + 0 (o) + aa (),

Ous " i ow, 1" ky 0wsi_i
o] et =gon w5 o g 5] =
ow, 1" ks [Ow, Z_ ;
] ] -

where w,, = (U) ’ n)aws = (U) ’ S)7pn = (p ’ n>7ps = (p ’ S)an = (nbn?)as = (_n27n1)7

(6)

i 5 | kko — k1K

EEE ZzO,l;k A901:Ol;(A“‘S%)]ZD?:Ov(A"{'Sg)%:O’S%:_277137
k

53 = _k_Z>a1 = _k_za@ = k] a3 = k_i; ke = kya+ ks + ke; K, ko, kg, k7 > 0;

Wy = (UJ : n), Ws = ('UJ ’ 5) Pn = (p n>7 Ps = (p : S>7 n = <n17n2>7 s =
(—ng,m1); == (r,¢), r*=az}+12% Ry isradius of the boundary Sy; Ry is radius
of the boundary 5;.

The harmonic function ¢; and metaharmonic functions ¢y and (3 are represented
in the form of series in the ring ([4], p.417; [5]):

p1(r) = XlOlnT"'Ylﬂ‘l'Z (Xim = (V) + 17" (Xum - v (¥))],

pa(w) = Y [In(s2r) (Xom - vin () + Kon(527) (Yam - ()], (7)
3(x) = Y [m(s57)(Xam - 5($)) + Kon(s37) Yam - s (1)),

where 1,,,(s;r) and K,,(s;r) are the Bessel’s and modified Hankel’s functions of an imag-
inary argument, respectlvely, Xpm and Yy, are the unknown two-component constants
vectors, v, (1) = (cosmip, sinma)), s,,(¢) = (—sinmap, cosmap), j = 2,3,k = 1,2.

We substitute (7) into (5) and then the obtained expressions substitute into (6).
Passing to the limit, as r — Ry and r — R; for the unknowns X,,, and Y,,, we obtain
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a system of algebraic equations:

1 Al
ﬁXlO + ags3 1§ (s2R;) Xao + K{ (s2R;)Yag] = 2—1{1;07
i 7

Az‘
1§ (s3Ri) Xs0 + K (s3Ri)Ys0 = 2k6;§33’
1 Al
E(l + klal)Xlo + 82(1 + CLQ)[I(I)(SQRZ‘)XQO + K{)(SQRZ)}/QO] = 230,

m2

R2
Ln(s3R;) + sgf;n(ngi)} X + armB " [kz(m + 1) = kgm] Yim

almRZn_2[k:7(m - ].) — k4m]X1m + a9 |:]€7S§]#L(82RZ) — ]{74 ]m(SQRZ'> Xgm

m 1
s | =

R | R;
m2
+ag | krso K (s2R;) — k4ﬁKm(52Ri):| Yom
m [ 1 , ;
—|—k7a3§ ﬁKm(SSRi) + 53K, (s3R;i) | Yam = AL,

1
almRyhz[%m + k:g(m - 1)]X1m + azﬁ |:_k56_]m(52Ri) + 52(]{75 + kG)L/n(SQRz) Xgm
2

R; R;
—|'Cl3 [k’ﬁS%LZl(SgRZ) — k’5%[m($3Rz)]X3m — almRi_(mH) [k@(m + 1) + k5m]Y1m

1
‘f“CLQm |:—]{Z6—Km(82Ri) + (k’5 + ]{76)82K;,L(82Ri):| ng

R; R;
m2 .
+as |:—k5?Km(83Rz> + kGS?')K#L(SgRIL)] YE’)m = AZQm?
k’llem_lem + SQ],,In(SQRZ‘)(k: + k‘lag)XQm — klagglm(S;gRi)Xgm
—k?lmRi_(m—H)}/lm + 82(]{3 + k?lag)K;n(SgRi)}/ém — k;lag)%Km(s;;Ri)ng = Aém’

where A%, . AL and A} are the Fourier coefficients of the functions p,(z), ps(2)
and f3(z), respectively; i=0,1; m=1.2.....

3. Solution of the problem A

The solution of the first equation of the system (1) with the boundary condition
(2) is represented by the sum

u(r) = vo(@) + v(2), (8)

where vy is a particular solution of equation (1); :

(o) = g oradl=5a(a) + eu(o)}
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2()) is the solution of the

@p is a biharmonic function: Apy = ¢1; v(z) = (v1(x),v
= 0 which can be found by means

homogeneous equation pAv(x)+ (A + p)graddivo(z)
of the formulae [6]

0 0 0 0
a—xl[cbl(x) + ®o(z)] — 8_1-2%( z), va(x) = a—@[q’l(fﬂ) + ®q(z)] + 8_:1:1%( z),

where A®(z) =0, AAdy(x) =0, AAP;(z) = 0;

vi(z) =

m=1 Rl
o) - $ (E)m (Zan - vl
30 () v+ rarza - + 5 () 2
m=2 - S (9)
Py(z) = e 22'“) Z: (}%) (Zsm - sm(¥))

T
K m=2

A2 1 ?
—|-—< —; 'u)rlnr(ZH -51(¢)) + Zyolnr + - (];: > Z30,
1

where Zj,, are the unknown two-component vectors, k = 1,2, 3,4. Taking into account
(8) and relying on the condition (2);, we can write

[T'(0,,n)v(2)]" = ¥'(2), z2€S8; i=0,2,

where Ui(2) = fi(2)+ Bui(2)n(z) — [T" (9., n)v(2)]* is the known vector, Uf = (¢, ).
We rewrite this conditions in the tangent and normal components:

[T(0:, n)o(2)];, = V(2),  [T7(0:, mv(2)]s = Wi(2), (10)

where ,
ovilz) 1 0ui2)
or R; oY 7’

(0 mo(a)l = (25 ot O,

i _ d i 10
h(2) = - (B(E) + 94(2)) - L i),

10, i 9 i
_ raw@ 1(2) + @4(2) + 5-(B5(2)).

[7'(0:, n)v(2)], = (A + 2p)

vi(2)
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We substitute (9) into (10). Passing to the limit, as » — Ry and » — R; for the
unknowns Z,,; we obtain a system of algebraic equations:

A

A(m Zlm + B( )tm+222m + C

(M)t™ 271, + B(m) Zom + C(m)t™ Zay, + E1(m) Zym = 10,
(m)
(m)
(m)

)

m) Zsm + Ea(m) Zam = 1y,
)
)

D

m)t" 2 Z 1 + B(m) Zay + D(m)t™ Zsy, + E3(m) Zay = (2,

(
(
(
D(m)Zsn + Es(m) Zum = (.

A(m) Zym + B(m)t"™ 2 Zy,, +

where B
t= 20 ealm) =20 w(m o+ 1), es(m) =260+ p)m 1),
1
2u(m —1)m 2u(m+1)m e1m(m — 2
Agm) = 200y = 2Ty om0 22)
1 0 1
e1(m)m 2020+ 3 ea(m)(m + 2
Dim) = ~etmm (1) = 2B gy Calmln )
0 0
2(2X + 3p) _e(m)(m+2) 2 _ex(m)m
E2(1> - Rl ) EQ( )_ ILLRO t ) Eg(l) RQ’ Es(m) - R%
_ 2 _ep(m)t™ B
E4(].) = Rl lan, E4(m) = —IMRO y m = 2,3,....

If the principal vector and principal moment of external stresses is equal to zero, then

we obtain
27 27

Rf/\l@(e)de - Rﬁ/xpg(e)de =0.
0 0

From here when m = 0, we get: R?(} = R2(). When m = 0 for the unknowns Zg, Zog
and Z49 we obtain the system

2p 2(A\ + ) ¢ 24 G
R2Z10 + R—%ZZO =5 —R—3Z40 =

Z3p is an arbitrary constant, ¢ = 0, 1.
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