Seminar of I. Vekua Institute
of Applied Mathematics

REPORTS, Vol. 38, 2012

ON A CONNECTION BETWEEN CONTROLLABILITY OF THE INITIAL AND
PERTURBED TWO-STAGE SYSTEMS

Tadumadze T.

Abstract. Sufficient conditions are established, guaranteeing controllability of the initial
two-stage system of ordinary differential equations if a sequence of the perturbed two-stage
systems is controllable, when the perturbations of right-hand side of system are small in the
integral sense.
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1. Formulation of main results

Let to1 < tpa < 01 < 0y < t11 < t12 be given numbers and R} be the n-dimensional

vector space of points
n

v= (', 2" 2P =) (@),
i=1

where T' means transpose; suppose that O C R} and Y C R} are open sets, U C R,
and V C R? are compact sets. Further, let Ey = Ef(I; x O, R?), be the space of
functions f(t,z) € R? defined on I; x O and satisfying the following conditions:

1.1. for any = € O the function f(t,z) is measurable on I = [to1, 0a];

1.2. for any function f € E; and any compact set K C O there exist functions
mysk(-), Lyk(-) € Li(I1, Ry), Ry = [0,00) such that for almost all ¢ € Iy,

|f(t, )| < myr(t),Vee K

and
|f(t,21) = [, 32)] < Lypg ()| — 2], V(z1,20) € K*.

Let B} = E} (I X O, R}) be the space of functions f(¢,z,u) € R} defined on I; x O x U
and satisfying the following conditions:

1.3. for any (z,u) € O x U the function f(¢,z,u) is measurable on Iy;

1.4. for any function f € E} and any compact set K C O there exist functions
my(-), Lyk(-) € L1(I1, Ry) such that for almost all ¢ € Iy,

\f(t,x,u)] <mp(t),V(r,u) e K xU

and
\f(t,z1,u) — f(t,29,u)| < Ly g(t)|wr — xa|, V(21 22,u) € K* x U.

Analogously are defined the following spaces £y = Ey(l x Y, R)") and E} = E7(Iy %
Y x V, R?), where ]2 = [81, tlg].
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Let fo € EY and go € E] be given functions and z9 € O and y; € Y be given
points. By €2 and A we denote sets of measurable functions v : Iy — U and v : [y — V,
respectively.

To each element

w = (tO,Q,tl,u(-),v(-)) cW = [t()l,tog] X [91,92] X [tll,tlg] x ) x A

we assign the two-stage system of differential equations

T = fO(t>x7u(t))7t € [t079]7
Y= gO(t7 y,U(t)),t S [07 tl]

with the initial condition

and the intermediate condition at the switching moment 6
y(0) = Q(0, z(0)). (1.3)

Here the function Q(t,r) € R} is continuous on [0, 6] x O and continuously differen-
tiable with respect to x € 0.

Definition 1.1. Let w = (tg,0,t1,u(-),v(-)) € W. The pair of functions ®(w) =
{z(t) = z(t;w) € O,t € [to,0);y(t) = y(t;w) € Y.t € [0,t1]} is called solution corre-
sponding to the element w, if the conditions (1.2) and (1.3) are fulfilled. Moreover, the
function x(t) is absolutely continuous and satisfies the first equation of (1.1) almost
everywhere (a.e.) on [to, 0]; the function y(¢) is absolutely continuous and satisfies the
second equation of (1.1) a.e. on [f,t4].

Definition 1.2. The element w € W is admissible if for corresponding solution
®(w) the condition

y(t) = (1.4)
holds.

The set of admissible elements is denoted by Wj.

Definition 1.3. The system (1.1) is called controllable with the conditions (1.2)-
(1.4), if W, # 0.
To formulate the main results we introduce the following notation: let C' > 0, N > 0
and K C O, M CY be given numbers and compact sets,

Fe={feE;: / [y (t) + Ly (D)t < €},

Iy

52
VK,(; = {f S FK,C’ : ‘/ f(t,%)dt‘ <4,Vs1,80 € I1,x € K},(S > 0;
S1

Crn ={o€ B, / mgae(t) + Ly ()t < N},

Ip)
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Hyrs = {9 €Gun: ‘/ g(t,y)dt‘ < 0,Vs1,82 € I,y € M};

S1

Flo = {f € Bl / s (8) + Ly (t))dt < (J},

I

Vﬁyé—{fEF}é’C:/ sup | f(t,z,u)|dt <6
I (

1 (z,w)EKXU

Iz

J
Gth{ge@:/h%Mm+Lw4 }
<d};

Mo = {g €Gyy: / sup  |g(t,y,v
I (y,v)EM XV

By-={yevilu-yl< g},g >0,

Theorem 1.1. Let the system (1.1) be controllable i.e.  there exists
wo = (oo, o, t10, uo(+), vo(:)) € Wy. Then for arbitrary ¢ > 0 there exists a number
d = d(e) > 0 such that for any f € Vi, s and g € Hyy,, s the perturbed two-stage
system

i(t) = fo(t, z,u(t)) + f(t,z),t € [to, ], (15)
y(t) - gO(taya U(t)) + g(t>y)vt € [evtl] ‘
with the conditions
z(to) = o, y(0) = Q(6,2(0)),y(t1) € By, . (1.6)

1s controllable. Here Ky C O and My, CY are compact sets, containing some neigh-
borhoods of Ko = {x(t;wg) : t € [teo, o]} and My = {y(t;wo) : t € [fo,t10]}, respec-
tively.

Theorem 1.2. Let the system (1.1) be controllable. Then for arbitrary € > 0 there
exists a number § = 0(¢) > 0 such that for any f € Vi s and g € Hy, s the perturbed
two-stage system

.I‘(t) = fO(taxﬂi(t)) + f(t7x7u<t))7t € [to,e],
y(t) = go(t,y, v(t)) + g(t,y,v(t)),t € [0, 1]

with the conditions (1.6) is controllable.

Definition 1.4. The pair of functions ®(w) = {#(t) = &(t;w) € O,t € I1;§(t) =
g(t;w) € Y,t € I} is called a continuation of the solution ®(w), if Z(¢) on the interval
I, is a continuation of the solution z(t),t € [to,0] and §(t) on the interval I, is a
continuation of the solution y(t),t € [6,¢1] (see Definition 1.1).

Theorem 1.3. Let the following conditions hold:

1.5. for any w € W there exists the continuation solution ®(w) ; moreover, there
exist compact sets K1 C O and My CY such that, for any w € W

T(t;w) € Ky, t € I and §(t;w) € My, t € Is;
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1.6. the sets
folt,z, U) ={fo(t,z,u) : u € U} for any fized (t,z) €I, x O

and
90(s5,4, V) ={go(t,z,v) : v € V} for any fired (s,y) € I, x Y

are conver;
1.7. there exist sequences {e;} — 0,{;} = 0,{fi € Viy,.5,} and {g; € Hup,, 5.} such
that for any i = 1,2, ... the perturbed system

l‘(t) = fD(tax7U(t)) + fi(t>$)at S [t079}7
y(t) = go(t,y,v(t)) + gi(t,y),t € [0,t]

with the conditions

x(to) = o, y(9> = Q(0>x(9))7 y(tl) € Bylﬁi (17)

is controllable i.e. there exists admissible element w; = (to;, 0;, t1s, u;, ;).

Then the system (1.1) is controllable with the conditions (1.2)-(1.4). Here K13 C O and

My, CY are compact sets, containing some neighborhoods of K1 and My, respectively.
Theorem 1.4. Let the conditions 1.5, 1.6 hold and let there exist sequences

{ei} = 0,{0:} — 0,{fi € Vi, 5.} and {g; € H},, 5.} such that for any i =1,2,... the

perturbed system

2(t) = folt,z,u(t)) + filt, z, u(t)),t € [to, 0],
y(t) = gO(tv y,’l](t)) + gi<t7yvv(t>>7t € [07t1]

with the conditions (1.7) is controllable. Then system (1.1) is controllable with condi-
tions (1.2)-(1.4).

Finally, we note that Theorems, analogous to Theorems 1.1-1.4 are given in [1] for
ordinary and delay differential equations. Optimal control problems for various classes
of the two-stage and multi-stage systems are investigated in [2-17].

2. Auxiliary assertions

Theorem 2.1([1], p.101; [18], p.108). Let © = (iy, 0,1, u(-),9(-)) € W be a
given element and let ®(w) be the corresponding solution. For arbitrary € > 0 there
exists a number 6 = 0(g) > 0 such that for any f € Vi,s and g € Hy; s the perturbed
two-stage system

{a’s(t) = folt,,lt) + f(t,2),t € [fo, 0]
y<t> = gO(tayaﬁ(tD + g(tay)’t € [6751]

with the conditions

z(to) = xo,y(0) = Q(0,z(0))

has the solution

O(w; f, 9) = {x(t; W, f,g) € Ki,t € [to, O y(t; W, f, g) € Mi,t € [0,5,]}
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and the following inequalities
|$(taﬁ)) - fE(t,@D, f7 g>| S 57t S [5075]7 |y(t7w) - y(tvwa f7 g)| S 57t € [é7 t~1]

hold.Here Ky C O and My C'Y are compact sets, containing some neighborhoods of
{x(t; D) : t € [to,0]} and {y(t;w) : t € [0,11]}, respectively.

Theorem 2.2([1], p.101; [18], p.108). Let the condition 1.5 hold. Then for
arbitrary € > 0 there exists a number § = d(g) > 0 such that for any w € W, f € Vi, 5
and g € Hyy,, 5 the perturbed two-stage system

I(t) = fO(t7m7U(t)) + f(t,x),t € [t079]7
y(t) = go(t,y,v(t)) + g(t,y), t € [0,t1]

with the conditions
z(to) = xo,y(0) = Q(0,z(0))

has the solution

O(w; f,9) = {@(t;w, f,g) € Kn,t € Ii;9(t;w, f,9) € Miy,t € I}
and the following inequalities

(tw) — 2w, f,9)| et € Islgtw) —g(tw, f,9)] S et €Iy

hold.
Lemma 2.1 ([19], p.86). Let z(t) € O,t € I be a continuous function and let a
sequence { fi € Vi o} satisfy the condition

52
lim sup {’/ fi(t,x)dt) 181,80 € I, x € K} =0.
s1

1—00
Then o
lim sup {’/ fi(t,:v(t))dt‘ : 81,89 € Il} = 0.
51

1— 00

Here K C O is a compact set containing some neighborhood of K.

Let p(t,u) € R? be a given function, defined on I; x U and satisfying the following
conditions: for almost all ¢t € I; the function p(t,-) — R is continuous; for each u € U
the function p(-,u) : I; — R? is measurable.

Theorem 2.3([20], p.257). Let the set

P(t) = {plt,u) : u € U}
be convex and
pz() € Ll(Il,R2)7pZ(t) < P(t) a.e. on Il,i = 1,2,....

moreover,
lim p;(t) = p(t) weakly on I.

1—00
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Then
p(t) € P(t) a.e. on I

and there ezists a measurable function u(t) € U,t € I such that

p(t,u(t)) = p(t) a.e. on Ii.

3. Proof of Theorem 1.1
Let g9 > 0 be so small that
Kso = {.T € R;L cdx e Ko, |I‘ — .’2’| < 50} C intKgl

and
M, ={y€ R? :3g € Mo, |y — 9| < e} CintMoy.

According to Theorem 2.1 for any € € (0, go] there exists a number 6 = d(¢) > 0 such
that for any f € Vi, s and g € Hyy,, s the perturbed two-stage system

Z‘(t) = fO(twru Ug(t)) + f(ta x)7t € [t007 90]7

y(t) = go(t, y,vo(t)) + g(t, y),t € [0, tr0]
with the conditions

x(too) = w0, y(0) = Q(6o, x(0o))
has the solution
O (wo; f,9) = {x(t;wo, f,9),t € [too, Oo); y(t;wo, f,9),t € [0, t1o]}
and the following inequalities
|2 (t; wo) — x(t;wo, f,9)| < e,t € [too, Ool; [y(t; wo) — y(t;wo, f,9)| < e, € (0o, o]

hold.

Consequently, the element wy is admissible for system (1.5) with conditions (1.6)
for any f € Vi, s and g € Hyy, -

Remark 2.1. Theorem 1.2 is a simply corollary of Theorem 1.1, since for any
u(-) € Q and v(-) € A we have

52
sup{‘/ f(t,x,u(t))dt‘ 181,50 € [, € K} < / sup | f(t, z,u)|dt,
S1 Il

(z,u)e K XU

52
su{| [“attyowf s e hyedf< [ sw gty

s1 I (y,v)EM XV

4. Proof of Theorem 1.3

Let g9 > 0 be so small that

Ki.,={z€R!: 3t € Ky, |xv— 1| <eo} CintKy
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and
Ml,z—:o = {y € Rzl 1 dy € My, ’y - ?j| < 50} C mitMy;.

It is clear that there exists a subsequence {e;, } C {1, €9, ...} such that &;, € (0,e0],7 =
1,2, .... On the basis of Theorem 2.2 for each ¢;, there exists d;, € {1, ds, ...} such that
for W;, = (tOiU 92'1 s t17i1 y Uiy s Uil), fil and gi, We have

\z(t;wi,) — x(t;wiy, fir, i) < e, t € 1 (4.1)
and
ly(t; wi,) — y(t;wiy, firs 9i)| < €iy,t € L. (4.2)
Thus,
T(t; Wiy, fir, 9in) € Kiegrt € Iy
and

y(t;winfingh) € MLEO?t € ]2'

The sequences {x(t;w;,)} and {y(t; w;, )} are uniformly bounded and equicontinuous,
since
x(t;wy) € Ky, t € I, y(t;wy,) € My, t € I

and
|x'(t;wi1)‘ < ’fo(t,l‘(t; wil)vuil (t))’ < mg, (t) = Mfy,K, (t)7t € Il?
|y<t; wi1)| < |g0<t, y(t; wil)? Ui1(t))| < man <t> = Mygg, My <t>7t S IQ-

By the Arzela-Ascoli lemma from sequences {z(t; w;, )} and {y(¢; w;, )} we can extract
uniformly convergent subsequences. Without loss of generality, we assume that

lim z(t; w;,) = xo(t) uniformly in Iy, (4.3)
71— 00
lim y(t; w;,) = yo(t) uniformly in Io; (4.4)
1— 00

11111 tOil = t007 hIIl Qil = 007 hIIl tlil = th-
i—>00 i—00 i—00
On the basis of (4.1)-(4.4) we obtain

lim x;, (t) = zo(t) uniformly in Iy, lim y;, (t) = yo(t) uniformly in I,
1—00

i—ro0
where
iy (1) = x(t;wiy, firs 9i) Yin (1) = y(& iy, Gir )5 Vi)
Obviously,
iy (toiy) = w0, Yiy (0iy) = Q03 24,(01,)), viy (tiy) € By, e

therefore

Zo(too) = Zo, Yo(0o) = Q(0o, z0(6h)), Yo(t10) = v1. (4.5)
Further,

t

iy (1) = 2o + / [fo(s, i, (8), iy () + fir (8,74, (5))]ds = g +/ pi(s)ds + a;(t)

toiq toiy
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where
pi(s) = Jfo(s, zo(s), ui, (), s (t) = . fir(s,20(s))ds,
B0 = [ Ul (5 (5) = pildse i) = [ 1fuls.(9) = Flss(s)lds.

It is not difficult to see that

/52 it wo(0))de] 51,50 € 1}

pi(s)] < i, (0,1 = 1,2, ()] < sup {

i (1) — :Uo(t)’ /1 | Lic,, (s)ds,

; <
|Bi(t)] < max

/ sz.l,KH(s)ds <C

Without loss of generality,we assume that

[Yi(0)] < max |z, (1) — wo(?)

tely

22, (1) — zo(t) ‘

lim p;(s) = p(s) weakly on [

1—+00
([20], p.239). Moreover, we have
lim «;(t) = 0, lim G;(t) = 0, lim ~;(¢) =0
1—00 1—00 1—00

(see Lemma 2.1, 4.3 and 4.4). From (4.6) it follows

ZL‘()(t) =Ty + / p(S)dS,t € [too, ‘90]

too
Obviously,
pi(s) € P(s) = fi,(s,70(s),U),s € L.

From Theorem 2.3 follow the inclusion p(s) € P(s) and existence of such a function
up(+) € €2 that

p(s) = fo(s,xo(s),ue(s)), a.e. on .
Thus,

xo(t) = xo +/t Jo(s, zo(s), up(s))ds,t € [too, bo].

In a similar way, taking into account convexity of the set go(¢,y,V’), one can prove
t
Yo(t) = Q(bo, wo(6o)) +/ 90(8,Yo(s), vo(s))ds, t € [0, t10], vo(-) € A.
o

Consequently, the element wy = (tog, 0o, t10, wo(+), vo(+)) is admissible (see (4.5)).
Remark 4.1. Theorem 1.4 is proved analogously to Theorem 1.3.
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