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Abstract. Some two-point singular boundary value problems for second order linear differ-
ential equations are investigated.
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1. Introduction

Consider the differential equations
u" +pt)u=0 (1.1)

and
V' +q(t)v =0, (1.2)

where p,q € C((a,b); R). For these equations Sturm [1] proved a comparison theorem,
which later was widely used in studying the boundary value problems and asymptotic
behavior of solutions. For generalizations of Sturm’s theorems see [2], and for singular
case see [3-5].

2. Some auxiliary lemmas

Lemma 2.1. Leta <ty < b,

p,q € C(a, to; Ry) (2.1)
and .
/ ((s) — q(s))ds > 0 for t€ (ato] (2.2)
t
Let v € C®((a,tg]; [0, +00)) be a solution of equation (1.2) under conditions

lim v(t) =v(ap+) =0, v'(to) =0

t—ao+
o ds
:+OO
/ao v?(s) ’

where a < ag, v(t) > 0 for t € (ag,tg] and v(ag) = 0. If u € CP((ag,to); R) is a
solution of equation (1.1), then at least one of the conditions

1) there exist t. € (a,ty) such that u(t,) =0
or

and
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2) U,(to) S 0

15 fulfilled.
Lemma 2.2. Leta <ty <b

p,q € C([to,b); Ry) (2.3)

and .
/ (p(s) —q(s))ds >0 for t€ [to,b).
to
Let v € C®([tob); [0, +00)) be a solution of equation (1.2) under conditions
v(bp—) = lim v(t) =0, V' (tx) =0

t—bo—

o s
= +OO,
|, 7

where by < b, v(t) > 0 fort € [tg,by) and v(by) = 0. If u € CP[ty,by); R) is a solution
of equation (1.1), then at least one of the conditions

1) there exist t. € (to,by) such that u(t,) =0
or

2) u'(tg) >0

15 fulfilled.
Remark 2.1. If in Lemmas 2.1 and 2.2 p(t) > ¢(t) for t € (a,b), then conditions
(2.1) and (2.3) are unnecessary.

and

3. Two-point boundary value problems

Consider the problems on the existence of solution of the equation

u" +q(t)u = f(t), (3.1)

where ¢, f € C((a,b); R), under conditions

u(a+) =0, u'(b—) =0, 3.2)
uw'(a+) =0, wu(—)=0 (3.3)

and
u(a+) = u(b—) =0. (3.4)

Theorem 3.1. Let g € C((a,b]; Ry), (t—a)q € L([a,b]) and there exists a function
p € C((a,b]; Ry) such that

/t (p(s) —q(s))ds >0 for te (a,b),

and equation (1.1) has a solution u : (a,b) — (0,+00) such that u'(b) > 0. Then
problem (3.1), (3.2) has only one solution.
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Corollary 3.1. Let ¢ € C((a,b]; R4), (t — a)q € L([a,b]) and

’ b—t
/tp(S)ds§4(b_a)(t_a) for t € (a,b).

Then problem (3.1), (3.2) has only one solution.
Corollary 3.2. Let ¢ € C((a,b]; R4), (t —a)q € L([a, b)),

1

q(t) < = ap for t € a,b).

Then problem (3.1), (3.3) has only one solution.
Theorem 3.2. Let g € C([a,b); R:), (b—t)q € L([a,b]) and there ezists a function
p € C([a,b]; Ry) such that

/t(p(s) —q(s))ds >0 for te€a,b),

and equation (1.1) has a solution u : (a,b) — (0,400) such that u'(a) < 0. Then
problem (3.1), (3.3) has only one solution.
Corollary 3.3. Let ¢ € C([a,b); R}), (b—t)q € L([a,b] and

/aq(s)dsgél(b—ta_)((z—t) for tea,b).

Then problem (3.1), (3.3) has only one solution.
Corollary 3.4. Let ¢ € C([a,b); R), (b—t)q € L([a,b]) and

1

Then problem (3.1), (3.2) has only one solution.
Theorem 3.3 Let p;q € C((a,b); R), (t —a)(b—t)q € L([a,b]) and

at) <p(t) for t€ (a,b). (3.5)

If there exist t, € (a,b) and solution u € C®((a,b); (0, +00)) of equation (1.1) such
that u'(t) > 0 fort € (a,t.] or ' (t) <0 fort € [t,,b), then problem (3.1), (3.4) has
only one solution.

Corollary 3.5. Let ¢ € C((a,b); R), (t —a)(b—t)q € L([a,b]) and let (3.5) be

fulfilled, where
1

plt) = { 40 1 a)’

4(b —t)?
Then problem (3.1), (3.4) has only one solution.

for te (a, aTer},

for te [QTH)’b)'
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