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EXISTENCE OF OPTIMAL INITIAL DATA AND CONTINUITY OF THE
INTEGRAL FUNCTIONAL MINIMUM WITH RESPECT TO PERTURBATIONS
FOR A CLASS OF NEUTRAL DIFFERENTIAL EQUATION

Tadumadze T.

Abstract. For the system of differential equations, linear with respect to prehistory of veloc-
ity, sufficient conditions of existence of optimal initial data are obtained. Under initial data
we imply the collection of constant delays, initial moment and vector, initial functions. The
question of the continuity of the integral functional minimum with respect to perturbations
of the right-hand side of equation and integrand is investigated.

Keywords and phrases: Neutral differential equation; existence of initial data; continuity
of the integral functional minimum.

AMS subject classification (2000): 49J25; 34K35.

Let 0 < 715 < Toi,8 = 1,8,0 < m1j < moj,j = 1,m,t1 <ty < t3 be given numbers,
with t3—te > 7 = max(7o1, ..., Tos, M21, ---, om); let R™ be the n-dimensional vector space

of points

w= (', 2" 2P =) (@)

=1

where T means transpose; the functions

are continuous on the set I x R™ x R", where I = [t, t3], and continuously differentiable
with respect to x,y € R"; suppose that ® C R", Xy C R" are compact sets, V C R" is
a compact and convex set. By A; and Ay we denote sets of measurable p(t) € ®,t €
I, = [7,ts], 7 = a—1, and v(t) € V,t € I; initial functions, respectively. Further, R™*"
is the space of matrices

n

A= (aij)Zj:17 |A|2 = Z(azj)Q;

1,7=1

the functions A;(t) € R™", a;(t) = (aj(t),...,a}(t)),j = 1,m are continuous on the
interval I.

The collection of initial data 7;,¢ = 1,s,7;,7 = 1,m,to, zo, ¢(t),v(t) is said to be
initial element and we denote it by w.

To each initial element

W = (T4 ooy Ty My - NMim, Lo, Toy 0, V) € W= [T11, To1] X - -+ X [T15, Tos)

X1, M21] X oo X [Nim, Nam] X [t1, t2] X Xo X Ay X Ay
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we assign the neutral differential equation

m

i(t) = Z filt, (), 2t — ) + S A (1)t —ny),t € [to, ts] (1)

=1

with the initial condition

2(t) = (1), (1) = v(t), 1 € [T, 1), 2(to) = 0. (2)

Remark. The symbol &(¢) on the interval [7,ty) is not connected with derivative
of the function ¢(¢).

Definition 1. Let w € W. A function z(t) = x(t;w) € R",t € [T,t3] is called
a solution, corresponding to the element w, if it satisfies condition (2), is absolutely
continuous on the interval [to, t3] and satisfies Eq.(1) almost everywhere on [ty, t3].

By Wy, we denote the set of such initial elements w € W for which there exists the
corresponding solution x(¢;w). In what follows we will assume that Wy # 0.

We note that, if the following condition

|fult. 2 y)| + [ fy(t2,y)| < LV(Ez,y) €1 X R" x R”

is fulfilled, where L > 0 is a given number, then Wy = W.
Let us consider the following functional

Hw) =3 [ttt =)

m

+3 " ai(t)i(t —ny)]dt, w € Wy,

j=1
where x(t) = z(t; w).
Definition 2. An initial element wy = (710, .-+, T505 710, ---» Mmo, L0os Toos Po, Vo) € Wo
is said to be optimal for the differential equation (1) if

J(wp) < J(w)

for any w € Wj.
Theorem 1. Let the following conditions hold:
1) there exists a compact Ky C R™ such that

x(t,w) S Ko,t S [to,tg],vw S Wo;
2) for any (&, 1;) € I x Ko,i =1,s the set

{(Fl(&,ﬂsl,y), ...,Fs(gs,xs’y)) TS (I)} C R(H—n)s

1s convex. Then there exists an optimal initial element wy.

Theorem 2. Let fi(t,z,y) = Bi(t,x)y, B(t,z) € R™" and function f2(t,x,y) is
convez with respect to y. Moreover, let the set ® be convexr and let the condition 1) of
Theorem 1 be fulfilled. Then there exists an optimal initial element wy.
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Theorems 1,2 are proved by a scheme given in [1,2].
Let us consider the perturbed differential equation

s

B(t) =) [filt, (), x(t — 7)) + gis(t, x(t), x(t —72))]

i=1
+ D 1A (1) + Ajs(D)i(t =), t € [to, 1] (3)
j=1
with the initial condition (2) and the perturbed functional

s

swis)= [ > (20200t = ) + bt (0 alt = )

to

Z £) + ajs(t)] i (t—nj)}dt,

where the functions Gi(;(t,x,y) = (g% (t, 2, y), gis(t,x,y))T,i = 1,5 are continuous on
the set I x R"x R" and continuously differentiable with respect to z,y € R"™; A;5(t), a;s(t),
j =1,m,t € I are continuous functions.

Definition 3. An initial element wos = (716, .-, Tss, M16 --+» Tms, Loss Tos, Ps, Vs) € Wo
is said to be optimal for the differential equation (3) if

J(wos; 0) < J(w;0)

for any w € Wj.

Theorem 3. Let the conditions of the Theorem 1 hold . Then for any € > 0 there
exists a number § > 0 such that for arbitrary functions Gis(t, z,y),i = 1, s; A;j5(t), a;s(t),
j = 1,m satisfying the conditions:

Z/ 8G“5 txm y)‘ + ‘aG“(aty’m’y)‘ Lz € Kl}dt < (4)

S t3 m
> [ s {[Guttan)] s w € Kafat+ 30 1l +lawl] <5 6)
i=1 74 Jj=1

and the set

{(F1<§1,.T1,y) + G16(§17x17y>, ey Fs(ésammy) + GS5(§sux87y>> ‘Y e CI)}
i1s convex, where C' > 0 is a fized number,
[Ajsll = sup{[|Ajs(t)] - ¢ € I}

and K1 C R" is a compact set containing some neighborhood of set KoU®; there exists
an optimal initial element wos and the following inequality

|/ (wos; ) — J (wo)| < & (6)
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18 fulfilled.
Theorem 4. Let the conditions of Theorem 2 hold. Then for any e > 0 there exists
a number 6 > 0 such that for arbitrary functions

Gié(ta xz, y) = (gg;(t, xz, y)? Bz’&(ta :C)y)T?Z. = E

and Ajs(t),als(t), j = 1,m satisfying the conditions (4),(5) and the functions gi5(t, z,y),
i = 1,5 are convex with respect to y; there exists an optimal element wos and the in-
equality (6) is fulfilled.

Theorems 3,4 are proved by a scheme given in [3]. The similar questions are con-
sidered for delay differential equations in [4].

Finally, we note that Theorems 1-4 play an important role in solving inverse prob-
lems for neutral differential equations [5].
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