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EXISTENCE OF OPTIMAL INITIAL DATA AND CONTINUITY OF THE
INTEGRAL FUNCTIONAL MINIMUM WITH RESPECT TO PERTURBATIONS

FOR A CLASS OF NEUTRAL DIFFERENTIAL EQUATION

Tadumadze T.

Abstract. For the system of differential equations, linear with respect to prehistory of veloc-
ity, sufficient conditions of existence of optimal initial data are obtained. Under initial data
we imply the collection of constant delays, initial moment and vector, initial functions. The
question of the continuity of the integral functional minimum with respect to perturbations
of the right-hand side of equation and integrand is investigated.
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Let 0 < τ1i < τ2i, i = 1, s, 0 < η1j < η2j, j = 1,m, t1 < t2 < t3 be given numbers,
with t3−t2 > τ = max(τ21, ..., τ2s, η21, ..., η2m); let Rn be the n-dimensional vector space
of points

x = (x1, ..., xn)T , |x|2 =
n∑

i=1

(xi)2,

where T means transpose; the functions

Fi(t, x, y) = (f 0
i (t, x, y), fi(t, x, y))T ∈ R1+n, i = 1, s

are continuous on the set I×Rn×Rn, where I = [t1, t3], and continuously differentiable
with respect to x, y ∈ Rn; suppose that Φ ⊂ Rn, X0 ⊂ Rn are compact sets, V ⊂ Rn is
a compact and convex set. By ∆1 and ∆2 we denote sets of measurable ϕ(t) ∈ Φ, t ∈
I1 = [τ̂ , t2], τ̂ = a− τ, and v(t) ∈ V, t ∈ I1 initial functions, respectively. Further, Rn×n

is the space of matrices

A = (aij)
n
i,j=1, |A|2 =

n∑
i,j=1

(aij)
2;

the functions Aj(t) ∈ Rn×n, aj(t) = (a1
j(t), ..., a

n
j (t)), j = 1,m are continuous on the

interval I.
The collection of initial data τi, i = 1, s, ηj, j = 1,m, t0, x0, ϕ(t), v(t) is said to be

initial element and we denote it by w.
To each initial element

w = (τ1, ..., τs, η1, ..., ηm, t0, x0, ϕ, v) ∈ W = [τ11, τ21]× · · · × [τ1s, τ2s]

×[η11, η21]× ...× [η1m, η2m]× [t1, t2]×X0 ×∆1 ×∆2
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we assign the neutral differential equation

ẋ(t) =
s∑

i=1

fi(t, x(t), x(t− τi)) +
m∑

j=1

Aj(t)ẋ(t− ηj), t ∈ [t0, t3] (1)

with the initial condition

x(t) = ϕ(t), ẋ(t) = v(t), t ∈ [τ̂ , t0), x(t0) = x0. (2)

Remark. The symbol ẋ(t) on the interval [τ̂ , t0) is not connected with derivative
of the function ϕ(t).

Definition 1. Let w ∈ W . A function x(t) = x(t; w) ∈ Rn, t ∈ [τ̂ , t3] is called
a solution, corresponding to the element w, if it satisfies condition (2), is absolutely
continuous on the interval [t0, t3] and satisfies Eq.(1) almost everywhere on [t0, t3].

By W0 we denote the set of such initial elements w ∈ W for which there exists the
corresponding solution x(t; w). In what follows we will assume that W0 6= ∅.

We note that, if the following condition

|fx(t, x, y)|+ |fy(t, x, y)| ≤ L,∀(t, x, y) ∈ I ×Rn ×Rn

is fulfilled, where L > 0 is a given number, then W0 = W.
Let us consider the following functional

J(w) =
s∑

i=1

∫ t3

t0

[f 0
i (t, x(t), x(t− τi))

+
m∑

j=1

aj(t)ẋ(t− ηj)]dt, w ∈ W0,

where x(t) = x(t; w).
Definition 2. An initial element w0 = (τ10, ..., τs0, η10, ..., ηm0, t00, x00, ϕ0, v0) ∈ W0

is said to be optimal for the differential equation (1) if

J(w0) ≤ J(w)

for any w ∈ W0.
Theorem 1. Let the following conditions hold:
1) there exists a compact K0 ⊂ Rn such that

x(t; w) ∈ K0, t ∈ [t0, t3],∀w ∈ W0;

2) for any (ξi, xi) ∈ I ×K0, i = 1, s the set

{
(F1(ξ1, x1, y), ..., Fs(ξs, xs, y)) : y ∈ Φ

} ⊂ R(1+n)s

is convex. Then there exists an optimal initial element w0.
Theorem 2. Let fi(t, x, y) = Bi(t, x)y,B(t, x) ∈ Rn×n and function f 0

i (t, x, y) is
convex with respect to y. Moreover, let the set Φ be convex and let the condition 1) of
Theorem 1 be fulfilled. Then there exists an optimal initial element w0.
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Theorems 1,2 are proved by a scheme given in [1,2].
Let us consider the perturbed differential equation

ẋ(t) =
s∑

i=1

[
fi(t, x(t), x(t− τi)) + giδ(t, x(t), x(t− τi))

]

+
m∑

j=1

[Aj(t) + Ajδ(t)]ẋ(t− ηj), t ∈ [t0, t3] (3)

with the initial condition (2) and the perturbed functional

J(w; δ) =

∫ t3

t0

{ s∑
i=1

[
f 0

i (t, x(t), x(t− τi)) + g0
iδ(t, x(t), x(t− τi))

+
m∑

j=1

[
aj(t) + ajδ(t)

]
ẋ(t− ηj)

}
dt,

where the functions Giδ(t, x, y) = (g0
iδ(t, x, y), giδ(t, x, y))T , i = 1, s are continuous on

the set I×Rn×Rn and continuously differentiable with respect to x, y ∈ Rn; Ajδ(t), ajδ(t),
j = 1,m, t ∈ I are continuous functions.

Definition 3. An initial element w0δ = (τ1δ, ..., τsδ, η1δ, ..., ηmδ, t0δ, x0δ, ϕδ, vδ) ∈ W0

is said to be optimal for the differential equation (3) if

J(w0δ; δ) ≤ J(w; δ)

for any w ∈ W0.
Theorem 3. Let the conditions of the Theorem 1 hold . Then for any ε > 0 there

exists a number δ > 0 such that for arbitrary functions Giδ(t, x, y), i = 1, s; Ajδ(t), ajδ(t),
j = 1,m satisfying the conditions:

s∑
i=1

∫ t3

t1

sup
{∣∣∣∂Giδ(t, x, y)

∂x

∣∣∣ +
∣∣∣∂Giδ(t, x, y)

∂y

∣∣∣ : x, y ∈ K1

}
dt ≤ C, (4)

s∑
i=1

∫ t3

t1

sup
{∣∣∣Giδ(t, x, y)

∣∣∣ : x, y ∈ K1

}
dt +

m∑
j=1

[
‖Ajδ‖+ ‖ajδ‖

]
≤ δ (5)

and the set

{
(F1(ξ1, x1, y) + G1δ(ξ1, x1, y), ..., Fs(ξs, xs, y) + Gsδ(ξs, xs, y)) : y ∈ Φ

}

is convex, where C > 0 is a fixed number,

‖Ajδ‖ = sup{|Ajδ(t)| : t ∈ I}
and K1 ⊂ Rn is a compact set containing some neighborhood of set K0∪Φ; there exists
an optimal initial element w0δ and the following inequality

|J(w0δ; δ)− J(w0)| ≤ ε (6)
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is fulfilled.
Theorem 4. Let the conditions of Theorem 2 hold. Then for any ε > 0 there exists

a number δ > 0 such that for arbitrary functions

Giδ(t, x, y) = (g0
iδ(t, x, y), Biδ(t, x)y)T , i = 1, s

and Ajδ(t), a
0
jδ(t), j = 1,m satisfying the conditions (4),(5) and the functions g0

iδ(t, x, y),

i = 1, s are convex with respect to y; there exists an optimal element w0δ and the in-
equality (6) is fulfilled.

Theorems 3,4 are proved by a scheme given in [3]. The similar questions are con-
sidered for delay differential equations in [4].

Finally, we note that Theorems 1-4 play an important role in solving inverse prob-
lems for neutral differential equations [5].
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