Seminar of I. Vekua Institute
of Applied Mathematics

REPORTS, Vol. 36-37, 2010-2011

NECESSARY OPTIMALITY CONDITIONS OF SECOND ORDER IN DISCRETE
TWO-PARAMETER STEPWISE CONTROL PROBLEMS

Mansimov K., Nasiyati M.

Abstract. A stepwise optimal control problem described by two-dimensional discrete sys-
tems is considered. Under openness of a control domain, necessary optimality conditions of
first and second order are obtained.

Keywords and phrases: Discrete two-parameter system, stepwise control problem, neces-
sary optimality conditions, singular in the classic sense controls, classical extremals.

AMS subject classification (2000): 49K15; 49K20; 49K22; 49K99; 34H05; 49N65.

1. Introduction

Discrete dynamical models of controlled systems are an important class among
of mathematical models. Such models arise in modeling of real processes and dis-
cretization of continuous models [1-10]. Optimization problems of stepwise or variable
structure systems occupy an important place in the theory of optimal control [11-21].
The present paper is devoted to derivation of necessary optimality conditions for one
class of control problem described by two-dimensional stepwise discrete system. Fi-
nally, we note that various necessary and sufficient optimality conditions for discrete
two-dimensional controlled systems are obtained in [8, 22-27].

2. Statement of the problem

Let the controlled system be described by the following discrete two-parametric
system of equations

)

zit+ Lo+ 1) = fi(t,x, zi(t,x), z;(t + 1, x), z(t, x + 1), u(t, x)),
{ (t,z) € D;yi=1,3, (21)
with boundary conditions
(21(to, ) = a1(x), x = xo, w0 + 1, ..., X, z1(t,20) = B1(t), t =to, to+ 1,..., 11,
2o(t1, @) = z1(t1, @), © = 20,20 + 1, ..., X, 20(t,x0) = Pa(t), t =1t1,t1 + 1, ..., Lo,
23(to, ) = 29(to, ), T = xo, w0 + 1,..., X, 2z3(t,20) = B3(t), t = to,ta + 1,.... 13, (22)
(

a1 (o) = Bi(to), z1(t1, 20) = Pa(t1), 2a(ta, xo) = Bs(t2).

Here, D; = {(t,x) : t =t;_1,t; 1+ 1, t;— Lo =m0, 20+ 1,..., X — 1},i = 1,3, where
1o, X, t;,i = 1,3 are fixed numbers; f;(t,z,a;,b;,u;),i = 1,3 are n-dimensional vector-
functions continuous in the aggregate of variables together with partial derivatives with
respect to (z;, a;, bi,u),i = 1,3 up to the second order inclusive, ay(z), 3i(t),i = 1,3
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are given n-dimensional vector-functions, and u;(t, x), i = 1, 3 are r-dimensional control
functions with values from the given non-empty, bounded and open sets U; C R",i =
1,3, ie.

Uz(t,l') eU; C R, (t,CL') eD;, 1= m (23)

The triple u(t,z) = (ui(t,x), us(t, x),us(t,x)) with the above mentioned properties

and its corresponding solution z(t,z) = (21(t,x), 22(t, z), 2z3(t, x))" of boundary value

problem (2.1)-(2.2) will be called an admissible control and admissible state of the

process, respectively. The pair (u(t,x), z(t, z)) is said to be an admissible process.
The problem is to minimize the cost functional

S(u) = Z%(@'(%X)) (2.4)

determined on the solutions of boundary value problem (2.1)-(2.2) generated by all
possible admissible controls.

Here, ©;(2;),i = 1,3 are the given twice continuously differentiable scalar functions.
In the sequel, the problem on the minimum of the functional (2.4) under restrictions
(2.1)-(2.3) will be called problem (2.1)-(2.4). The admissible process (u(t,z), z(t, x))
being a solution of problem (2.1)-(2.4) will be called an optimal process.

3. Auxiliary facts and variations of cost functional

Let (u(t,z),z(t,z)) be a fixed admissible process. In the sequel, the following
denotations will be used:
Hz(ty X, 24y Qg bia U, 1/]7,) = ,lvz):fl(t) X, z;, Ay, bi7 ui))
ofilt,x]  Ofi(t,x,z(t,x), 2zt +1,2), zi(t, x + 1), u(t, v))

Oa; da; ’
OH;[t,x]  OH;(t,x,zi(t,x), zi(t + 1,2), zi(t, v + 1), us(t, ), ¢s(t, 7))
0z 0z ’
OPHilt,x]  O°H(t,x, z(t,x), z(t + 1,2), z(t, v + 1), w;(t, x), (¢, x))
9z 022 ’

where v; = 1;(t,x), i = 1,3 are n-dimensional vector-functions of conjugated being
the solutions of the problem
OH;[t,x] OH;[t —1,2] OHt,x —1]
(t—1Lx—1)=
¢Z( - ) 82, + 6ai * 8bz ’
01 (z1(t1, X
it — 1, X — 1) = n(ty — 1, X —1) — 221 é(zl ).

1
6H1[t1-1,1’] 3H2[t1—1,x]
ti—lLx—1)=1(t; — L,x —1 —

Uit — Lo —1)=s(th — L,z 1)+ da, Day )
OH [t —1,X — 1]
by ’

Ualty — 1, X — 1) = tha(ts — 1, X — 1) — 8902(2;(;27)())’

i=T1,3, (3.1)

bt —1,X —1) =
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3H2[t2 — 1,1’] _ 8H3[t2 — 1,1’]
3@2 8a3

@Dg(tg—l,x—l) :Qﬂg(tg—l,ilﬁ—l)—i‘

OHyt, X — 1 o t3, X
1?2(75_17)(_1):%, U3t —1,X —1) = — ¢3(Z;(233 )>7
OHs|ts, OH;[t, X — 1
oty =1, 1 = ] gy gy PX L

Using a scheme for example from [23, 28, 29] we can show that the first and second
variations (in the classical sense) of functional (2.4) have the form

518w o) = -3 | Y ZaH” ()|, (3.3)

3 t1—1 X-—1
=1 |t=t;—1 x=x0

3
’ 82901(22(12,)()
525 (u; du) = Za i(ti,X)a—Zgézi(ti,X))

3 1—1 X-1 -
_;th: [52 (t,7) 8 H[ ]5zz(t z) + 0zt +1 f)aaf;—[éij&i(t,x)Jr&;(t,x)

O?H;[t, z] )

0*H; [t Jc]

277 ,
ag’—yézi(t +1,2) + 62(t, x)
32Hi[t, LC]

ob?

O?H;[t, x] 82Hi[t,x]
32Hl[t,a}]

RO ) 0
O*Hit, x] / 82Hz~[t,x] /
62t @) + 20u;(t, 2) 5 ~5r=da(t + 1, @) + 20u;(t, @) =5 <o

8u,- 821'
O?H[t, x

X0z (t, & + 1) + ou(t, x)#’]&%(t, x)}

U

82Hi [tv ZL‘]

x0zi(t, x4 1) 4+ 0z (t, x4 1) dzi(t,x + 1)

+20u,(t, )

(3.4)

respectively, where du;(t,z) € R", (t,z) € D;, i = 1,3 is an arbitrary bounded vector-
function called an admissible variation of the control u;(t,z), i = 1,3, and dz;(t, x) is
a variation of the trajectory z;(¢,x) being a solution of the equation in variations

dzi(t+1,x+1) = afla[i’ il dzi(t,x) + afé[; ] dzi(t+1,2) + afé[;’ il dzi(t,x + 1)
L9 é[t{ ] Sui(t,z), i=1,3, (3.5)

with boundary conditions

521(t0,$) = 0, T = Xg,Xo + 1, ...,X, (521<t,$0) = 0, t= to,to + 1, ...,tl,

522(t1,$) = 521(t17.’1/’), T = To, Lo + ]_, ...,X, 522(t,$) == O, t= tl,tl + 1, ...,tg, (36)
523(t2,$) = 522(t2,l‘), Tr = Zo,Xo + ]_, ...,X, 523(t,l‘0) = 0, t= tQ,tZ + 1, ...,t3
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The system of difference equations (3.5) is linear and nonhomogeneous. Therefore,
we can represent (see [23, 26, 27]) the solution of problem (3.5)-(3.6) in the form

t—1 z—1 8f1[T, S]
021 (t, ) Z Z Ry(t, z; T, 50 dup (T, 8), (3.7)

T=tg s=xo 1

— 8(]01[7' 3]

dzo(t, ) Z Z Q1(t,x 8u17 duy (T, 8)

T=to9 s=x¢

t—1 z—1
+Z ZRQ T, 8{;[;’ $]5u2(7, s), (3.8)

T=t1 s=xo

to—1 z—1

t1—1 z—1
0z3(t,x) = ZZQthT 3f1[ +ZZQ3tx7's
T=tg s=xo T=t1 s=xo
Ofalr.s) s — o Ohalr. s
2 EIRE)
X 0 +ZZR3 T;T, S o ————us(T,s), (3.9)

T=t2 §=x¢

where by definition
Q1(t,x;71,8) = Ro(t,x;ty — 1,z — 1) Ry(t, x; 7, 8)

z—1
+ Z |:R2(t,$,t1 - 175 - 1) - RQ(tal.;tl - 176)%(;75]1 R1<t17/6; T, S),
B=s+1

Qa(t,;7,5) = Ra(t, w5t — 1, — 1) Q1(ta, 257, 5)

r—1
+ Z [[R:’,(t7$;t2 —1,8—1) = R3(t,z;t2 — 1, 3)] W} Q1(t2, B; 7, 5),
B=s+1
Qs(t,x;7,8) = Ry(t, x;te — 1, @ — 1) Ro(ta, x; 7T, 5)
rz—1
+ Z {[R:s(tﬁ;tz —1,8—1) = R3(t,z;t2 — 1, )] W} Ry(ta, B; 7, 8),
B=s+1

Here, R;(t,z;7,s), i = 1,3 are (n x n) dimensional matrix functions being the

solutions of the following problems:
dfilr, s] ofilr — 1, ]
th7> _17 -1 :Rita;a thav _17
(t,x; T s—1) (t,x;7,5) o7, + Ri(t, ;7 s) 20,

ob; ’
Rz(t;l’;t - ].,S — ]_) = R’L(t;x,tl _ 1?S)W,
Q;
8]%[7',23— 1]

Ri(t,x;7— 1,2 — 1) = Ri(t, ;7,0 — 1)T’
Ri(t,z;t— 1,2 — 1) = E, (F — (n x n) is a unit function).



Necessary Optimality Conditions of Second ....

95

Let (u(t,z),z(t,z)) be an optimal process. Then, along this process, for all the
admissible variations du(t, x) of the control u(t, x), the first variation (3.3) of functional
(2.4) should equal zero, the second variation (3.4) of functional (2.4) should be non-
negative, i.e.

§*S(u; du) =0, (3.10)
628 (u; du) > 0. (3.11)

The relations (3.10) and (3.11) are implicit necessary conditions of first and second
orders, respectively.

In the next section, using these relations we obtain the explicit necessary optimality
conditions expressed directly by the parameter of the stated problem.

4. Necessary optimality conditions

Allowing for representation (3.10), by independence of the admissible variations
du;(t,x), i = 1,3 of the control it follows from (3.3) that along the optimal process

= 11 yi=1,3. 1
0, 0, forall (0,{)e D;,i=1,3 (4.1)

The relation (4.1) representing a first order necessary optimality conditions is an
analogy of Euler equation for problem (2.1)-(2.4).

Each admissible control u(t, x) satisfying Euler equation (4.1) is said to be classic
extremal in problem (2.1)-(2.4).

Using inequality (3.11), in many cases we can get explicit necessary optimality
condition of second order.

To this end, assume that in system (2.1)

filt, @, 2, a4, b, u5) = By(t, ) by + F(t, 2, 2, a;, u;). (4.2)
Assume

82@1 (21 (tl, X
073

K\(r,5) = — R, (t1, X: 0,7) D Ryt X1 6,5) = Q) (t, X: 6,7)

3 pa(za(ta, X)) 0”3 (23(ts, X))

822 Q2<t27X; 075> - Q;s(ti’an 977—) 82% Q3(t37X; 97 3)
t1—1
— / 82H1[t,x] / 82H1[t,x]
+ Z Z Rl(t,$, 6.77—) a—Z%Rl(taxv 975) + Rl(t,.’li, 077_) W
t=0+1 z=maz(7,s)+1
’ 82H t,l'
XRl(t + 1,2 07 S) + Rl(t + 1, z; 877—) #[621] Rl(t7xa 9’8)

82H1 [t, ZE]

+ Rl(t+1,x; 0,7)
! da?

Rl(t + 1737; 97‘9)
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to—1
- ’ 82H2[t,{li] ) ’ ) 82H2[t,x]
+) Z Qu(t 23 0,7) —~5— Qu(t, 25 0, 5) + Q1 (¢, 2; 9a7)m
t=t1 x=max(7,s)+1 2
82H2[t, .CL’]

xQu(t+ 1,25 0,5) + Q\(t +1,7; 0,7) Qu(t,x; 0,5)+Qy(t+1,2;0,7)

8a28zz
82H2[t 7] = , 02 Hs|t, ]
Qi(t+1,2;0,8)| + > Z Qy(t, e,T)a—ngz(t,x; 0, )
t=t2 x=max(7,s)+1
’ 82H3[t,x] ’ 82H3[t,$]
+Q2(t7x, 9,7’) (92’3 aa3 QZ(t+ y L3 97 S) + Q2(t+ y L3 9,7’) aa3 82’3 QQ(t7$a 97'9)
) O? Hst
+Q,(t+ 1, x; 9,7)%@2@—}—1@; 0, s)], (4.3)
3

0 pa(22(t2, X))

KQ(T7S> = _RIZ(t27X7 977—) 022
2

R2(t27X; 078) - Q;(ti’nXu 977—)

o ts, X = & 02 Ho[t
X ¢3(?<23’ )) Q3(t3aX; 97 8) + Z Z RQ(t Z; 0 ) 82[ I]
3 t=0+1 x=maz(7,s)+ 22

82H2 [t, ZE]
82’2 8a2

to—1

/ 82[—[ t,x
+Z Z Rg(t‘l—l,l‘, 977)%

t=0 z=maz(7,s)+1

X Ra(t,x; 0,5) + Ry(t, a3 0,7) Ro(t+1,2; 0,5) + Ry(t +1,3; 0,7)

O?Hyt, x|

Ry(t,x; 0,
X Oty 0z 8(1262’2 2 . S

t3—1

XRo(t+1,2;0,s) +Z Z

t=t2 x=maxz(r,s)

82]‘[3 [t, I]
073

82H3 [t, l’]
8a3823

Qs(t+1,z; 0, 5)] , (4.4)

Q:S(tax; 077—) Q3<t7x; 97 8)

82IL[?) [ta 37]

otz d 1 . ! 1 .
72 0 Qs(t+1,2;0,s)+Qs(t+1,2;6,7)

—l—Q;(t, x; 0,7) Qs(t,z; 0,s)

’ 82H3[t, ZE]
+Q5(t+ 1, ; 0,7—)8—@%
D?p3(z3(ts, X))

Ks(r,s) = —R;(tg,X; 0,7) 922

Rg(tg, X, 9, S)

tz3—1

X—

O Hslt, x

+§j E: Rg(txe) 33[2 ]Rg(t,x;ﬁ,s)
0 z=maz(r,s)+

82 Hg [t, .ﬁE]
823 8(13

82H3 [t, .ﬁE]

+Ry(t,z; 0,7) S Do

Rs(t+1,z;0,s) + R;(t +1,z;0,7) Rs(t, x; 0, s)]

= , 02 Hy|t, x]
—i—Z Z Ry(t+ 1, x; Q,T)a—a%Rg(t—i-l,a:; 0,s). (4.5)

t=0 z=maz(7,s)+1



Necessary Optimality Conditions of Second ....

o7

Using the discrete variants of line variations [30], we prove the following

Theorem 4.1 If the sets U;, i = 1,3 are open, then under the assumptions made for
optimality of the classical extremal u(t,x) in problem (2.1)-(2.4), (4.2) the following
relations

X—1X-1 211
/ (9f1 6, 7] df110, s| — . 0?H[0, ]
! Z Z” ou ) " gu “1<5>+9;mv1<x>a—@gm(x>

+2 Z rg: vy () aHl—MR1(9+ 1,2; 0,s) 95110, vi(s)] <0 (4.6)

8U1 0@1

r=xz0 |Ls=xo

should be fulfilled for all vi(z) € R", v = xg, x0+ 1,...,. X — 1, 0 € Ty = {to, to +
1, .t — 1},

X-1X-1 z1—1
8f2 8f2[9,3] . ’ @ZHQ[Q,:E]
2) TZxO g a, K2(7', s) s va(8) + I:ZIO vy () 9 vy ()
x—1
a Hy[0, x] 010, 5]
- - - . < .
+2:§;0 LE;O vy () s as Ry(0 4 1,x; 0, 5) 9, vo(5) 0 (4.7)
for allvay(x) € R, x =xg, ko + 1,...,. X =1, 0 € To={t;,t1 + 1, ..., ta — 1},
X-1X-1 ) 211
/ 8f3[9, T] 8f3 - 82H3 0 ZL‘]
2 ;;”3’(7) oy R au3 +;€O“3 —oz @)

+22 rzvé(rc)wfzg(eﬂ,x; 0, )af?’[@ .9 vs(s)| <0 (4.8)

Ous Oas Oug

r=x0 Ls=zo

for allvs(x) € R, x =xg, o+ 1,..., X = 1,0 € T3 ={ta, to+1, ..., t3 —1}.
Proof. Using arbitrariness of admissible variations of the control u(t, z) = (us (¢, ),
us(t, x), ug(t, z)), we assume

, t=0¢€T); x=ux, 1,..., X —1,

Sul(t,x) = o () 1; =T, To+ (4.9)
0, t#6;, x=uxp, x0+1,..., X —1,
ui(t,z) =0, (t,z)e D;, i=1,2.

Here, vi(z) € R", x = 9, 29+1,..., X —11is an arbitrary bounded vector-function,

€Ty ={ty, to+1, ..., t; — 1} is an arbitrary point.

By 6z*(t,x) = (0z{(t,x), 6z5(t,x), 625(t,x)) we denote the solution of problems
(3.5)-(3.6) that corresponds to special variation (4.9) of control. It follows from repre-
sentations (3.7)-(3.9) that

0, t:to,to+1,...,0; I:l'o,ZEo—Fl,...,X,
vl ofi1l0
Z R1<t,l’;0, S) fé[ ’S]U1(5)7 > 0+ 17 T = To,To + 17 "'7X7
Uy

(4.10)

025 (t,x) =
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¢ o0f1l0,
J 975t 2) = e, Qult 30, 5) f;il owts), (4.11)

\t = tl,tl + 1, ...,tg; r = Ty, ...,X,

( . af1[6,
0z5(t,x) = Zs:al;o Qa(t, ;0, s) féELl : vi(s), (4.12)

\t = tg,tg + 17 ...,tg; Tr = Xy, ...,X,

Allowing for (3.4), (4.5), (4.9) from (3.11) we get that for the optimality of classic
singular control u(t,x) = (u1(t,x), us(t,x), us(t,x)) in problem (2.1)-(2.4), (4.2) the
inequality

Zdz (ti, X) (pi(ggi’X))dz (t;, X) — —Zlg le{ 8 H[’; , 7

1=1 [t=t;—1 x=x0 Zi
% « 82Hl[t l‘] 82Hz[t,l‘] %
K O°Hilt,x] gy S a Hilt, ] .
65 <t+1,x>8—a?5zi<t+1x} —222[ 50,0
o O2Ht, 7 — ., O*Hilt,a]
T —— 12527 1 — —_— > 4.1
v (1,0 T bt 4 1,0) Lo g 2o
should be fulfilled for all vy(x) € R", x = zg, 20 + 1,..., X — 1.
Further, using representations (4.10)-(4.12), we get
X-1X-1 /
901 Zj t’UX / 8f 9,7’ /
Z5Z (t;, X) (8( ))521 (t;, X) = 23;082;001(7') é[m ] R,(t1,X; 0,71)
8 z1(t1, X / 0 29(te, X
901( 1( - ))Rl(tth 078)+Q1(t27X; 977—) SDQ( 2(22 ))Ql(t27Xa 078)
0z} 025
0?3 z3(ts, X o0fil0, s
+Q2(t3,X; 0,7) ¢3(5(23 ))Qg(tg,X; 0,3)} fl[ ] v1(s). (4.14)
23 S ouy
By the scheme given in [25, 26], we have
t1—1 X—1 X-1X-1 /
! J O*Hilt,x] ., o 0f116, 7]
;0 ; 21 (t,0) =57 — 071 (1,2) = ; ; n (M=
t1—1 X-1
. ! 82]—Il [t7 ZE] afl [97 8]
X Z Z Rl(tvxu 077—)8—2%R1(t7 T 97 S) a—ulvl(s)a

t=0+1 x=mazx(7,s)+1
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ta—1 X—1 t1—1 X—1 /
S S NOPH[ta] N v ON[0,7]
;1 ;;O% (1) =5 705 (t,2) = tzt: gvl(f) o
to—1 X-1
< , O H,lt, 0f110, s
X Z Z Q(t,x; 0,71) 822[2 ]Ql(t,x; 0,s) fé[u ]vl(s),
t=t1 z=max(T,s)+1 2 1
t3—1 X—1 t—1 X—1
. */ 82H3[t I’ * — 8f1 ]
)IPIEIIELE IRISTEY o) SRBL A
t=to x=x9 t=to r=x0
tz3—1 X—-1
/ O*Hst, 0f100, s
o I A e e ICNE(RE
t=te2 x=max(7,s)+1 !
t—1 X—1 X-1X-1 /
N ! O*H,[t, x] 0110, 7]
* Y * 1 — Y
S 3 0 By 1,0y = 3 3 0h i 2
t=to r=x9 T=T0 S=T0
ti—1 X-1
. ’ 82H1[t,$] afl[ ]
X [Z Z Ry (t,x; 0,7) 92 0a; Ri(t+1,z;0,s) B, v1(s),
t=0+1 x=max(7,s)+1
o8 SR TFRERLL I N S /s
t=to z=x0 aal 821 = = 1 8U1
t1—1
L ’ aQHl [t,ﬂf] 8f1[ ]
1 . .
[ Z Z R1<t + y s 97 7_) aalazl R1<t7 xZ; 97 3) aul Ul(s)a
t=0+1 z=maz(1,s)+1
th—1 X—1 X-1X-1
d ! O? Hyt x] afl 0, 7]
* ) 1
Z Z 025 (t,az:)—az2 a4, S(t+1,2) Z Z vy (T B,
t=t1 r=x9 T=X0 S=T0
ta—1
: b 0?Hylt, x] ‘ df1(0, s]
[Z Z Q(t, x; Q,T)le(t +1,2;0,5) Bu, v1(s),
t=t1 x=max(7,s)+1
1Xx-1 X-1X-1 /
= 8 Ht,z] ., B . 0f110,7]
1; :EZZO 6 t ! 1 ’ W522 (t’ x) N T=I(o S=T( B (T) 8U1
ta—1
. ’ 82H2[t I] 8f1 [9 8]
X t+1,2;0,7)—————Q1(t,xz; 0,s5)| ————v1(s),
[Z mZ S)HQl( ) Ganom | =ga )
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O?Hjlt, x]Q (t+1,2;0 s)] %UI(SL

tz3—1
X [Z Z Qy(t,x; 0,7 )azga%

t=t2 z=max(7,s)+1

t3—1 X—1 X—-1X-1
2%623 (t+1,2) aa38z3 sz()gvl 8u1
tz3—1
. / . 82H3[t,l’] . afl[ea 8]
X [Z QQ(t+ 1,1‘, 977_) aa3823 Q2(taxa 973) a—ul 1(8)

t=t2 x=max(7,s)+1

X-1X-1 3f197'

t1—1 X—1

22(521 (t+1,x 82 1t+1,z) szl 0,

t=to T=x0 T=Z(Q S=X0
t1—1

— : O°Hy [t of:10

Z Z R1<t+ 171:’ 97T>$Rl(t+ 17$a €73> fé[ ’S]Ul(s)a
t=0 z=maz(7,s)+1 “ th

to—1 X—1 X-1X-1

a HZ[tax] afl

t=t1 r=x¢
2
O°Hlt, 2] Qa(t + 1,15 6, s)] 8%5,8] v1(s),
1

th—1
[Z Z Qll(t +1,2;0,7) da

t=t1 x=max(7,s)+1

t3—1 X—1 X—-1X-1
82H3[t,1'] 2 : 2 : afl
E E (5 t + 1 a—ag t + 1 Q? Pt 'Ul au1

t=to x=x9

[3 )ng(t—F 1,z; 0, S)] af(;gi, 5]1)1(8).

Z Z Q;(t—l—l,:r; 0,1 Da

t=t2 x=max(7,s)+1

Further, on the basis of discrete analogy of Fubini theorem (see [20, 28, 29]), we get

ti—1 X—1 X—1[X-1
S « 82H1[t7'r] * / 82H1[9,$]
0z (t+1,2) = Z Z%@)W&(H'Lf; 0,s)

tzt:o JZ;O 5”1 (t7 Jj) aulaal 1 ==
0116 5] ==, 2H [0, .
ou, Ul(s) - :;xo Szx;rl ’01<S) Ouy Oay Rl(t +1,s; 0733)
DL (4.16)

aul
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Taking into account relations (4.14)-(4.16) and denotation (3.10) in relation (4.13)
we arrive at inequality (4.6).
Now, we introduce the special variation of the control u(t, ) by the formula

ui(t,x) =0, (t,x)e D;, i=1,3,

ve(x), t=0€Ty; x=1x9, 20+1,..., X —1, (4.17)
us(t, x) =

0, t#6; xr=x9,20+1,..., X —1.

Here, vy(x) € R, x = x9, g + 1,..., X — 1 is an arbitrary r-dimensional bounded
vector-function, 6 € Ty = {t1, t; + 1, ..., to — 1} is an arbitrary point.

Denote by dz*(t,z) = (02 (t,x), 6z5(t,x), 25(t, z)) the solution of problems (3.5)-
(3.6) that corresponds to the special variation (35) of the control.

It follows from representations (3.7)-(3.9) that

325 (t,x) =0,
O, t:tl,t1+1 9 ZL':.Z'[),ZEO—{—L‘..,X,
oz3(t,x) = ¢ ==l 0 fQ[e ] (4.18)

Z Rg(t, €, 9, )

s), t>0+1,
S=xg 8u2 2()

0
dz3(t, x) ZQg (t,x;0,s) f;g@ i va(s), t=to,ta+1,...,t3; x=1x0,....,X.

s=xg

Allowing for (3.4), (4.17), from (3.11) we obtain that for optimality of the classic
extremal u(t,z) = (uy(t, x), us(t, x), us(t,x)) in problem (1)-(4), (17) the inequality

gdz;‘/ (ti,X)(aQ%(gz(?’X))d “(ti, X) — —;Lz;ljz;:{éz (t,z) ('3 H [t 7]

x0z7 (t,x) + (522‘/ (t,m)%ézﬂt +1,2)+ 5,2;" (t+ 1,1:)%525(25,1;)

+5z;‘/(t+1,x)82g+cg’x]5,z;‘(t+l x} —22:2:[ , %52*@ )
oul (t, x)%az; (t+1, x)} - le v;(x)yg;u[;x]vg(m) >0, (4.19)

should be fulfilled for all vy(x) € R", x = xg, 20+ 1,..., X — 1.
Further, using representations (4.18), we get

X-1X-1

WZ(Zl(tuX) an ] ! .
Zdz (ti, X) e 027 (1, X) =) )yl . Ry(ts, X; 0,7)

T=x(9 S=T0

0%p3(23(ts, X))
D23

2(8). (4.20)

3 pa(2a(t2, X))

RZ(t27X; 07 S) + Q;,(t&X) 077_)
023

Qg(tg, X, 0, 8):|

Jfs]0, s]
X 8uQ
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to—1 X—1 t1—1 X—1 ’

0" Hslt, x| ., . O0f,l0,T
S5 o ) P s 0y = 373 g 2201
t=t1 z=x0 023 r—to s—z0 Jug

{Z AT Py e,s>] )

t=0+1 z=maz(r,s)+1

%Z_IXZ_I(SZ*/@ x)w X X-1X- 1U af20 ;
3 \" 8232) 2 au2
B T=Zp $=X0
t3—1 X_1
: O Hsll, dfsl0, s
X Z Z Qs(t,x; 0,7) 3[ ]Q3< t,z; 0,5) %02(3)’
t=to2 x=max(7,s)+1 5
to—1 X—1 o
) 2 f,[0,7]
1 =

to—1 X-1
. / ) 82Hg[t,l‘] ) 8f2[6’, S]
X |: Z Z R, (t, z; G,T)WRQ(IS + 1,25 0, 5) 5 v (),

to—1 X—1 X-1X-1
5 (t 4+ 1,0) 212l 7l oy(ry 2L2l0: 7]
t=t1 x=x9 ’ , 8@2 822 T=x0 S=x0 2 8U2
to—1 X-1
. / 82H2[t7 $] 8f2 [97 8]
X |:Z R2(t+17$7 977—)WR2<taxa 973) au2 UQ(‘S)’
t=0+1 z=maz(1,s)+1
tz3—1 X—1 X-1X-1
: ' Ol 3597
023 (t,x)————02z;(t + 1,
2 2 U )T G st L) = 3 2wl

t=t2 z=max(7,s)+1

t-1 GRHL 1, 870,
[Z Z Qs(t,w; 0,7) "= D220003 Qs(t + 1,20 3)] Dty va(s),

t3—1 X—1

8H3[t$ pu iy 8f97
;;;:Zxoé t+1 ZE 8@3823 szszzovz EUQ

= , 9?H. BIAL
[Z Y Qe e,ﬂﬁ@g(t,x; 9,s>] OB, (o),

t=t2 c=max(7,s)+1

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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to—1 X—1 X-1X-1

0 Holt, a] an [0, 7]
L) —F5— 1,
225 (TR L = 3 3
to—1 X-1
Rlz@"‘ L, x; 977)8%“[]1%(25—1—1 z; 0,s)
t=0 z=max(T,s)+ 2
dfs]0, s
X]Cg[—w]vz(S), (4.27)
ts—1 X—1 o1 X1
N | Hilt, a] L 2L6.7)
L) —F5— 1,
tzmzmd (t+ JaT 0 (t+1,2) T_ZIOZ% '
t3—1 9
/ 0°Hslt,
Z Z Qs(t +1,z; ‘977)%623(15%— 1,x;0,5s)
t=t2 z=max(7,s)+1 as
0150, s
Xf;[—uz]”?(s)‘ (4.28)

Using the discrete analogy of Foubini theorem [23], we have

to—1 X—1

);xzmo(s W&ZQ(t‘i‘ 1,:1}')
X-1[ X-1
8 HQ[@ S] . afg[e,x]
- Z Z BUQ s Ro(t+1,s; 0, x) o, vo (). (4.29)

rx=x09 Ls=xz-+1

Taking into account identities (4.20)-(4.29), and also denotation (4.4) in inequality
(4.19), we arrive at relation (4.7). Inequality (4.8) is also proved by the appropriate
arguments. This completes the proof of the theorem.

Remark. Similar symmetric results are obtained in the case when the right-hand
side of system (2.1) has the form

filt, @, 2, ai, b5, u;) = Ai(t, ) ai + Qi(t, x, 24, by, u;).
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