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A REMARK CONCERNING PECULIARITIES OF TWO MODELS OF CUSPED
PRISMATIC SHELLS
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Abstract. Comparative analysis of peculiarities of setting of boundary value problems are
carried out for cusped prismatic shells within the framework of the zero approximation of hi-
erarchical models when on the face surfaces either stress or displacement vectors are assumed
to be known.
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Let Oz125x3 be an anticlockwise-oriented rectangular Cartesian frame of origin O.
We conditionally assume the zsz-axis vertical. The elastic body is called a prismatic
shell if it is bounded above and below by, respectively, the surfaces (so called face
surfaces)

(+) )
x3 = h(r1,72) and x3 = h (z1,x2),
laterally by a cylindrical surface I' of generatrix parallel to the x3-axis and its vertical
dimension is sufficiently small compared with other dimensions of the body.

In other words, the 3D elastic prismatic shell-like body occupies a bounded region

Q with boundary 02, which is defined as:
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Fig.1. A cross-section of a typical non-cusped prismatic shell
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Fig.2. A cross-section of a blunt cusped prismatic shell
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Fig.3. A cross-section of a blunt cusped prismatic shell (¢ €]0, 7)
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Fig.4. A cross-section of a blunt cusped prismatic shell (¢ = 0)
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Fig.5. A cross-section of a blunt cusped plate (¢
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Fig.6. A cross-section of a blunt cusped prismatic shell (¢ = 7)
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Fig.7. A cross-section of a blunt cusped prismatic shell (¢ €]7,7])
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Fig.18. Wedge
Typical cross-sections of prismatic shells
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Fig.19. Prismatic shell of constant thickness
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Fig.21. A sharp cusped prismatic shell with a semicircle projection
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Fig.22. A cusped plate with sharp +; and blunt v, edges, v = 11 U 7
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Fig.23. A blunt cusped plate with the edge o

(=) (+)
Q= {(33'1,.%’2,%3) c R3 : (331,33'2) cw, h (513'1,1'2> <z3< h (%1,1’2)},

where @ := w U dw is the so-called projection of the prismatic shell Q := QU 99 (see
Figures 1-18, where typical cross-sections of prismatic shells with an angle ¢ between
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(+) (=)
tangents 7' and T are given and Figures 19-23); v = 0w and 0f2 denote boundaries

of w and €2, respectively; R" is an n-dimensional Euclidian space.
In what follows we assume that

(%)
h (71, 15) € C*w) N O(@),!

and
) ) >0 for (x1,79) € w,
2h(w1,w0) i= h (21,22) = h (21,72) { >0 for Exi ng € Jw

is the thickness of the prismatic shell Q at the points (x1,25) € @ = w U Ow. max{2h}
is essentially less than characteristic dimensions of w. Let

_ (+) (=)
2h(x1,z2) := h (z1,22) + h (1, 72).

In the symmetric case of the prismatic shells, i.e., when

(=) (+) . —
h(x1,22) = — h (21,22), ie., 2h(xy,22) =0,

we have to do with plates of variable thickness 2h(z1,x2) and a middle-plane w (see
Figures 22, 23). Prismatic shells are called cusped ones if a set 7y, consisting of
(x1,22) € Ow for which 2h(zq,22) = 0, is not empty. For such prismatic shells 0f
may be non-Lipschitz boundary (see Fig. 22)

Fig.24. Comparison of cross-sections of prismatic and standard shells

Fig.25. Cross-sections of a prismatic (left) and a standard shell with the same
mid-surface

Distinctions between the prismatic shell of constant thickness and the standard
shell of constant thickness are shown on Figures 24 and 25. The lateral boundary of
the standard shell is orthogonal to the middle surface of the shell, while the lateral

1C(w) denotes a class of continuous on & functions; C?(w) denotes a class of twice continuously
dofferentiable functions with respect to x1, 2, (21,22) € w.
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boundary of the prismatic shell is orthogonal to the projection of the prismatic shell
on xr3 = 0.

In what follows X;; and e;; are the stress and strain tensors, respectively, u; are
the displacements, ®; are the volume force components, p is the density, A and u are
the Lamé constants, d;; is the Kroneker delta, subscripts preceded by a comma mean
partial derivatives with respect to the corresponding variables. Moreover, repeated
indices imply summation (Greek letters run from 1 to 2, and Latin letters run from 1
to 3, unless stated otherwise).

I.Vekua’s hierarchical models for elastic prismatic shells are the mathematical mod-
els, which were introduced by I. Vekua [1, 2], and which were constructed by the mul-
tiplication of the basic equations of linear elasticity
Motion Equations

Xijj + @i = ptiy(z1, 22, 03,), (21,72,23) € QCR?, t>1y, i=1,23;
Generalized Hooke’s law (isotropic case)
Xij = )\0% + 2#6@', Z,] = ]_, 2, 3, 0 = €44,
Kinematic Relations
1 .
Cij = 5(“2&1 +uy;), 4,5 =123,
by Legendre polynomials P,(ax3 —b), l =0,1,2,..., where

1 E(l’l,l'g)

a(xl,xz) = m, b((lfl,$2) = m,

- (+)
and then integration with respect to x3 within the limits h (x1,25) and h (21, x2).
By these calculations in Vekua’s first version on upper and lower face surfaces stress-
vectors are assumed as prescribed, while values of the displacements are calculated

there from their (displacements’) Fourier-Legendre series expansions on the segment

(=) (+)
x3 € [h (x1,22), h (:1:1,:1:2)] and vice versa in his second version. So, we get the

equivalent infinite system of relations with respect to the so called I-th order moments

+)

h (z1,x2)
(Xijla €ijs Uu)(ﬂfl,ifz,t) = / (Xij7 €ij, Ui)(ﬂfl,ﬂfz,%,t)
<?(:101,962)
x  Paxs —b) dzs. (1)

Then, having followed the usual procedure used in the theory of elasticity, we get an
equivalent infinite system with respect to the [-th order moments u;. After this if we
assume that the moments whose subscripts, indicating order of moments are greater
than N equal zero and consider only the first N + 1 equations (for every i = 1,2, 3)
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in the obtained infinite system of equations with respect to the [-th order moments u;
we obtain the N—th order approximation (hierarchical model) governing system with

N . N .
respect to u; (roughly speaking u; is an “approximate value” of uy).
In the zero approximation of I.Vekua’s hierarchical models of shallow prismatic
shells the governing system has the form

0
M[(hvaoﬂ>,a + (hvﬂoﬂ),a} + )‘(hU'YUﬁ>ﬁ =—Xpg+ ph@ﬁov p=12 (2)

0
1(hvso.a)sa = —X3 + phisg, (3)

where vy == %2, k = 1,2, 3, are unknown so called weighted “moments” of displace-
ments,

0 + 1y () — 4y (=)
X; = 05y = Gughoo + (<1 { — gy + a)jh,ai| +Pjo

= Q(pj\/l + <(h+,)1>2 + <(h+,)2>2

(=)\2 (=)\2 _
+(_1)TQ()\/1 + (hﬂ) + (ha2> + (I)j07 .] = 1a 2737 r= 07N
n'j

By Q@) and @, components of the stress vectors acting on the upper and lower
nj nj

surfaces, respectively, are denoted. By ®;, we denote the zero order moments of the
components of the volume forces.

When on the face surfaces displacements are prescribed for N = 0 approximation
the governing system has the following form

1t [(hvao) 5 +(hvgo) a ],ﬁ + A[(hvso) 1y ],a

—(Inh) 5 {A0ap(hvso) 5 + 11 [(hVa0).5 +(hvgo)a ] }

+21 Vog p(1, 2, t) + A VUpp o(x1, T2, t) (4)
—(Inh) g [ANoapWir(x1, x2,t) + 20 VUop(z1, 22, 1))

+D0(x1, 20, t) = phiny, a=1,2;

1(hvso),ps —(Inh),g p(hvso) 5 +21 Wag (21, 22, ¢) (5)
—2u(Inh),s U35(x1, 2,t) + P30(1, T2, 1) = phiis,

where

+ —_
Uss(z1, T2, t) i= us(z1, 22, h,t) —us(z1, 22, h,t),

(=) (=) (+) (+)
Q\IIZ'IQ (LUl,.CL’Q,t) =U; | 1,29, h ,t h“@ —U; | 1,29, h ,t h“g

(+) (+) (=) (-) )
—ug | ©1,72, h ,t | ho tug (21,22, h,t | hy fori=a, a=1,2;

+ (+) ) |
ug | 1,22, h,t| —ug| x1,22, h,t| for i =3.
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Let now
2h = hozs, ho, k = const >0, xs > 0. (6)

In the static case, for deflections from (3) we get

0
p(hvsoa).a = —Xs, 2 > 0.

Assuming that ugy depends only on x5 (i.e., we consider cylindrical deformation)

0
(T5030,0).0 = =20 "hy ' X,
whence,
K 11—k
V30,22 + S Us02 = —2p" hy xy " X, (7)
2
The general solution of the latter has the form

z2

v = 206 = 1)yt [ (s - €77) Kale)dg ©)

0
T3

terxy ey, k#1, ¢, ¢y = const;

T2

0
V39 = Q,U_lhal /(ln{ —In I‘Q)Xg(g)dg + In To + Co, (9)

0
Tg

k=1, 29¢€0,I[, c1, c; = const.
Hence, under the evident assumption on )0( 3, it is easy to conclude that on the boundary
7o = 0 in the class of bounded functions displacement “° can be prescribed when
0 < k < 1, while for k > 1 the boundary x5 = 0 should be freed from the boundary
condition (BC). Boundary value problems (BVPs) and initial boundary value problems
(IBVPs) for the system (2), (3) and in the general N-th approximation are studied
sufficiently well in the case of cusped prismatic shells (see [3-18]). For prismatic cusped
shells the system (4), (5) is not studied at all. If we consider the case (6) for equation
(5), it is easy to see that the systems (2), (3) and (4), (5) qualitatively differ from each
other.
In the static case, from (5) we get

11(hvso),p5 —(In k)5 p(hvso) 5 +20 Wag 5(21, 22) (10)
—2u(Inh),s Uss(x1, x2) + Pso(z1,22) = 0,
ie.,
hvso g + 2h gvso s + h ggvso — (Inh) g(hvse g + h guso)
= —2W355+2(Inh),s Vss — ' Dyp.
Therefore,

hvgoﬂﬁ + hﬂvgoﬁ + [h”gg — (ln h)ﬂhﬁ]’l)go
= —2W355+2(Inh),s Vss — p ' Psp. (11)
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Assuming that ®3p € C'(w), us, =0, a = 1,2, and v3y depends only on s, taking into
account (6) and dividing the equality (11) on 222572, from (11) we get

$3U30722 + KTals00 — KU30 = 2h51[—2x§_“‘1132,2 + 2Ky " Way — ,u_lxg_“@go]. (12)

The last equation is well-known Euler equation and, since k+1 > 0, its general solution
has the form

2

e Rl (G (13)

2 2

V3o =

0
T2

X [2‘1132,2(5) — 2k M Wgs(€) + /flq):so} dg§
+2h5101x2 + 2h6162x2_“, 0< xg < L,

where c¢; and ¢y are arbitrary constants.
The last results can also be achieved as follows: if we rewrite (5) with respect to

U3o
1i(uzo),ps — (I h),g p(uso),s = —2uWas5 + 2u(Inh),s Was — P
and take into account (6) we get

K K _
Us0,22 — ——Us02 = —2W39 9 + 230—‘1’32 — Dy (14)
2 2

Its general solution has the form

2

s = e+ 17 [ A€ - GUEE + ek 4 (15)
where 5
W(E) 1= 2Wi,5(€) — f“wf) + i g (€).

Hence, since in the zero approximation it is assumed that

1 1
wi(xq, xg, 23, 1) = ﬁuio(l’l,l’%t) =: 5%0(%175(32715)7

we obtain (13).
Note that, in view of (15),

Xaoo(z2) = p(hvsg),2 +2uWs0(xs) = pruge s + 2uVse(22)

= pea(+ 1)af = o [ €V + 2uan(a).

Tg
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(+) =)
Clearly, if b (SL’Q) = hliL’g, h (LCQ) = hgl'g, hl, hy = const, hi > ho (ho = hy — hg),

lim ngo(l’g) = H lim <2(L’2\I/3272 — 2&@32 + ,u_lxgq)ggo) + 2,U, lim \1132
xo—0 K x2—0 x9—0

_2p

= lim .’]72\1/3272
K x2—0
(0 if k>1 and ug; uze = O(1), 9 — 0;
(=) (+)
KZ(KZ — 1)<d1h2 — dlhl) if 0<k<1 and Ug,2 = O(l), Tog — O,
24 () £) L& =)
= uz(z1, 2, h (22)) = ¥ (21, 22) 75", xhglo Y (21,29) = d 13
O* (x5 = dor(k — 1)y, 2 —0, f 0<rk <1 and uzo = O(1),
(&)
lim0u3(x1,x2, h (C(]Q)) = do 7é 0.
\ r2—

Since under assumption of boundedness of 3D wug, all its moments (because of bound-
edness of the integrand in (1) and tending of integration limits to 0 as x5 — 0) vanish
at cusped edge, in particular

UgQ(O) =0

should be fulfilled. It will be achieved if in (15) we take

crm ~n 17 [ €[20na(€) - 206 M0l + uRw(O] 6, (10

Tg

This is easily seen because of

lim 25* / ¢n [2%272(5) — k6T Wy (€) + u*@go(g)} ¢ = 0.

x9—0

T2

If (16) is violated, then, by virtue of (15), taking into account the last limit, u30(0) # 0
and from (13) it follows that wvsy is unbounded as xs — 0, which contradicts the
boundedness of us.

Applying the general representation (13) of v3g, let us analyze the setting of bending
BVPs on [0, L].

If ¢y has the form (16), then, by virtue of (13), (15),

T2

22— (6 +1)7 [ (@5*E - W(e)de |

0
Ta

. . 0 .
lim v3p = lim - = lim
z2—0 z2—0 70335 x2—0 hoZL‘g

“2(s 1) M@y ey — )W () — 2 [ €U(E)de

Tg

= lim —
x2—0 khoxs



76 Jaiani G.

= i — "(&)d
:rleO Iihol’ /§ Jdt
Therefore,
Jim, vso(2) —O—T%innoxz / SIS (17)

if ¥ is such a function that there exists the last hmlt.
Thus,

v3o(2) = 2hg terwy + 2hg H(k 4+ 1)ty "
/ vl —ay | v "

is bounded near zo = 0 under some restrictions on ¥ and choosing appropriately c¢; we
can satisfy either BC

v30(L) = v (19)
or BC

Xso0(L) = pu(hvs0) 2 g1 + 20Vs2(L) = pugole,—1 + 20 Ws2(L) = X (20)

Namely, correspondingly,

=2l el = (e ) 2 [ [erwoay e

0
Tg

and

= (L) L Xy (L) [ €U - 2040 L V(D). (22)

Under some restrictions on ¥ from boundedness of us there follows boundedness of
v3o € C2(]0, L) N C(]0, L]), which given by (18) with (21) is a unique solution of the
BVP (12), (19), when x > 0. Thus, actually we have solved the Keldysh type BVP.

If volume forces and the displacement on the face surfaces are equal to zero, i.e.,
®30 =0, U3y =0, it is natural to set BC on the edge x5 = 0 as

U30(0) =0 (23)

since the last follows from (17).
(18) with (21) gives a unique solution of BVP (12)42, (23), (19), of the form

L
Vs
U3o($2) = 70932

2(12)¢ means homogeneous equation (12).
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This BVP is not correct since by inhomogeneous BC (23) it will not be solvable. In
order to get correct BVP, BC (23) should be replaced by boundedness of the solution,
so, we again arrive at the correct Keldysh type BVP.

As it follows from the general representation (8), (9) of the solution vsg of equation
(7) analogous BVP for equation (7) (the model, when stress vectors on the face surfaces
are prescribed) is uniquely solvable only if 0 < xk < 1, moreover, the non-homogenous
BC (23) is admissible in contrast to the previous model (see (12)). When x > 1 under
condition of boundedness of v3q it is possible to satisfy only one BC.

Remark. In the case under consideration under assumption of boundedness of 3D
displacements it follows from (14), (15) that

K
U30,22 — $—U30 =0, (24)
2

1
Uso = Cll’z—Hi + Cs.

Evidently, BVP (24),
uz0(0) = gy, uso(L) = up,

is uniquely solvable provided that u3, and u%; are assumed to be known. From 3D BVP
in displacements uf; is known, while uJ, = 0 and cannot be arbitrarily prescribed. If
nevertheless we find u3, to be assigned, displacement vzy will become unbounded as
x9 — 0, which will be nonsense since co cannot be approximate value of 0. While zero
can be considered as approximate boundary value since we consider small deflections.
In such sense we could consider (23) as BC when W3, # 0.

Now, let us analyze the possibility of prescribing the stress vectors on the prismatic
shell edges.

Since

X320($2) = HuUszp2 = §,Mho($gv3o)72 )

by virtue of (15),
X320(I2> = ,u(l + K)Clxg.

The last means that
X320(0) — 0

Hence, X399 can be arbitrarily prescribed only at non-cusped edge x5 = L.

For the homogeneous equation (12)g besides the BC (23) we can set the BC (20),
i.e., on the edge x5 = L the stress vector is given.

(18) with (22) gives a unique solution of BVP (12), (23), (20) of the form

V30 = —————To.
07 pho(k + 1)LF 7

Considering (8) we easily conclude that analogous BVP (7)0,(23),(20), is uniquely
solvable for the model (7), provided that 0 < x < 1 (in this case also the non-
homogenous BC (19) is admissible). For x > 1 from (8), (9) it is easily seen that
only bounded solution is a constant and if XL, # 0, BVP (7)o, (23), (20), is not
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solvable. If XL, = 0, then a solution of BVP (7)g, nonhomogeneous (23), (20), is a
constant given at xs = 0.

Conclusion. In the case of the first model [see (7)] the Dirichlet problem is correct
for 0 < Kk < 1 and the Keldysh problem is correct for x > 1, while in the case of the
second model [see (12)] the Keldysh problem is correct for x > 0.
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