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SYSTEMS OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS IN THIN
PRISMATIC DOMAINS
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Abstract. The paper is devoted to a dimension reduction method for solving boundary
value and initial boundary value problems of systems of partial differential equations in thin
non-Lipschitz, in general, prismatic domains.
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The paper deals with the system of n first order linear partial differential equations

Aijkuj,k + Bijuj + Ci(x) = 0, i = 1, 2, . . . , n, (1)

where

Aijk, Bij = const and functions Ci(x), i, j = 1, 2, . . . , n, k = 1, 2, 3, are given

(under repeated index j the sum from 1 to n is meant, under repeated k the sum from
1 to 3 is meant, and under repeated Greek indices the sum from 1 to 2 is meant), in
n unknown functions ui (x1, x2, x3) of three variables in the following non-Lipschitz, in
general, 3D prismatic domain with the Lipschitz 2D projection ω on x3 = 0:

Ω :=

{
x := (x1, x2, x3) ∈ R3 : (x1, x2) ∈ ω,

(−)

h (x1, x2) < x3 <
(+)

h (x1, x2)

}

where 2h :=
(+)

h −
(−)

h > 0 in ω ∪ γ1, 2h = 0 on γ0; ∂ω = γ̄0 ∪ γ̄1, ν is an inward normal
to ∂ω. Each of γ0 and γ1 may be empty but , clearly, not at the same time. When
∂h

∂ν
= 0 on γ0, the domain Ω is a non-Lipschitz one.

The boundary value problems for the system (1) in the 3D non-Lipschitz, in general,
domain Ω can be reduced to the boundary value problems in the Lipschitz 2D domain ω
for the infinite system of singular first order partial differential equations with respect to
the s. c. weighted Legendre moments (see [1,2]) of the unknown functions ui (x1, x2, x3):

vir(x1, x2) =
uir(x1, x2)

hr+1
, i = 1, 2, ..., n, r = 0, 1, ..., (2)

where

uir (x1, x2) =

(+)

h (x1,x2)∫

(−)

h (x1,x2)

ui (x1, x2, x3) Pr (ax3 − b) dx3,

a =
1

h
, b =

h̃

h
, 2h̃ =

(+)

h +
(−)

h .
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By this approach difficulties caused by the geometrical singularity of the 3D domain
are reduced to the singularity of the equations. In other words, we avoid consideration
of 3D non-Lipschitz domains but we get the infinite system of partial differential equa-
tions with singular coefficients in 2D Lipschitz domains. In order to present this we
apply I.Vekua’s dimension reduction method [1,2]. To this end we multiply both the
sides of the system (1) by Pr(ax3 − b) and the obtained expressions integrate within

the limits
(−)

h (x1, x2) and
(+)

h (x1, x2):

Aijα

[
ujr,α −

(+)

h ,αuj

(
x1, x2,

(+)

h

)
+ (−1)r

(−)

h ,αuj

(
x1, x2,

(−)

h

)

−

(+)

h (x1,x2)∫

(−)

h (x1,x2)

(a,αx3 − b,α) P ′
r (ax3 − b) uj(x1, x2, x3)dx3




+Aij3

[
uj

(
x1, x2,

(+)

h

)
− (−1)ruj

(
x1, x2,

(−)

h

)

−a

(+)

h (x1,x2)∫

(−)

h (x1,x2)

P ′
r(ax3 − b) uj(x1, x2, x3) dx3




+Bijujr + Cir (x1, x2) = 0, (x1, x2) ∈ ω, i = 1, n, r = 0, 1, . . .

(under repeated α the sum from 1 to 2 is meant), i.e.,

Aijα

(
ujr,α +

r∑
s=0

r
aαsujs

)
+ Aij3

r∑
s=0

r
a3sujs + Bijujr

+Aijα

[
−

(+)

h ,αuj

(
x1, x2,

(+)

h

)
+ (−1)r

(−)

h ,αuj

(
x1, x2,

(−)

h

)]

+Aij3

[
uj

(
x1, x2,

(+)

h

)
− (−1)ruj

(
x1, x2,

(−)

h

)]

+Cir (x1, x2) = 0, i = 1, 2, 3, r = 0, 1, . . . ,

where

r
aαr := r

h,α

h
,

r
aαs := (2s + 1)

(+)

h ,α−(−1)r+s
(−)

h ,α
2h

, s 6= r, α = 1, 2,

r
a3s := −(2s + 1)

1− (−1)s+r

2h
.

The last system is the system of singular partial differential equations which can
be easily rewritten in terms of vir. The obtained infinite system of partial differential
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equations will be a system with the order degeneration for a nonempty γ0:

Aijα

[
(hr+1vjr),α +

r∑
s=0

r
aαsh

s+1vjs

]
+ Aij3

r∑
s=0

r
a3sh

s+1vjs + Bijh
r+1vjr = Fir, (3)

i.e.,

Aijα(hr+1vjr),α +
r∑

s=0

r

Eijsh
s+1vjs = Fir, i = 1, 2, ..., n, r = 0, 1, 2, ...,

where
r

Eijs := Aijk
r
aks + Bijδrs,

δrs =

{
1, r = s;
0, r 6= s,

i, j = 1, 2, ...n, s = 0, 1, ..., r, r = 0, 1, 2, ...,

Fir := Aijα

[
(+)

h ,αuj

(
x1, x2,

(+)

h

)
− (−1)r

(−)

h ,αuj

(
x1, x2,

(−)

h

)]

−Aij3

[
uj

(
x1, x2,

(+)

h

)
− (−1)ruj

(
x1, x2,

(−)

h

)]
− Cir (x1, x2) , (4)

i = 1, 2, ..., n, r = 0, 1, 2, · · · .

Those of uj(x1, x2,
(+)

h ), uj(x1, x2,
(−)

h ) which are given in 3D problem on x3 =
(+)

h (x1, x2)

and x3 =
(−)

h (x1, x2) remain with its given boundary values in the right hand side Fir of

the system (3), those of uj(x1, x2,
(+)

h ), uj(x1, x2,
(−)

h ) which are not given on the above
surfaces should be replaced by their Legendre-Fourier expansions there, i.e.,

uj(x1, x2,
(±)

h ) =
∞∑

s=0

(±1)s(s +
1

2
)hsvjs(x1, x2),

containing unknown functions vjs(x1, x2). The last terms are to be transferred to the
left hand side of the system (3), since they contain unknown functions which are sought
for.

On the lateral subsurface

Γ := {(x1, x2, x3) ∈ R3 : (x1, x2) ∈ ∂ω,
(−)

h (x1, x2) ≤ x3 ≤
(+)

h (x1, x2)}

of ∂Ω the boundary conditions should be reformulated as follows:

(i) where
(+)

h (x1, x2) >
(−)

h (x1, x2), the functions vjr should be calculated by given
uj(x1, x2, x3)|(x1,x2)∈∂ω by means of the formulas

vjr(x1, x2) =
1

hr+1(x1, x2)

(+)

h (x1,x2)∫

(−)

h (x1,x2)

uj(x1, x2, x3) Pr(ax3 − b) dx3, (x1, x2) ∈ ∂ω; (5)
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(ii) where
(+)

h (x1, x2) =
(−)

h (x1, x2), i.e., on the cusped (in particular, cuspidal) edge,
depending on the sharpening geometry of the cusped edge, the unknown functions vjr

either should be prescribed or not, but how to calculate them from boundary conditions
of 3D problem is the subject of special investigation.

The system (1), in particular, contains the governing first order system of the linear
theory of elasticity with respect to the stress tensor and displacement vector compo-
nents. This approach is already successfully applied to the investigation of cusped
prismatic shells with cuspidal edges (see [3-7]).

This method can be also applied to the systems of higher order partial differential
equations as a method of dimension reduction from Rm to Rm−1, m ≥ 2.

R E F E R E N C E S

1. Vekua I.N. Shell theory: general methods of construction. Pitman Advanced Publishing Pro-
gram, Boston-London-Melbourne, 1985.

2. Jaiani G. On physical and mathematical moments and the setting of boundary conditions
for cusped prismatic shells and beams. Proceedings of the IUTAM Symposium on Relation of Shell,
plate, Beam, and 3D Models Dedicated to Centenary of Ilia Vekua, 23-27 April, 2007, Tbilisi, Georgia.
IUTAM Bookseries, 9 (2008), 133-146, Editors G. Jaiani, P. Podio-Guidugli, Springer.

3. Jaiani G. Elastic bodies with non-smooth boundaries - cusped plates and shells. ZAMM-
Zeitschrift fuer Angewandte Mathematik und Mechanik, 76 (1996), Supplement 2, 117-120.

4. Jaiani G. On a mathematical model of bars with variable rectangular cross-sections. ZAMM-
Zeitschrift fuer Angewandte Mathematik und Mechanik, 81, 3 (2001), 147-173.

5. Jaiani G. Theory of cusped Euler-Bernoulli beams and Kirchoff-Love plates. Lecture Notes of
TICMI, 3 (2002) (for electronic version see: http: www.viam.science.tsu.ge/others/ticmi)

6. Jaiani G., Kharibegashvili S., Natroshvili D., Wendland W.L. Two-dimensional hierarchical
models for prismatic shells with thickness vanishing at the boundary. Journal of Elasticity, 77, 2
(2004), 95-122.

7. Chinchaladze N., Gilbert R., Jaiani G., Kharibegashvili S., Natroshvili D. Existence and
uniqueness theorems for cusped prismatic shells in the N-th hierarchical model. Mathematical Methods
in Applied Sciences, 31, 11 (2008), 1345-1367.

Received 19.05.2010; revised 10.10.2010; accepted 20.10.2010.

Author’s address:

G. Jaiani
I. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Tbilisi State University
2, University St., Tbilisi 0186
Georgia
E-mail: george.jaiani@gmail.com


